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PREFACE. 


Analytical  science,  after  having  been  long  neg- 
lected in  these  countries  as  an  elementary  depart- 
ment  of  education,  has,  within  a  few  years,  been 
cultivated  by  the  young  aspirants  for  mathematical 
celebrity  with  an  ardour,  and  prosecuted  with  a  ra- 
pidity  and  success,  which  its  warmest  admirers  could 
scarcely  have  hoped  for.  This  change  would  pro- 
bably  have  taken  place  at  an  earlier  period,  but 
for  the  obstacle  opposed  to  it  by  the  want  of 
treatises  on  the  subject,  in  our  language,  of  a  suf- 
ficiently elementary  nature.  The  restless  activity  of 
the  human  mind  in  the  pursuit  of  knowledge  was 
not  long  to  be  checked  by  so  trifling  an  impediment^ 
and  our  students  soon  found  in  foreign  works  that 
which  our  own  professors  had  failed  to  supply ;  and 
through  the  medium  of  these  treatises,  analytical 
science  began,  and  has  continued,  to  be  cultivated  at 
the  universities  with  singular  success.  In  the  mean 
time,  several  original  works  have  appeared,  which 
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are  gradually  superseding  the  works  of  foreign  pro- 
fessors. For  these,  the  public  are  indebted  to  some 
of  the  distinguished  members  of  the  University  of 
Cambridge ;  Woodhouse,  Whewell,  Herschell,  Bab- 
bage,  Peacock,  &c.,  &c. 

Desirous  of  contributing  to  the  great  work  of 
improvement  which  was  thus  in  progress,  I  some 
time  since  published  the  first  part  of  a  treatise  on 
Analytic  Greometry;  a  subject  which  had  not  then, 
nor  has  been  yet  treated  of  by  any  other  Bnglish 
author:  The  favourable  manner  in  which  that  work 
has  been  received  has  encouraged  me  in  the  pro- 
secution of  my  labours,  the  result  of  which  I  now 
venture  to  oflTer  to  the  public. 

The  present  Treatise  is  divided  into  four  parts, 
the  subjects  of  which  are  severally,  1.  the  Differential 
Calculus;  2.  The  Integral  Calculus;  3.  The  Cal- 
culus of  Variations ;  4.  The  Calculus  of  Differences. 
The  ai'rangement  which  I  have  adopted  throughout 
the  work  has  been  to  present  to  the  student  theory 
and  illustration  in  alternate  sections.  I  have  found 
by  repeated  experience,  that  as  on  the  one  hand,  the 
total  omission  of  examples,  so  common  in  foreign 
treatises,  renders  the  theory  obscure  and  even  unin- 
telligible ;  so,  on  the  other  hand,  their  too  frequent 
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recurrence  in  the  progress  of  the  development  of  the 
abstract  principles  of  a  science  is  apt  to  break  the 
continuity  and  oneness  of  the  reasoning,  and  to 
render  it  difficult  for  the  student  to  take  a  general 
view  of  the  subject  as  a  whole. 

By  the  method  adopted  in  this  work,  I  have 
attempted  to  remove  both  these  defects.  The  stu- 
dent ^ill  find  in  general,  that  the  complete  theory 
of  each  department  of  the  subject  is  fully  explained 
before  the  current  of  his  ideas  is  stopped  by  an 
example.  At  the  same  time  the  subdivisions  of 
the  subject  are  so  numerous,  and  the  sections  of 
illustration  so  frequent,  that  none  of  the  confusion 
which  is  apt  to  arise  from  a  long  exposition  of  ab- 
stract principles  without  examples  of  their  appli- 
cation can  ensue. 

Another  advantage  of  this  method  is,  that  it  is 
suited  to  students  of  different  capacities.  The  sec- 
tions of  illustration  will  receive  only  that  degree  of 
attention  which  is  necessary  to  fix  clearly  in  the 
mind  the  general  principles  which  have  been  esta- 
blished in  the  preceding  sections. 

There  is  one  part  of  the  work,  the  calculus  of  dif- 
ferences, which  I  am  sensible  of  having  written  under 
considerable  disadvantage.     The  treatise  on  this  sub- 
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ject  by  Mr.  Herschell,  which  forms  the  appendix  to 
the  translation  of  the  Calculus  of  Lacroix,  together 
with  the  collection  of  examples  by  the  same  author, 
which  p^ccompanies  Mr.  Peacock's  examples  on  the 
differential  and  integral  calculus,  form  a  treatise  on 
the  calculus  of  differences  so  excellent,  that  it  would 
be  useless  as  well  as  presumptuous  in  me  to  attempt 
to  improve  it.  Under  these  circumstances,  I  have 
confined  myself  in  the  fourth  part  to  a  few  of  the 
most  elementary  and  generally  useful  principles  of  dif- 
ferences,  particularly  those  connected  with  the  method 
of  interpolation  and  the  summation  of  series. 

I  have  attempted  in  this  treatise  to  include  a 
more  extensive  range  of  analytical  science,  more 
fidly  developed,  accompanied  by  a  greater  quantity 
of  practical  illustration,  under  a  considerably  less 
bulk  than  will  be  found  in  most  of  the  foreign  trea- 
tises on  the  same  subject,  particularly  those  which 
have  hitherto  formed  the  class  books  at  the  univer- 
sities. Whether  I  have  succeeded  in  this  design^ 
I  leave  the  public  to  decide. 
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is  a  maximum  or  minimum. 
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(144.)  The  contact  of  the  osculating  circle  is  of  the  third  order 
at  the  points  of  greatest  and  least  curvature. 

(*)  SECTION  XIV. 
Of  asymptotes, 

(145.)  Greneral  principles  for  determining  when  one  curve  is 
an  asymptote  to  another. 

(146.)  The  same  curve  has  an  infinite  number  of  asymptotes — 
which  are  all  asymptotes  to  each  other.     Orders  of  asymptotism. 

(I47.)  Asymptotic  curves  are  divided  into  hyperbolic  or 
parabolic, 

(148.)  Examples. 

(149.)  Manner  of  determining  whether  a  curve  admits  of  a 
rectilinear  asymptote  from  its  intersections  with  the  axes  of 
coordinates. 

(150.)  Example. 

(*)  SECTION  XV. 

Of  the  direction  of  curvature-^singular  points  at  which  the 
differential  coefficient  assumes  the  form  -J. 

(151.)  The  direction  of  curvature  determined  by  Taylor's 
series. 

(152 — 155.)  Effect  produced  on  the  curve  by  the  differential 
coefficients  becoming  =  0. 

(156.)   If  ~  =  f ,  the  point,  if  singular,  may  be  either  mul* 

tiple  or  conjugate, 

(I57.)    If  — -  =  ^  the  point,  if  singular,  may  be  either  a 
dx^ 
point  of  osculation,  or  a  conjugate  point.     Similar  conclusions 

follow  if  ^  =  f . 

(158.)  Manner  of  determining  the  multiple  and  conjugate 
points,  and  points  of  osculation  of  a  curve. 
(159.)  Examples. 

(t)  SECTION  XVI. 

Of  the  singular  points  at  which  y  or  any  of  its  differentials 

become  injlnite. 

(160.)  If  V  =  00  there  is  an  asjrmptote  parallel  to  the  axis  of  ^. 
(161 — 165.)  Singular  points  determined  by  any  of  the  dif- 
ferential coefficients  becomiflg  infinite. 
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(166.)  Oeaeral  practical  rales  f<Nr  discussing  a  cur^e. 
(167>)  Examples. 

(t)  SECTION  XVII. 

'On  the  application  of  the  differential  calculus  to  the  geometry  of 

curved  surfaces, 

(169.)  Equations  of  sections  of  the  surface  paralliel  to  the 'co- 
ordinate planes. 

(I70.)  G)ntact  of  surfaces. 

(I7I.)  To  have  contact  of  the  nXh  order,  the  equation  of  the 

surface  must  contain  -^—^ —  disposable  constants. 

(I72.)  Equation  of  the  tangent  plane  to  a  surface. 

(I73.)  Equations  of  the  normal.  Angles  under  the  normal 
and  axes  of  coordinates. 

(I74.)  Tangent  of  greatest  inclination  to  the  plane  xy, 

(I75.)  To  find  the  equation  of  a  curve  described  upon  a  given 
surface,  sUch  that  the  tangent  to  every  point  of  it  shall  be  the 
tangent  of  ^eatest  inclination  to  the  plane  xy. 

(176.)  Coordinates  of  the  centre  and  radius  of  the  osculating 
sphere. 

(177*)  At  a  given  point  upon  a  curved  surface  to  determine 
upon  the  normal  the  lunits  within  which  the  centres  of  all  oscu- 
lating spheres  lie. 

(I78.)  Expression  for  the  radius  of  any  osculating  sphere  as  a 
function  of  the  radii  of  the  greatest  and  least  osculating  spheres^ 
and  of  the  angles  under  the  directions  in  which  they  osculate. 

(1 79.)  The  differential  of  an  arc  related  to  three  rectangular  axes. 

(180.)  The  equations  of  the  tangent  to  a  curve  related  to  three 
rectangular  axes. 

(181.)  Values  of  the  angles  under  the  tangent  and  axes  of  co- 
ordinates. 

(182.)  Equation  of  the  normal  plane. 

(183.)  Definitions,  osculating  plane,  curve  of  double  eurvatttre, 

(184.)  The  equation  of  the  osculating  plane  to  a  curve  of 
double  curvature. 

(185.)  The  osculating  and  normal  planes  are  at  right  ahgle3. 

(186.)  Expressions  for  the  radius  of  curvature  related  to  three 
Tectangular  axes. 
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PART   II. 

THE    INTEGRAL   CALCULUS. 
(*)    SECTION   I. 

Fundamental  principles. 

(187. — 188.J  Object  of  the  integral  calculus. — Phraseology. 
(189.)  Subaivision  of  functions. 
(190,  191.)  On  the  arbitrary  constant. 
(192.)  Constant  factors  not  affected  by  integration. 
(193.)  The  integral  of  the  sum  of  several  differentials. 
(193,  194.)  Integration  by  parts. 

(196.)  Integral  of  a  differential  whose  coefficient  is  a  power. 
(197.)  Exception  to  this  rule.     Manner  of  supplying  the  con- 
stant when  the  integral  is  a  logarithm. 
(198,  199.)  Integration  by  circular  functions. 

(*)  SECTION  II. 

Of  the  integration  of  differentials ^  whose  coefficients  are  rational 

functions  of  the  variable.  * 

(200.)  All  rational  functions  reducible  to  one  or  other  of  the 
following  forms : 

u  =  A^  -f-  BJ?*  +  core    .     .     .     . 

_  A«r*  +   BX*'  +  CcTc     .... 


A  V  +  b'j:^  +  c  V  .... 

(201,  202.)  Int^ration  oiudxy  when  u  =  jus^  +  bo:^  -f  car*'  &c. 

(203>  204.)  All  coefficients  of  the  second  form  must  come  under 
one  of  four  forms. 

(205.)  Int^ration  of  the  first  form :     / 

X  "^  a> 

(206.)  Int^ration  of  the  second  form :      f- 


(207-)  ^t^ration  of  the  third  form :        f- 


(x  +  ay 

MX  -+■  N 


MJr  -♦-  N 


(208.)  Integration  of  the  fourth  form :       /r-rr in 

(a?*)  -+-  a* 

(209,-213.^  Note  on  Art.  (204.)  Demonstration  of  the  alge- 
braical  principles  assumed  in  the  foregoing  articles. 

C)  SECTION  III. 

PraxU  on  the  integration  of  differentials,  whose  coefficients  are 

rational  functions  of  the  variable, 
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(t)  SECTION  IV. 

Of  the  integration  qf  differentials  of  which  the  coefficients  are 

irrational. 

(215.)  Nine  general  classes  of  the  principal  irrational  differen- 
tials which  have  been  integrated  in  finite  terms. 

(*)  (216.)  The  first  class— integrated  in  Art.  (198.) 

(*)  (217.)  The  second  dass^  how  rationalised,  ib. 

(*)  (218,  219.)  The  third  and  fourth  classes,  reduced  to  the 
second. 

(*)  (220.)  The  fifth  class;  how  rationalised.  I©,  whenc  >  0. 
2®.  when  c  <  0. 

(221.)  The  sixth  class — binomial  differentials. — Two  cases  in 
which  tney  are  immediately  integrable. 

(222, — 2126.)  Four  formulae  for  redudng  the  integration  of 
given  binomial  differentials  to  that  of  other  binomial  differentials, 
with  lower  exponents. 

(227.^  The  seventh  class ;  how  rationalised. 

^228.)  The  eighth  class ;  how  rationalised. 

,229.)  The  ninth  class,  reduced  to  the  fifUi. 

(t)  SECTION  V. 

Praxis  on  the  integration  qf  differentials,  tvhose  coefficients  are 

irrational. 

(t)  SECTION  VI. 

Integration  by  series. 

(230.)  Integration  by  series  always  possible.  ,In  what  case 
useful.     Sometimes  useful  even  when  the  finite  int^ral  can  be 

(2i31.)  To  develop  an  arc  in  a  series  of  powers  of  its  sine. 

'232.)  To  develop  an  arc  in  a  series  of  powers  of  its  tangent. 

,233.)  To  develop  an  arc  in  a  series  of  powers  of  its  cosine  or 
cotangent. 

(234.)  To  develop  the  versed-line  of  an  arc  in  a  series  of  powers 
of  the  arc  itself. 

f235.)  To  develop  the  logarithm  of  a  given  number  in  a  series. 

(236.)  Examples  of  integration  by  converging  series. 

(237, — ^240.)  General  method  of  approximating  to  the  values 
of  integrals  by  series. 

(238.)  Origin  of  the  integral— indefinite  and  definite  int^rals. 

(t)  SECTION  VII. 

Of  the  integration  <f  differentials  whose  coefficients  are  expO" 
nential  or  logartthmic  functions  of  the  variable. 

(*)  (241.)  General  principles  of  theintegration  of  transcendental 
functions. 
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{*)   (242.)    Elemei^ry   integral   of  exponential   functions^ 

(243.)  To  integrate  a  differential  of  the  form^  za/ijp, 
(244.)  To  int^rate  a  differential  of  the  form^  c^v  {x)  dw. 
(246.)  (247.)  To  int^rate  the  formula,  udx  =  tt'a^djp. 
{*)    (248.)    Elementary  integral   of  logarithmic   functions, 

(249.)  To  integrate  a  differential  of  the  form  x{lxydx* 

(+)  SECTION  VIII. 

Praxis  on  the  integration  of  exponential  and  logarithmic  dif- 
ferentials. 

(t)  SECTION  IX. 

The  integration  of  differentials  whose  coefficients  are  circular 

functions  of  the  variable. 

(^)  (250.)  Six  elementary  integrals  of  differentials  whose  co- 
efficients are  circular  functions. 

(*)  (251.)  The  arc  or  angle  is  disengaged  from  the  coefficient 
by  integration  by  parts. 

{*)  (253.)  All  functions  of  trigonometrical  lines  may  be  re- 
duced to  functions  of  the  sine  and  cosine. 

(254.)  When  powers  of  the  sine  and  cosine  occur  in  the  dif- 
ferential coefficients,  they  are  developed  in  series. 

(255.)  When  sines  and  cosines  are  connected  by  multiplicatiim, 
they  can  be  disengaged  by  the  elementary  trigonometrical  formulae. 

(256.)  Functions  o^  the  sine  or  cosine  may  be  converted  into 
exponential  functions. 

(257.)  Differentials  of  the  form  sin."*p.  cos."^  df,  may  be  re- 
duced to  binomial  differentials. 

(t)  SECTION  X. 
Praxis  an  the  integration  of  circttlar  functions. 

(t)  SECTION  XI. 

On  successive  Integration, 

(259.)  By  the  successive  integration  of  a  differential  coefficient 
of  any  order  superior  to  the  first,  the  final  intend  is  expressed 
in  a  series  of  descending  powers  of  the  variable  whose  coefficients 
are  arbitrary  constants. 
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(*)  SECTION  XII. 

Of  rectification,  quadrature,  and  cubature* 

I.  Rectification, 

(260.)  To  find  the  length  of  the  arc  of  a  given  curve,  related 
to  rectangular  coordinates. 

(261.)  The  length  of  the  arc,  related  to  polar  coordinates. 
(262.)  The  length  of  the  arc  of  a  curve  of  double  curvature- 

II.  Quadrature, 

(263.)  To  determine  the  area  of  a  plane  curve,  related  to  rec- 
tangular or  polar  coordinates. 

(264.)  To  determine  the  area  of  a  curved  surface. 
(265.)  To  determine  the  area  of  a  surface  of  revolution. 

III.  Cubature, 

(266.)  To  find  the  volume  of  a  surface  in  general. 
(267.)  To  find  the  volume  of  a  surface  of  revolution. 

1*)  SECTION  XIII. 

Examples  of  rectification,  quadrature,  and  cubature, 

(268.)  To  determine  the  arc  of  the  parabolic  curve,  y  =|m?". 

(269.)  Rectification  of  the  common  parabola. 

(270.)  To  rectify  the  hyperbolic  curve,  y  =jt?a;"^. 

(2710  To  determine  the  arc  of  an  ellipse. 

(272.)  To  determine  the  area  of  the  parabolic  or  hyperbolic 

curve,  y  =zpx^", 

(273.)  To  find  the  area  included  by  two  radii  vectores  from 
the  centre' of  an  equilateral  hyperbola. 

(274.)  To  determine  the  surface  and  volume  of  a  cylinder. 

(275.)  To  determine  the  surface  and  volume  of  a  cone. 

(276.)  Of  the  surface  of  a  sphere. 

(277  )  Of  the  volume  of  a  sphere. 

(278.)  To  determine  the  volume  of  an  ellipsoid. 

(t)  SECTION  XIV. 

Of  the  integration  of  differentials  qfjunctions  of  several  variables, 

(279.)  Integration  of  a  partial  difi^erential  of  two  variables  of 
the  first  order,  and  of  superior  orders  taken  with  respect  to  the 
same  variable.  One  partial  differential  insufiicient  to  determine 
the  primitive  function. 

(280.)  Integration  of  a  partial  differential  of  a  superior  order 
taken  with  respect  to  different  variables. 

(281.)  The  integral  of  a  total  differential  is  the  sum  of  the  in- 
tegrals of  the  partial  differentials.  A  total  differential,  when  in- 
tegrable. 
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(282^  283.)  Given  two  functions  of  two  variables^  to  deter- 
mine whether  they  are  partial  differential  coefficients  of  the  same 
functions^  and  if  so^  to  iind  the  primitive  function. 

(284.)  The  criterion  of  integrability^  --=—  =:  '-r— 

(285.)  One  partial  differential  coefficient  of  two  variables  may 
be  obtained  firom  the  other. 

(286.)  To  integrate  differentials  of  several  variables. 

SECTION  XV. 

Praxis  on  the  integration  of  differentials  of  several  variabks, 

SECTION  XVI. 

General  theory  of  differential  equations  and  arbitrary  constants, 

(287.)  General  subject  of  this  section. 

(288.)  Manner  in  which  differential  equations  of  superior  or- 
ders are  obtained. 

(289.)  The  order  of  a  differential  equation,  how  determined. 

(290.)  De^ree^  of  differential  equations.  Differential  equations 
of  d^ees  superior  to  the  first  cannot  be  obtained  from  the  pri- 
mitive by  difierentiation  alone. 

(291.)  Several  differential  equations  of  the  same  order  may  be 
derived  from  the  same  primitive  equation.  Origin  of  differential 
equations  of  superior  degrees. 

(292.)  Given  two  differential  equations  of  the  first  order  to  find 
tiie  primitive,  or  to  find  the  value  of  the  differential  coefficient  in 
terms  of  one  variable  only. 

(293.)  The  several  differential  equations  of  the  first  order  may 
be  obtained  by  differentiation  alone,  without  elimination. 

(294.)  Manner  of  obtaining  the  several  differential  equations 
of  the  second  order. 

(295.)  There  may  be     '  equations  of  the  second  order, 

and  — ^ "— of  the  third,  it  being  the  number  of  constants. 

(296.)  Manner  of  obtaining  the  several  differential  equations 
of  the  mth  order.    Number  of  differential  equations, 

71. w—  I  .«  —  2...n  —  (m  —  1) 

1  .  '2  .  3  . . . .  m 

(297 — 304.)  Application  of  these  principles  to  int^ration. 

(305.)  Every  differential  equation  between  two  variables  has 
an  integral ;  and  the  integral  of  a  differential  equation  of  the  mth 
order  must,  if  in  its  most  general  state,  include  m  arbitrary 
constants,  and  no  more. 
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(306.)  Evenr  diflTerential  equation  of  the  mth  order  has  m 
different  first  integrals^  which  are  differential  equations  of  the 
(m  —  l)th  order. 

(t)  SECTION  XVII. 

Of  the  integration  of  differentiai  equations  of  thejlnt  order  and 
first  degree^  in  which  the  variables  are  separable, 

(307.)  The  rules  for  the  integration  of  functions  of  two  varia- 
bles apply  in  general  to  the  integration  of  equations  of  two 
variables. 

(308.)  The  criterion  o^integrability  of  functions  of  two  varia- 
bles>  is  only  a  partial  criterion  of  integrability  of  equations  of  two 
variables. 

(309.)  Separation  of  the  variables  renders  integrable  such 
equations  as  do  not  fulfil  the  criterion  of  integrability. 

(310.^  Five  of  the  most  remarkable  classes  of  equations  in 
which  tne  variables  can  be  separated. 

(311.)  Separation  of  the  variables  in  the  equation, 

xdy  4-  Ydx  =  0. 
(312.)  Separation  of  the  variables  in  the  equation, 

XYdjf  4-  x'Y'dx  zz  O. 
(3ld.^  Separation  of  the  variables  in  homogeneous  equations. 
(314.)  Separation  of  the  variables  in  the  linear  equation^ 

,    fl(y  +  (x3^  -f  x')  efo?  =  0. 
(315.)  Separation  of  the  variables  in  the  equation  of  Biccati. 

dy  +  (a^*  +  BiT*")  (io?  =  0. 

SECTION  XVIII. 

On  the  multipliers  which  render  differential  equations  integrable. 

(316.)  A  differential  equation  in  order  to  be  integrable  must 
be  of  the  first  d^ee  with  respect  to  the  differential  coefiSident 
that  marks  its  order. 

(317.)  A  differential  equation  of  the  wth  order  may  be  reduced 
t^^  immediate  differentialibv multiplying  it  by  a  certain  function. 

(318,  319).  There  are  an  infinite  number  of  multipliers  which 
will  render  an  equation  int^rable. 

(320.)  Application  of  these  principles  to  diffa'ential  equations 
of  die  first  older  and  degree. 

(321.)  General  properties  of  the  fiictors  which  rendeir  equations 
integrable. 

(322,  323.)  Property  of  homogeneous  equations,  by  which  we 
are  enabled  to  assign  the  fietctor  which  renders  them  integrable. 

SECTION  XIX. 

Prajtts  on  the  integration  of  differential  equations  of  the  first 

order  and  first  degree. 
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(t)  SECTION  XX. 

Singular  solutions. 

(324.)  Signification  of  the  tains  complete  integral  and  parti' 
adar  integral. 

.    (325.)  Origin  oi  particular  or  singular  solutions^^eneral  solu" 
tion. 

(326.)  The  theory  of  singular  solutions  owes  its  origin  to 
Elder,  Clairaut,  and  especially  to  Lagrange. 

(327-.328.^  General  principles. 

(329.)  If  the  general  solution  v{jpyc)  s:  0,  be  diiferentiated  for 

the  arliitrary  constant  c,  all  values  <^  c,  whidi  satisfy  the  partial 

differential  equation  cdc  =  0^  being  substituted  in  the  ffenaral 

'  iK^tion^  will  give  equations  among  which  all  singular  sedations 

will  be  found. 

(330.)  All  such  equations  are  not  singular  solutions. 

(331.)  Rule  for  finding  the  singular  solutions  being  given,  the 
general  solution. 

(332.)  Either  variable  being  eliminated  by  the  singular  solu- 
tion and  the  general  one,  the  result  has  equal  factors.  Two  tests 
for  determining  any  solution  to  be  a  singular  solution. 

(333.)  Eliminating  c  between  the  equations 

dc  dc 

dx  '^        dy'^ 

the  resulting  equations  may  be  singular  solutions. 

(334.)  Singular  solutions  render  infinite  those  fieu^rs  which 
render  the  differential  equation  integrable ;  but  not  r.  v. 

(335.)  Every  differential  equation  may  be  rendered  divisible 
by  its  singular  sdutioi^  and  v.  t>.  any  given  singular  solutimi  may 
be  introduced. 

(336.)  To  determine  whether  any  proposed  solution  be  a  singu- 
lar solution  (nr  a  particular  int^rai,  the  general  solution  being 
unknown. 

(337>  338.)  Criterion  f(Mr  the  detection  of  singular  solutions  in 

dp  dp 

this  case  -^-=00—^=00. 
dy  d» 

(339.)  These  conditions  satisfied  by  making  the  radicals  in 
p  =:  0.     Manner  of  applying  them.     Singular  solutions  must 

always  render  the  second  differential  coefficient  ?• 

(340.)  Geometrical  signification  of  singular  solutions  taking 
the  general  solution  as  the  equation  of  a  curve. 
(341.)  Summary  of  the  reisults  of  this  section. 
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(t)  SECTION  XXI. 

Of  the  integration  of  differential  equations  of  the  first  order  ^  and 

which  exceed  the  first  degree. 

(342.)  Origin  of  differential  equations  of  superior  degrees. 
(343.)  Manner  of  integrating  the  general  equation 

(344;  345.)  The  n  constants  thus  introduced  into  an  equation 
of  the  first  degree  accounted  for. 

(346.)  This  method  of  integration  limited  by  our  inability  to 
find  the  roots  of  equations  of  high  decrees. 

(347  )  To  integrate  the  equation,  if  it  contain  only  one  of  the 
variable  jp,  and  the  differential  coefficient  p,  and  can  be  resolved 
for  «r. 

(348.)  If  the  equation  contain  only  one  of  the  variables,  one  t/, 
entering  it  only  in  the  first  degree. 

(t)  SECTION  XXII. 

Prajpfs  on  singular  solutions,  and  integration  of  differential  equa- 
tions of  the  first  order  and  superior  degrees. 

(t)  SECTION  XXIII. 

Of  the  integration  of  differential  equations  of  the  second  and  higher 

orders. 

(351.)  Cause  of  the  difficulty  in  integrating  equations  of  the 
higher  tnrders.     Division  of  the  subject  of  this  section. 

I.  The  integration  of  differential  equations  of  the  second  order. 

(352.)  Five  cases  of  the  general  equation  ^{xj^yy^y",)  =  0, 

wherey  =  |,y'  =  g. 

(353.)  1.  Integration  of  the  equation,  F(^'',r)  =  0. 

(354.)  2.  Integration  of  the  equation,  F(y"y)  =  0. 

(355.)  3.  Integration  of  p(yy )  =0. 

(356.)  4.  Integration  of  the  form  F(y"ya?)  =  0. 

(357.)  Three  methods  of  integrating  the  equation  v{ya:c)  =  0. 

(358.)  5.  Integration  of  the  form  v{y"y'y)  =  0.> 

(359,  360.)  "^wo  methods  of  integrating  the  equation  F(yyc) 

(361.)  Three  cases  of  differential  equations  of  the  second  order, 
including  both  variables,  which  may  be  integrated. 
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(362.)  1.  Integratiun  of  the  equation^ 

dx*  da:  ^ 
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PART  I. 

THE  DIFFERENTIAL  CALCULUS. 


SECTION  I. 

Preliminary  Principles, 

(1.)  Quantities  engaged  in  this  science  are  considered 
as  constant  or  variable. 

A  quantity,  which  is  supposed  to  retain  the  same  value 
throughout  the  whole  of  any  investigation,  is  said  to  be 
constant  On  the  contrary,  a  quantity  to  which  in  any  in- 
vestigation different  values  may  successively  be  ascribed,  is 
said  to  be  variable, 

Consiiuit  quantities  are  usually  expressed  by  the  first 
letters  of  the  alphabet,  and  variable  quantities  by  the  last. 
Constant  and  variable  quantities  are  not,  however,  analogous 
to  hnomti  and  tmJcnoim  quantities  in  common  algebra,  since 
a  constant  quantity  may  be  unknown. 

(2.)  The  following  may  serve  as  examples  of  constant 

and  variable  quantities.     A  point  being  given  within   a 

drcle  given  in  magnitude  and  position,  a  line  drawn  from 

.  the  ^ven  point  to  the  circumference  of  the  circle  is  in  general 

a  variable  quantity,  as  its  length  will  change  with  the  point 
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in  the  circumference  to  which  it  is  drawn.  But  if  the  give) 
pmnt  within  the  circle  be  the  centre,  the  same  line  become 
a  constant  quantity,  being  the  same  length  to  whateve 
point  in  the  circle  it  is  supposed  to  be  drawn.  Again,  if  th 
base  and  vertical  angle  of  a  triangle  be  given,  the  radius  c 
the  inscribed  circle,  and  the  distance  of  its  centre  from  th 
vertex,  are  variable  quantities;  but  the  radius  of  the  circotti 
scribed  circle,  and  the  distance  of  its  centre  from  the  verten 
are  constant  quantities. 

(3.)  When  two  variable  quantities  enter  the  same  in 
vestigation,  they  are  frequently  so  related  that  the  variatio 
of  either  may  be  determined  by  that  of  the  other.  In  othc 
words,  a  relation  may  subsist  between  them,  such,  that  an 
particular  value  being  assigned  to  cither,  the  correspondiii^ 
value  of  the  other  will  be  determined.^  In  this  case,  eitbc 
of  the  variables  is  said  to  be  a  Junction  of  the  other.  Thui 
for  example,  in  the  equation  t^  =  4  i^n.  or,  any  variatio 
in  X  produces  a  corresponding  variation  in  t/,  and  mce  versi 
Also,  any  particular  value,  as  30^,  being  assigned  to  or,  th 
corresponding  value  {2,)  of  u  is  determined.  In  this  jO$si 
therefore,  u  is  said  to  be  a  function  of  x,  or  a;  a.  functioB.c 
u  indifferently.  The  same  may  be  observed  of  the  equatioE 
u  =  10jr%  u  =  log.  jr,  w  =  a*,  &c.  .    , 

(4.)  As  it  is  necessary  to  express  functions  without  regar 
to  any  particular  form,  a  peculiar  notation  has  been  inveate 
for  this  purpose.  The  character  f  or^' signifies  a  functioc 
and  f{x)  orf{x)  signifies  a  function  of  x,  x  being  considerei 
the  variable.     Thus,  u  =  F(;r)  signifies  that  u  is  a  functio! 

If  the  variable  iv  be  supposed  succeanvely  to  assume  ai 
values  from  zero  to  infinity,  the  function  F(ir)  or  u  assutnc 


f<  i»i 


*  The  characters  (f{^x)  and  "^(x),  and  others,  are  also  used  t 
express  fonctions.  v^      . 
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•  loecessicm  of  corresponding  values.     The  raie  of  the  vari»- 

tin/of  tf  compared  with  that  of  x  in  general  will  change 

/   .liA  the  value  o£  x.     There  is  but  one  case  in  which  their 

I    ntes  of  variation  will  have  an  invariable  ratio,  which  is 

ykesa  u  =  oj:,  a  being  a  constant  quantity.     In  this  case  it 

I    Ji obvious  that  u  varies  as  x.     The  immediate  object  of  the 

Bifierential  Calculus  is  to  determine  the  rcUe  of  variaUon  of 

ifinction  relatively  to  that  of  its  variable. 

(5.)  It  was  nearly  under  this  point  of  view  that  Newton 
presented  the  first  principles  of  the  Fluxional  Calculus. 
&  considers  quantities  to  be  generated  by  motion^  as  lines 
•reproduced  by  the  motion  of  a  point,  surfaces  by  that  of  a 
fine,  ^.  The  quantity  thus  Jhwlnff  or  varying  he  called  a 
Jkmt,  and  the  rate  or  velocity  of  its  increase  or  decrease  he 
Gilled  itsjltuvion.  The  Fluxional  Calculus  was  therefore  a 
method  of  determining  the  velocity  with  which  a  function 
Allies  at  any  point  of  time  compared  with  the  velocity  with 
with  its  variable  changes. 

(6.)  The  conceptions  of  motiori  and  time,  which  are  in- 
^ved  in  this  method,  were  considered  inconsistent  with  the 
ngosr  of  mathematical  reasoning,  and  wholly  foreign  to  that 
Menoe.  As  an  improvement  upon  the  pnnciple,D'AL£MBERT 
pn^josed  the  method  of  limits.  Considering  t^  as  a  function 
^'X^  let  the  variable  x  be  supposed  to  receive  any  finite  in- 
tranent  A,  so  that  it  becomes  a;*  +  A,  and  let  the  ccMre- 
■tponding  value  of  i^  be  Uf  so  that  we  shall  have  the 
'<^tions 

u  =  f(x  +  h). 

let  the  value  of  — r —  be  found.     This  will  be  in  general  a 
.  n  • 

quantity  whose  value  will  depend  on  those  of  x  and  hy  and 

it  will  express  the  ratio  of  the  finite  increment  {li  —  u)  of 

die  fimction,  to  (A)  that  of  the  variable.    If  in  this  quantity 

bS 
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h  be  supposed  to  be  =  0,  it  will  express  the  Umii  of  th 
ratid*  of  the  corresponding  variations  of  the  funcdon  an 
variable,  these  variations  being  reduced  to  infinite  mimiti 
ness.  It  is  not  difficult  to  perceive  that  this  method  attftin 
the  same  end  as  the  former ;  but  in  rejecting  the  mechanici 
ideas  of  time  and  motion  introduces  those  quantities  or  in 
crements  infinitely  minute. 

(7.)  The  last  improvement  in  the  principles  on  which  th 
calculus  is  founded  is  that  of  Lagrange.  He  equally  tgecf 
the  limits  of  the  ratios  of  D'Alembert  and  the  motions  an 
Velocities  of  Newton,  and  has  proposed  fundamentals  prin 
<nples  for  the  calculus  at  once  rigorously  demonstrable  ai» 
purely  analytical.  Let  u  =  f{x)  and  tJ  =  r(x  +  h).  B 
developing  v!  '-  u  in  a  series  of  ascending  integral  mk 
positive  powers  of  h  (which  may  be  proved  when  ar  3 
variable  to  be  always  possible)^  let  the  series 

tt'  -  11  =a  A%  +  aW  +  aW     .     .     .     . 
be  obtained. 

In  this  series  the  coefficients  a',  a",  a'",  &c.  are  funcdooe 
of  X.  The  function  a'  is  called  by  Lagrange  the  Jif- 
derived  Junction.  This. may  be  shown  to  be  the  sanr 
quantity  which  D'Alembert  calls  the  limit  of  the  ratio  ^ 
the  corresponding  increments  of  the  function  and  variabl 
Let  both  members  of  the  preceding  equation  be  divide 

w  ^  U  ,  '„_  .„_ 

-^  =  a'  +  A%  +  a"'A« 

If  A  =  0  this  becomes  a',  which  is  therefore  the  limit  o 
the  ratio. 
(8.)  Thus  these  three  methods  of  presenting  the  first 

*  A  limit  is  a  state  to  which. a  quantity  con^mt/ff/Zy  approaches,' 
and  nearer  to  which  it  comes  than  any  assignable  difference^  f  Dt 
to  which  it  cannot  actually  attain. 
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{findpleg  of  the  calculus  to  the  student  arrive  at  the  same 
eodi  though  by  different  means. 

Newton  proposed  to  determine  the  ratio  of  the  velocities 
nitb  which  the  function  and  variable  increase  or  decrease, 
and  called  these  velocities  their  Jluxions.  The  notation  by 
which  he  expressed  the  fluxions  was,  Uf  x,  the  function  u 
and  its  variable  x  being  called  fluents.     The  quantity 

-7-  is  the  fliuxAonal  coefficient.     It  may  be  observed  here 

fliat  the  fluidons  are  not  quantities  absolutely  determinate, 
bntmay  have  any  values,  provided  that  their  ratio  is  that  of 
the  velocities 'with  which  the  function  and  variable  change. 
T^Jlusional  coefficienty  however,  is  given  for  any  par- 
ticrfar  value  of  x,  and,  in  general,  only  varies  with  x, 

D*AIembert  proposed  to  determine  the  value  of  the  frac- 
tion having  for  its  numerator  and  denominator  the  simul- 
taneous increments  of  the  function  and  variable,  when  both 
these  increments  are  =  0.  The  value  thus  determined  is  called 
^  differeniidl  coefficient ^  and  two  indeterminate  quantities, 

ffo  and  daff  being  assumed,  so  that  the  fraction  -j-  shall 

We  this  value,  are  called  the  differential  (du)  of  the  func- 
ticm,  and  the  differentiai  {dx)  of  the  variable.  The  no- 
tation duy  dx,  is  not  meant  to  express  d  x  Uj  d  x  Xf  but 
snnply  •*  the  differential  of  w'*  and  **  the  .differential  of 
^*^.  It  is  evident  that  the  "  differentials"  of  the  function 
^  variable,  according  to  this  system,  are  the  same  quan- 
tities as  the  "  fluxions''  in  the  Newtonian  method,  differing 
<Hdy  in  notation  and  name. 

Lagrange  attempted  to  set  aside  both  the  notation  and 
nomenclature  of  the  differential  and  fluxional  calculus.  He 
showed  that  the  true  principles  of  this  science  consisted  in 
the  methods  of  developing  functions  in  series,  and  were  alto- 
gether independent  of  the  ideas  of  velocities  or  of  infinitesioMil 
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or  evanescent  quantities,  or  even  of  the  limits  of  ratios.  He ' 
proved  that  if  in  any  function  u  of  a  variable  x,  the  variable 
be  supposed  to  be  changed  to  x  +  A,  the  function  f(^  +  h) 
or  y!  could  be  always  expanded  in  a  series  of  ascending  in* 
tegral  and  positive  powers  of  //,  provided  that  die  variable 
jt  is  not  supposed  to  Jmve  any  partictdar  value.  If  this  de^ 
velopment  be 

w'  =  A  +  a'A  +  a'%«  4-  aW  +  &c.  .  .  .  • 
he  called  the  coefficient  a'  of  the  second  term,  the  Jirst  dlf- 
rived  function  of  the  function  u.  From  what  ha8„  been 
already  observed,  it  appears  that  this  is  the  same  as  the 
"  fluxional  coefficient'^  of  Newton,  and  the  "  limit  of  the 
ratio"  or  differential  coefficient  of  D*Alembert«  It  is  also 
evident,  that  the  second  term  of  the  series  is  the  differential 
of  the  function  Uy  h  being  assumed  n&  dx** 

(9«)  We  shall  in  the  following  treatise  adopt  tj^  Dotaticui 
of  the  differential  calculus  in  preference  to  that  of  the 
fluxional,  as  well  because  it  is  generally  received  by  tlie 
scientific  world  at  present,  as  because  of  its  superior  am- 
plicity  and  power.  We  shall,  however,  use  the  principles 
of  all  the  three  methods  as  they  may  seem  best  suited  td 
the  subject  of  investigation  -f*. 

(10.)  functions  are  explicit  or  implicit. 

,F  • 


*  In  this  enumeration  of  the  methods  of  the  different  founders 
of  the  calculus,  I  have  omitted  Leibnitz's  infinitesimal  metbpi|, 
because^  although  I  believe  it  was  the  first  promulged  and  pub- 
lished^ yet  it  is  inferior  in  rigour  to  the  others.  Its  validity  con- 
sists in  a  kind  of  compensation  of  errors. 

t  Wherever  it  can  be  used  without  too  great  complexity  for  so 
elementary  a  treatise  as  the  present,  I  have  prefeired  the  method 
of  Lagrange,  as  being  most  rigorous^  and  free  from  metapfa]/ricml 
objections.  -       *''  • 
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,       An  explicit,  function  is  one  whose  form  is  known.     Tbus^ 
;   4f*^  log.  jr,  sin.  r,  a*,  are  explicit  functions  of  x. 
\       An  implicit  function  is  one  whose  form  is  unknown,  or  at 
1   lepunt  VQt  expressed.    Thus,  if  u^  +  u^ax  +  t/x  +  1  =3  0,  u 

i9,«a.impli/cit  function  of  or,  being  a  root  of  this  equation.. 

Also,  if  tt  =  sin.  y,  and  yj^  +  hx^  +  cor  -{-  ^  =  0,  t^  is  an 

implicit  function  of  x;  by  r,  and  £2  being  supposed  to  be 

constant  quantities.    The  roots  of  an  equation  are  implicit 

functions  of  its  coefficients. 

Functions  also  are  of  one  or  several  variables.     If  u^x^^ 

ti  is  a  function  of  one  variable,  m  being  supposed  constant. 

If  tf  =r  jf  ,  t^  is  a  function  of  two  variables  x  and  y, 

JL       , 
Again,  if  u  =  ;r « ,  e«  is  a  function  of  three  variables,  and 

80  on.     In  these  cases  the  variables  are  supposed  to  be  «n- 

dependenty  that  is,  the  variation  of  either  or  any  one  of  them 

18  independent  of  the  others,  which,  at  the  same  time,  may 

or  may  not  be  varied.     If,  however,  any  two  of  the  variables 

be  ocmnected  by  any  equation  or  condition,  they  cease  to  be 

independent  variables,  as  any  change  in  either  produces  a 

ixHTesponding  change  in  the  other.     Thus,  if  fi  =  o?^,  and 

at  the  same  time  x  =  2y,  x  and  y  are  not  independent 

variables,  and  the  function  in  this  case,  though  apparently  a 

function  of  two  variables,  is  Implicitly  a  function  of  one 

variable,  and  becomes  an  explicit  function  of  one  variable  by 

eliminating  y^  whereby  u  ^  x   . 

(11.)  Functions  are  also  divided  with  respect  to  their  form 
into  algebraic,  and  tranacendentaL  Those  in  which  the 
Tiuiable  is  united  with  the  constants  by  common  algebraical 

operations,  are  called  algebraic  functions.     Such  are  aj,  —« 

;r*5  %/Xi  &cl  But  those  in  which  the  variable  is  connected 
otherwise  with  the  constants,  are  called  transcendentaljunc'- 
tims.    Such  are  j?',  a  log.  jt,  a  an.  x,  &c. 
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.  Tli€  process  by  which  the  differential  of  a  functioii  is  founds 
is  called  **  differentiation,^  and  the  function  is  sud  to  be 
"differentiated.^ 

We  shall  commence  by  expl^ning  the  methods  of  ^- 
ferentiating  functions,  whether  explicit  or  implicit  of  a  single 
variable.  ' 


SECTION  II. 


The  differentiation  of  Junctions  of  one  variable. 


PROP.  I, 

t- 
(12.)  Ifu  =  v{x)  and  x  he  changed  into  x  +  h,  so  thai- 
al  =  F(a?  4-  h)  ti  may  be  developed  in  a  series  (if  positive  and 
integ7'al  powers  of  h,  provided  that  x  be  an  indeterminate 
qiLOntity. 

Let 

ti  =^  Ahf"  •{■  bA*  +  cA^     .    .     .    . 
the  quantities  a^b^c  p  •  .  must  be  positive  and  integral,  for 

P.  If  any  of  these  exponents  were  negative,  the  supposition 
A  =  0  would  render  vl  (which  then  becomes  equal  to  u)  in- 
finite.   Hence  x  must  have  that  determinate  value  which 

renders  -yr  =  0,  which  is  contrary  to  hypothesis. 

Also,  since  when  h  =  0,  w'  =  u,  it  follows  that  one  of  the 
terms  of  the  series  must  be  independent  of  /e,  and  that  the 
value  of  that  term  must  be  F(a:).  Hence  the  series  must  be 
of  the  form 


iJ  =  ^(x)  +  aA«  +  bA^  +  Qh\    .     ..  .    , 


\    » 
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•  fP.  Jf  imj  of  the  exponents  were  fntctionul,  there  w^t^ulA 
W  as  mao J  values  of  the  term  .which  involred  that  power  aa; 
there  were  units  in  the  denominator  of  the  fractional  ex- 
ponent. Now  it  is  plain,  that  the  radicals  affecting  h  can 
obIj  arise  from  radicals  included  in  the  primitive  function 
F(r)^  and  that  the  substitution  o(  x  +  h  for  a  can  ndthM 
increase  nor  diminish  the  number  of  these  radicals,  nor 
^  change  theirnature,  so  l6ng  as  os  and  h  remain  indeterminate. 
On  the  other  hand,  it  appears  from  the  theory  of  eqi^tionst 
tkat  every  radical  has  as  many  different  values  as  there  ar0 
units  in  its  exponent,  and  that  every  irrational  function  haiii 
consequently  as  many  different  values  as  there  are  different 
combinations  of  the  values  of  the  radicals  which  it  includes. 
Therefore,  if  the  development  of  v(a:  +  h)  could  contaiil  a 


m 


term  of  the  form  gh^,  the  function  f(^)  must  necessarily  be 
i  irrational,  and  must  have  consequently  a  certain  number  of 
•      different  values,  and  therefore  p(^  -f  h)  must  have  the  satne 

number ;  but  the  development  of  this  last  in  a  series  being 

p(j?  +  A)  =  r(jr)  4-  aA    +  bA      ....  ^A  "...  . 
each  value  of  ^(x)  is  successively  combined  with  the  n  value& 

of  ^fvfA'",  so  that  the  function  e(x  +  A)  has  a  greater  number 
Off  values  when  developed,  than  it  has  when  not  developed^ 
which  is  absurd  *.  .  Hence  no  power  of  A  can  occur  in  the 
development,  except  such  as  have  poisitive  iiitegem  as  fx- 
ponents.  The  series  must  therefore  have  the  form^  . 
F(x  +  A)  =  t{x)  4-  A'A  +  A^A*  +  A^'A'.  .  .  . 
(18.)  Cor.  Hence 

tt'  -  tt  =  a'A  +  aW  +  itW 

By  dividing  both  sides  by  A,  and  supposing  A  =  0,  it  ap- 
pears that  the  coefficient  a'  of  A  is  the  limit  of  the  ratio  of 
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tlf^^ biercnent  u^—  ii  of  the  functioD  to  the  oorrespooding 
inepomnt  k  of  the  variable.    This  is  therefore  the  cli& 

ax 
•  (14.^  Cor.  8.  As  /**  is  a  common  factor  of  the  terms  of 
the  series  after  the  first,  the  series  may  be  expressed  thusi 

u'  —  w  =  a'A  +  sA% 

where  s  =  a"  -h  a*"*  +  a^W 

(15.)  Cor.  3.  The  first  term  a%  of  the  expanded  dif- 
ference u'  <—  tf  of  the  function  may  always  be  considered  as. 
its  differendal. 

PROP.  II. 

(16)  -5^ «  =  F(y)  and y  =^f{pc)  to  determine  the  d^ 
JkrenUei  coefficient  of  u  considered  as  an  implicit  Junction 
qfx. 

Let  y  =/(a:  +  A),  and 

y  — ^  =  A%  +  sA«. 
If  y  -y-h  and  •••y  =  jf  +  *,  t/  =  F(y  +  *), 

substituting  for  i  in  this  its  value  given  by  the  former, 
flue  JMUlt  arranged  by  the  dimennons  of  h  will  be  of  the 
ibrm 

f^  -  tt  =  a'b'A  +  s''A«. 
By  these  three  series  we  find 

^=A' 
dx        ^' 


=  b' 


=  aV. 


du 

dy 

da 

dx 
'Frmn  which  it  follows^  that 

du      du      dy 
dr  ""  ^     dx 


Tberefere,  if  there  be  three  quantities  if»  y,  Wf  each  a 
fimcticm  of  the  other,  the  difierential  ca?ffioient  of  any  omi 
u  oonadered  as  a  function  of  anoth^  x  is  equal  to  th^  jpro* 
duct  of  the  differential  coefficients  of  that  one  u  con»dered 
as  a  ftinction  of  j/,  and  of  j^  considered  as  a  function  of  Ihe 
remaining  one  i?. 

It  is  obvious  that  by  continuing  the  process,  the  same 
principle  may  be  shown  to  be  applicable' to  any  number  of 
cMferential  coefficients. 

PROP.  III.  :        .  ;.  .     ^?: 

(17.)  To  differentiate  a  quantity  which  is  compoicd  qf 
MT^eral  functions  t^f  the  ^ame  vaf  table  unite4  bjf  addiiiom.  oir 
UibtraetioHf  tJie  differentials  qf  the  co^g^poueni  Jimetiom 
being  given. 

Let  u  zi^  V  +  y  "  z,  Vj  t/i  and  x  being  functions  lif  the 
same  variable  x.     Let 

«/  -  t?  =  aA  +  sA*,  ^V 

Adding  the  jBrst  two  and  subtracting  the  third,  obfi^rvi;!^ 
the  conditions, 

the  result  will  be 

tt'  —  tt  =  aA  +  A'A  —  a'^A  +  (s  +  s'  -  s'')A«. 
Hence 

dws::  do  -^  dy  "  dz. 
Hence  it  is  clear  that  the  result  is  in  general  the  dif^ 
ferentials  of  the  several  functions  united  together  in  the 
same  manner,  and  with  the  same  signs  as. the 
themselves^ 
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€• 


.,  ;  PEOP.     IV.. 

'  (18.)  Constant  qttaniifies  combined  with  a  Junction  In/ 
^stddition  or  subtraction  disappear  in  its  differential^  and  all 
^t^nitant  qaantitles  whic%  are  combined  with  it  as  factors  are 
MmUarly  combined  with  its  differential. 

V*  Let  u  =  F(a?)  ±  a,  \\u'  =  f(x  +  h)  ±  a,  •.• 

u'  —  u  ^T(x-^h)^¥(x) 
"T""  h  • 

In  which  a  does  not  appear^  and  therefore  it  does  not  appear 
in  the  differential  of  Uy  which  is  deduced  from  this. 

Hence  it  follows  that  u  has  the  same  differential,  whatever 
the  constant  a  may  be. 
*  9*.  Let  u  =  aF(jr),  •.•  t/  =  aF{x  4-  h\  •.• 

ti  —  u  ^  a\^(x  +  h)  -  F(.r)], 

'  k  ""  h  ' 

from  which  the  differential  coefficient  being  derived,  it  is 
evident  that  a  is  a  factor  t}f  it 

The  same  observation  enviously  applies  to  constant  di- 

visors,  since  a  may  be  -r-- 

(19.)  Drf,  Functions  of  the  form  w  =  a*  are  called  e-ar- 
ponentialfunctions. 

PROP.  v. 

(20.)  To  differentiate  an  exponential  functioni 

Let  w  =  K*,  •••  «'  =  S"^^^  =t=  /I' .  a\    Let  a  =  1  -hi, 
•,-0**=  (I  +  h)\     This  being  expanded  by  the  bincMnial 
theorem,  gives 

h     ,      A.A-1,.      A-Zi-l-A-S    „ 
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which  arranged  by  the  dimeniioDa  of  A^  is  of  the  totm    ' 

a*  =  1  +  **  -h  B&S  r 

where 

multipljiiig  both  by  a'^  and  substituting  t^  for  o*^  and  i/  ftr 
a'a^  the  result  after  transposing  u  is 

y!  —u  ^  huh  +  sw/a*. 

CUT 

The  value  of  the  series  A:  will  be  determined  in  finite 
terms  hereafter  (64.  )•  ' 

PROP.  VI.  .  . 

(21.)  To  differentiaie  a  Iqgarithm*^ 

Assuming  the  logarithms  of  the  equation  u  ss^  a'  relatively 
to  the  base  a,  we  find  lu  =  a:,  '•*  d'lu  s:^  dx.  Eliminating 
dx  by  thi%  and  the  equation  du  =:  kudx  found  in  tlie  last 
proposition,  we  find 

d » lu  ss  -J-  '  — . 
«      u 

It  i^  obvious  that  the  value  of  k  depends  upon  that  cf 
the  base  a.  The  base  which  renders  Ar  =  1  is  called  the 
Neperian  base,  and  sometimes  the  hyperboUc  base;  and  the 
corresponding  logarithms  are  called  Neperian  or  hyperbolic 
logarithms''^.  The  value  of  the  Neperian  base  will  be  de- 
termined hereafter  (64.). 

1 

The  quantity  -r  is  called  the  modulus  of  the  system,  whose 

AT  \ 

base  is  a.  .  . 

Hence  the  modulus  of  hyperbolic  logarithma  is  umty.   . 


^  For  the  origia  of  the  term  hyperbolic  logapitkm,  Mt  my 
Algebraic  Geometry,  Art.  (38d.).       -  :       '.       ^       f 
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LogarithuM  of  the  hyperbolic  system  are  sometiines  de- 
noted thus,  t ;  and  those  related  to  any  other  base  a,  thus, 
iori.*. 

Heiioe  \i  -  lu  =s  —/and,  in  general,  if  m  be  the  modulus 

du 

d  •lu  Si  m  ^  — . 

u 

PROP.  VII. 

(SSU)  ih  differentiate  a  Junction  which  is  the  product  of 
sever^Hfimctiom  tafthe  eame  variabk. 

I^t  u  =yj/:y  .  •  .  •*  y^'*^  n  being  the  number  of  factors, 

'    r    I  .  .  ■ 

Attd  the  factors  being  all  functions  of  or.  Assuming  the 
lljrperbolic  logarithms, 

/'«  =  /y  -t-  zy  +  ?/'....  ry>. 

Differentiating  this  (21.), 

A^_di/     d/      jy^  %^ 

.    Multiplying  this  by  the  original  equation,  the  result  is 

Ai  =yy — y"^  •  dy  +yy .... y^^^y  + . ,  • .  . 

yyy y«-'>  dy^^i 

Therefore  "  the  differential  of  the  product  of  several  fupc- 
tatooB  is  equal  to  the  sum  of  the  products  formed  by  mul- 
lUptying  the  differenttaJ  of  each  functicm  by  the  product  of 
'^die  remaining  functions.^'     Thus,  if 

that  is,  '^  the  differential  of  the  product  of  two  functions  is 
equal  to  the  sum  of  the  products  of  the  functions  into  their 
alternate  differentials!  ^ 

dH^jfjfdf^yYiJl'-Vjf'jfdy. 

'^■111     -   -    -^  --  '  •  -  -  •■  "i      ift 

*  We  shall  generally  use  the  Neperian  logarithms  without  any 
mark.    Whenever  aiiy  tttber  logarithm  is  n^ed  it 
be  expressly  mentioi^«-    :  .>v  ,    ,^; 
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•  'PROP.  vm. 

(S3.)  To  differentiate  a  jraeAon  whose  numerator  and 
denominator  are  each  products  of  several  Junctions  iff  the 
same  variable. 

^*"  =  y^C« '..'.' !'!w>  '''*«•*  y*'^'  •  •  •  •  *''.*'»  •  •  •  •  • 

are  functions  of  x.    Assuming  the  logarithms, 
lu  =  ry  +  /y  +  . . . .  7y  •>  -  /V  -  ?«'  -....-  h^\ 
da  _d}/     djf^  ^.^ 

*•'  tt  ""y  ^y  "^ ■*  js'      z** 

By  multiplying  this  by  the  original  equation,  the  value  of 
du  can  be  found,  *.* 

Cdy'     dy^  dsl      dz^  *> 

The  differential  of  a  fraction  is  therefore  equal  to  the  pro- 
duct found  by  multiplying  the  fraction  itself  into  the  sum  of 
all  the  differentials  of  the  functions  in  the  numeraUnr,  divided 
by  the  functions  respectively  diminished  by  the  sum  of  the 
di^erentjals  of  all  the  functions  in  the  denomiiiator  diviided 
by  the  functions  respectively. 

Thus,  iftt  =  ^, 

t.      -  .  .  "  .  , 

■;••.»' 

PKOP.  IX. 

(24.)  To  differefttiate  a  power. 

-Let  u  ss,  xf^.  Assuming  the  logarithms  Ju  s:  mix.  Hence 

^  dx 


u     .      x 


.  • 


It  may  be  observed,  that  this  is  perfectly  general.  The 
exponent  m  may  be  positive  or  negative,  integral  or 
fractional. 


LEMMA  I. 

(26.)  I^e  limit  of  the  ratios  of  the  chord  of  a  circular 
jarCfand  thi  arc  itself  to  the  tangeid^  the  arc  beit^  dimini$hed 
without  limit,  is  a  ratio  of  equality. 

,  L<et  the  arc  be  x  related  to  the  radius  unity,  by  trigo* 
nometry.    . 

chord.  ^  _  2  sin.  i^  __^  sin.  ^x  •  cos.  x 
tap.  0?   -""    tan.  x   "~  sin.  x  ' 

but  sin.  X  =  ^  sin.  -^  cos.  l;X, 

chord.  X       cos.  x 
*      tan.  or    ""  cos.  ^x' 
Inthelimit,  whenor^'Oand  *.*4^^=0,  co8.Jb=:GOs.  i***— 1, 
'whence  the  limit  of  the  ratio  of  the  chord  to  the  tangent  is  a 
ratio  of  equality. 

Since  the  are  is  included  between  the  chord  and  tangent^ 
it  is  evident  that  the  limit  of  the  ratio  of  it  to  either  is  a 
ratio  of  equality. 

LEMMA  IL 

(26.)  The  limit  of  the  ratio  of  the  sine  of  an  arc  to  the 
arc  itself^  both  being  ififinitely  diminisJiedj  is  a  ratio  of 
equality. 

Let  the  arc  be  jt  related  to  the  radius  unity. 

sin.  jc 

cos.  X  =5  . 

Lv  .  i    .  tan.  X 

If  r  =  0,  •.•  cos.  X  =  1,  •.'  the  limit  of  the  ratio  sin.  jr, 
to  tan.  <r,  is  a  ratio  of  equality.  But  $ince  the  limit  of  the  ratio 
of  the  arc  to  the  tangent  is  .a  xatit^  of  equality  (25),  it  fdU 
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lows  that  tlie  limit  of  the  ratio  of  the  sine  to  the  arc  is  a  ratio 
of  equality. 

PEOP.  X. 

(27.)  To  differentiate  the  sine  ef  an  arc,  considered  as  a 
Junction  of  the  arc  itself. 

Let  u  =  sin.  x,  and  w'  =  sin.  {x  +  A),  •.• 
fi  '^u  :=.  sin.  (x  4-  A)  —  sin.  ;r  =  2  sin.  \h  cos.  {x  4-  \h)j 

xji^u      sin.fA 
.  •••  --j—  =  —Tf^  '  COS.  (or  +  ih). 


1' 
sin  4  A 


JT, 


If  A  =  0,  by  (26),       ,,^    =  1,  and  cos.  (a:  +  ^A)  =  cos. 

hence 

du 

^—  =  cos.Ar9 

•.•  Jm  =  cos.ar(Zr. 

PROP.  XI. 

(28.)  To  differentiate  (he  cosivne  of  an  arc,  considered  as 
ajiinction  of  the  arc  itself 

Let  u  =  COS.T,  •.•  u  =  sin.  (-5-  —  x)j  •••  by  (27.)i 

(/w  =  COS.  (^  -  ar)d  (~  -  x). 
But  -^  being  constant,  has  no  differential,  and 


2 


ft 
COS.  (-^ x)  =  sin  a:,  therefore 

dti  =  —  sin.a7c2j;. 


PROP.  XII. 

(29.)  To  differentiate  the  tangent  and  cotangent,  con- 
sidered as  Junctions  of  the  arc. 

m 

Sin  x 
V.  Let  u  =  tan..r  =  — '—, '.'  by  (23.), 

-  006(«P 
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du  = z ; 

COS.*  X 

but  d  8in.ar  =  cos,xdXj  and  d  co&.x  =  -*  sin.jrdLr*   Making 
these  substitutions,  and  observing  the  condition, 

sin.*  X  4-  COS.*  x  =  1^ 
the  result  is 

dx 


du  ss 


COS.*  a?* 


If* 
2°.  Since  cot.  x  =  tan.  (-^^  —  a?),  it  follows  from  this  that 

dx 

d  COUX  = r 


sin.*  X 

PROP.  XIII. 

(30.)  To  differentiate  the  seccmt  and  cosecant  as  Junctions 
of  the  arc* 

1".  Let  u  =  seco?  = ,  ••• 

COS.  X 

.          8in.x.dx  _ 

du  = z =  tan.ar  sec.x.dx. 

COS.*  X 

It 
2°.  Let  u  =  cosecjT  =  sec.  (-^  —  jt),  •.• 

It  It 

du  ^"^  tan.  (-^  —  x)  •  sec.  (-^  —  x)dx 

or  du  =  —  cot.ar.  cosecor.  dx, 

PROP.  XIV. 

(31.)  To  differentiate  an  arc^  considered  as  a  Junction  of 
its  sine  or  cosine. 

1°.  Let  u  =  sin."*^  x  *,  •.•  sin.  u  =z  x^  v  cos.  udu  =  dr. 
But  cos.  2*  =  \/ 1  —  a:^,  hence 


*  Sin.~*  .V  signifies  the  arc  whose  sine  is  jp. 


S£CT«  II.  THE  DIFFERENTIAL  CALCULUS.  19 

du  == 


It 
SP.  Let  tt  =s  COS.-*  «•  Since  sin."^  x  +  cos.""^  a:  =  — ,  •.• 

d  sin.~^  a:  +  d  cos.*"*  j-  =  0, 

d  cos."^  X  =  —  d  sin."^  x, 

dx 
\'  d  cos.""^  x  =  - 


v/l-a;» 


PROP.  XV. 

(32.)   jTo  differentiate  an  arc  as  a  Junction  of  its  tangent 

€yr  cotangent. 

,^    _                      ,                                     du  -     _ 

1®.  Let  u  =  tan.""'  x,  •••  tan.  w  =  .r,  •.• r—  =  »jr.  But 

COS.*  u 

since 

1  1 

COS.*  U  =   r—  =  J-; i, 

sec*  ?*       1+  X 

_  dr 

•.•  da  = 


2°.  Let  w  =  cot~'  X.    Since  tan.""^  x  +  cot.""'  jr  =  -77,  •.' 

d  cot.~*  X  =  "  d  tan.""^  :r, 

dr 


V  du  =  -^ 


1+x^' 


PROP.  XVL 

(33.)  To  differentiate  the  arc  as  a  Junction  of  its  secant  or 
coseccmt. 

1*^.  Letw=sec.""^ar,  •.•  sec.M=a7,  *.*  tan.u.  sec.t^.  d2<=dr. 
But 

sec.tt  =  x^ 

•.•  tan.w  =  -^a:*  —  1, 

c2 
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dx 
•••  du  = 


x^x^ — 1 
2^.  Let  u  =  cosec.""*  x.   Since  sec.""*  x  +  cosec.""*  ^  ~  "2  * 

•.•  d  cosec."^  a:  =  —  rf  sec.-''  or, 

d.v 


SECTION  III. 
Praxis  on  the  differentiation  qfjiinctimis  of  one  variable. 

Ex,  1.  If  w  =  (a  +  ia:)*.     Let  s:  =  a  +  &r, 

•.•  (18.)  ^  =  *.     But  since  w  =  ;s«  by  (24.)  3;  =  2ar, 

•<  /» \  ^'^        ^^      d^  du 

and  (16.)  —  =_._.    Hence  ^  =  2i(a  +  bx). 

Ex.2.  If w  =  (a  +  6^  +  c.r2)3.  j^^^^  =  a  +  Ja?  +  cxS 
•.•  (18.)  -^  =  6  +  Sea:,  and  since  u  =  2% 

•••  (24.)  -T-  =  3z«,  hence 
^      ^  az 

du 
(16.)  •  -^  =  3(*  +  2c^)  («  +  J^  +  ca:«)2. 

Ex.  S.  If  w  =  (a  +  Ao:)'".     As  before,  let  2  =  a  +  bx, 
•.•  -7—  =  6,  and  since  w  =  ^"*,  *.•  (24.)  ^  =  mz"^^, 

du 
•••  (16.)  -^-  =  7wJ(a  +  fijr)'^^ 

Ex.  4.    If  w  =  (a  4-  bx)^  (a'  +  6'x)^     Let  j^  =  a  4-  6x, 

and  j/  =  a^  +  //x, 

"    -^^         „   -    ^«     +     y,   -    y    +  y   • 
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But  dy  =  W«r,  dj/  =  Vdxy  ••• 


du 
or  ^^  =  2A(a  +  bx)  {d  +  i'x)^  +  SbXa  +  6-r)«  (a  +  Vx)\ 

du 
or  ^  =  (a  +  6a:)  (a'  +  Vxf  [2b(ci  +  Vo:)  +  %V(a  +  M}, 

Ex.  5.  If  tt  =  (a  +  fix)'**  (rf  +  y-r>  (a"  +  6"a;)"''. 
Let  J/  =  (a  +  6x)-,  y  =  (a'  +  V^)"*',  /  =  (a»  +  b^xy". 

Hence  ^2.  =  ^^  +^  +  ^^jQ/y, 

dy  -.  w6(a  -f  bxY^-^dx^ 
dif  =  wV(a'  +  VxY-^dx^ 
df  =  m''6^(a"  +  V^xY^'-^dx, 

du 
•••  ^  =  («  +  M*"  {pi  +  ^o;)-^  (a'  4-  b'^xY  x 

Ex.  6.  If  tt  =  [ax"^  +  ft)*'.    Let  js  =  ajf^  +  6, 
.,  du  . 

Also  U  =:  Sfly  \'  -r  =  J«^S 

•/  —  =r  agr(j»  — n)  r'*-~-*  (flW?"^"  +  6)^*. 

Ex.  7.  If  a  =  —Ti  '.'  u  =  aar-~,  •.•  -j—  =  -  iwao?-'*-* 

a?*"  dx 

by  (24,). 

Ex.  8.  If  ti  =  a'^/x^f  '.'  u  =  ax^K  •.•  -r-  =  —ax' 

dx      n 

by  (24.).        . 


Ex.  9.  If  w  =  Va'^-a:^     Let  ^  =  ^^'«  -  >r, 

.  .   ^  —  m— 1 

.     ~  1      "~"  "*■  tflX        • 
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Also  u  S3  5r«,  •••  ^  =  —  ;a:«     .     Hence  by  (16.), 


1 
Ex.  10»  If  w  =  —         .    Let  z  :=  a  —  xS 

dz 

Also  u  =3  jg-^,  •••  ;^  =  -  —  •  ^~"^  *•■  (16.). 

^=-.4a-^«)n    . 


Ex.  11.  If  w  =  ^  ^a =.  +  V(c«  -  x«)|  .    Let 


Vx 
b 


^/x 
Hence  we  find 


=  =  y ;  3/c«  —  a:«  =  2?. 


3 

'      w  =  (a  —  y  4  2)^, 

•/  rfw  =  |(a  -  y  +  2)^""'(-  dj/  +  Jz), 


or  du  = 


But  aLo, 

,         _    h              bdx 
dy  -d~==z^ -, 

V^  x^  ^/x 

dz  =  d{c^^x^f=:^{c^^x^)  ^x-^xdx  = 


Hence 

Shdx  ^dx 


2x^x     V(c^— ^'^)* 
du  = 


4  /  A  • 

4^^  — =+y(c«~^^) 


v/^ 


a: 


Ex.  12.  If  w  =  /'  — r.     Let  z  =  Va^  4.  ^2 
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•••  dz  = 


^  X       «     '   -,        •-        dx     dz 
But  u  =  r —  =  fj;  —  fz,  V  OM  = .    Hence 

Z  X         z 

dx       xdx  a^dx 


X       a^'+ai^      x{a^+x*y 
du  a* 

*  dx      a;(a*  +  j*)' 
Ex.  13.  If tt  =  ?{(a  +  x)'^  (a!  +  a:)«'(a"  +  x)"^"]. 
Hence  u  =  mP(o  +  x)  +  rrJt{a!  +  x)  +  mH\ci^  +  x). 


•  • 


du  ^    m  rrJ  m^ 

dx''  a+x     ci-i-x     aP-^-x* 
du  _ 
dx  "" 

(a+d7)(a'  +  »)(a"+a?) 

This  differential  coefficient  is  evidently  of  the  form 

—a,  —  a^,  —  o",  being  the  roots  of  the  equation 

x^  +  A'a?*  +  B'a:  +  o'  =  0. 
This  circumstance  is  attended  with  some  important  con- 
sequences in  the  integral  calculus. 

Ex.  14.  If  w  =  /'  ^    ^      — ==.    Letj^  =  v^l  +  ^, 

v'l+^—  v'l— a; 

a;  =  a/I  —  ^> 

if  — « 

du  +  dz      dy-^dz 

t/\'Z  If'-'Z 

Xf'  —  ^ 

djc  dx 

But  dv  —  —         ,  <fe  = •    _,.  Makine  these  sub- 
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stitutions,  and  observing  that  y*  —  2*  =  Sx,  the  result  is 

,  di 

du  ^  — 


iCA/1  — X* 


-v/4?«-|-l— 1 


Ex,  16.  u  =  g  ■  >       , .    Let  »  =  a/x*  +  1, 

-  wdx 

V  £to  =  —  , 

«^  =  /^(;S  -  1)  - //(2  +  1), 


•«•  dw  = 


•••  c?w  = 


z-1    «+r 


a:>v/4:«  +  l 


Ex.16.  If w=^         +e  ,  efe         =^         dlr-v'— ] 


and  t/^  =  —  ^  dr  \/  - 1. 

/  xV — 1  — a:V — 1\      

Hence  du  =  \e  ^  e  )  //  — 1  •  rfar, 

6  is  supposed  here  to  be  the  hyperbolic  base  (SI .) 

Ex.  17.  If  w  =  cm,mxy  •.•  du  =  -^  sin.ma:,d(ma:)  (^.) 

.         du 

hence  —  =  —  m  sin.  mar. 

Ex.18.  If  «^  =  sin.  (ar*"),  •.•  du  =  cos.  (r*")  •  d{x'^)  (27. 

but  (/(a?*")!  =  mx*^^dx.    Hence 

du  , 

-7-  a=  wia:*^^  cos.  (r'"). 

dx  ^     ^ 

Ex.  19.  If  w  =  sin.  (<i  +  x)^  du  =  cos.  {a  +  a:).d(a  -{-x 
but  rf(a  +  ^)  =  do:,  •/  —  =  cos.  {a  +  x). 


Ex.  20.  If  1*  =  COS.  X  +  V  —  1  sin.  jr,  •.■ 

dtt  . 

~  =  —  sin47+v^  —  1.  COS.  Xf 

du 


or  -^  =  a/  -  1  •  {cos.  ^  +  v'  —  1  sin.  a'{. 
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Hence  in  this  case  c?t/  =  v"  —  1  *  udx.     It  appears  from 
this  and  Ex.  16^  that  the  differential^  of  the  function 

e  ,  and  the  above  are  the  same.     It  will  appear  by  the 

integral  calculus,  that  these  functions  are  actually  equal. 
Ex.  21.    If  u  =  sin.xc0s.jr9  V  du  =  cos.jr.d  sin.  .r  + 

^n.a?.t{  COS.  jr,  which,  by  substituting  for  d  sin.  x  and  cf  cos.  x^ 

thdr  values  (27.),  (^O^  &^^^ 

du  .    .  _ 

3-  =  cos.*  X  —  sin.*  X  =  cos.  2ar. 
ax 

Ex*  22.  If  M  =  isin.o;  cos.  a  ±  sin.a  cos. a:,  •.• 
du  =  cos.a.<2  sin.^r  +  sin.a.(/  cos.  x^ 

du  ^   .         . 

or  T-  =  cos.a  cos.o:  T  sin.a  sin.T. 
dx 

The  differential  and  integral  calculus  is  of  very  extensive 
use  in  the  deduction  of  the  Formulae  one  from  another  in 
Trigonometry.  There  are  many  parts,  such  as  the  ex- 
pansions of  series,  &c.  in  which  its  application  is  indispensa- 
bly necessary ;  but  many  even  of  those  parts  which  are  usually 
proved  independently  of  its  principles^  may  be  much  more 
^>ncisely  and  elegantly  deduced  by  their  aid.  We  shall 
give  here  a  few  obvious  examples.     In  the  last, 

u  =  sin.  {x  ±  a\  \'  du  =^  cos.  (.r  ±  a)dx,  •  .• 
du  ^       ' 

•J-  =r  COS.  [x  ±  a). 

Hence        cos.  (a;  ±  a)  =  cos..r  cos.a  +  sin.a:  sin.a. 

Ex.  23.  If  w  =  sin.2T,  •.•  dw  =  2  cos.2x  •  dr, 

du       ^        ^ 
•.•  T-  =  2  cos.  XX. 
dx 

By  this  and  Ex.  21,  it  follows,  that  if  sin.  2x  =  2  sin.jrcos.jr, 

cos.2j;  =  COS.*  x  —  sin.^  x, 

Ex.  24.  Let  u  =  cos. a:  -[-  cos.2a?  +  cos.Sj'  . .  .  cos.no^. 

Since  by  Ex.  17, 

d  COS.72X  =  —  sin.nx.d(nx)  =  —  n  sin.nxdx^ 
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wehiTe 

Cm 

T-  =  —  {sin.^  +  Ssin.^  +  Ssin.Sj?  •    •    •   •   nAn.nx\ 

Hence  the  summation  of  the  first  series  necessarily  determines 

that  of  the  second. 

Ex.  25.  Let 

u  =  sin.  X  +  sin.  2j:  +  sin.  3.r  • . .  .  +  sin.  nxy 

du 
\'  ir-  =  cos.a?  +  2cos.2ar  +  3  cos.3a?  ....  +  w  cos.na?. 

The  same  remark  applies  as  in  the  last  example. 
Ex.  S6.  By  difierentiating 

S  cos. mx  =  (2cos.  a:)**  —  m(Scos.  ^)'*"*  H r"5~"  (2  cos.  jr)"*""* 

l.glg (2  cos.  j:)'»:-«,  &c. 

tlieresult,  after  dividing  both  by  Zm  and  changing  the  sdgns,  is 
sin.miT  =  sin.^  { (2  cos.af)"^^  —  (m  —  2)  (8  cos.a?)**^ 

+ j7^ (2  COS.  ^)»»-^ } 

In  general^  when  the  swnmation  of  any  trigonometrical 
series,  or  the  expansion  of  any  trigonometrical  formula,  is 
known,  other  series  may  be  derived  by  differentiation. 

dz        1 

Ex.  27.  If  w  =  (I'jcY.    Let  z  =  Fx,  •.•  :t-  =  — • 

^    ^  da:       X 


»— 1 


Also  w  =  2%  •.•  -J-  =  «;:'*-%  •••  -J-  =  -^— ^ 

dz  dx  X 

Ex.  82.  Let  M  a=.  ?*a7.    (This  notation  signifies  the  loga- 
rithm of  Hx,     In  like  manner  the  logarithm  of  t^x  is  V^x^ 

dz        1 

imd  so  on).    Let  z  =  I'x,  \'  -r  =  — •    Also  u  =  tz.  ••• 

*  ad?        jr 

-V-  =  — .     Hence  (16), 

dz        z 

du  _   1   _    I 
dx  ""  aro:""  xtx* 


f 
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Ex,  29.  If  tt  =  l^x.    Lety  =  /'x,/  =  /y  =  ?*ar, 
y  =  /y  =  V^y^  and  so  on.    Hence 

da?        07 ' 
d/_    1  _    1 

dy ""  y  ""  /'^ ' 

^y ""  y  ■"  ^*-^' 


d^c*) 


Hence  by  the  general  principle  in  (16.), 

du  1 

d.r       xtxt^x ....  r'*-'x' 

£x,  30.  If  t^  =  z^    Assume  the  logarithms^  Vu  ^yPz^ 

dz 
•/  du  =  w(3^  —  +  Pzdt/). 

If  in  this  case  y  and  z  both  =  r,  the  result  is 

Ex.  31.  If  w  =  t?^.    Let  yf  =  a*',  and  •.•  u  =  t;*^.    By 
the  last  example, 

du  :=  u\y^ h  7i;dy  ^  • 

But  dy^  =  y(y  —  +  fzdy).     Hence 

z 

du  -u  \sf^—  +  z^tv{y —  +  tzdy)^. 
If  in  this  case  v,  z^  and  y  ^  x,   then  u  =  or^,  and 
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SECTION  IV. 

Of  successive  differentiatian, 

(34.)  In  the  several  functions  which  have  been  differeiif> 
tiated}  it  may  be  observed^  that  the  difierential  coef&cient  16 
a  function  of  the  variable  in  general  different  from  the  pri- 
mitive function.  This  function  therefore  itself  may  be  dif- 
ferentiatedy  and  another  differential  coefficient  will  b^  thus 
determined^  which  is  called  the  second  differential  coefficieni 
of  the  primitive  function.  As  Lagrange  calls  the  first  dif- 
ferential coefficient  thej^>5^  derived  Junction^  so  he  calls  the 
second  differential  coefficient  iJie  second  derived  Junction* 
From  what  has  been  said,  it  is  plain  that  the  second  di£> 
ferential  coefficient  of  the  primitive  function  is  the  differ^ih 
tial  coefficient  of  the  first  differential  coefficient  considered  as 
a  function  of  the  original  variable.     Let 

du 

Considering  dx  as  constant,  this  gives 

d(du)      dp 

dx^    ~"  dc 

This  result  is  usually  expressed  thus, 

d^'u      dp 

dx^ "  dx 

d^u  ,  ■ 

Thus,  -jT"^  is  the  notation  for  the  second  differential  co- 

efficient  of  the  primitive  function  u. 

It  should  be  remembered  here,  that  d^u  does  not  signify 
d  X  d  X  Uy  nor  does  dx'-  signify  the  differential  of  a?*.     The 
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^DEner  signifies  the  differential  of  the  differential  of  u,  and  the 
latterthe  square  o£dv. 

(35.)  It  has  been  already  observed,  that  although  the 
differential  coefiicient,  being  a  function  of  or,  is  determinate 
for  any  proposed  value  of  x,  yet,  that  for  any  such  proposed 
value,  the  differentials  of  u  and  x  are  indeterminate.  All 
that  is  determinate  in  this  case  is  the  ratio  du  :  dx^  or  the 

quote  -r-.     This  remark  is  of  importance  in  successive  dif- 

ferentiation. 

du  '  ' 

..  (36.)  Considering  -j-  as  a  function  of  x^  it  mu^t  be  sup- 
posed to  vary  with  x.  This  variation  may  be  effected  by 
a  variation  in  du  or  dx,  or  in  both.  It  contributes,  how- 
ever, much  to  the  simplicity  of  the  notation,  and  does  not 
affect  the  generality  of  the  results,  to  ascribe  to  du  the  entire 

du 
variation  of  the  function  -^produced  by  the  variation  of 

the  variable  x,  and,  consequently,  to  suppose  dx  constant^ 
We  are  evidently  authorised  to  adopt  this  supposition,  as 
appears  by  the  preceding  observations :  it  is  for  this  reason 
that  in  the  investigation  of  the  second  differential  coefficient 
we  assume 

du  ^  d^u 

dr""  dx* 

the  factor  -7-  being  constant  (18.).  The  variable,  whose  dif- 
ferential is  considered  constant,  is  called  the  independent 
'variable, 

(37.)  The  second  differential  coefficient,  like  the  first, 
being  in  general  a  function  of,  the  original  variable,  is  sus* 
ceptible  of  differentiation,  from  whence  results  a  third  dif- 
firentiaJ  coefficient^  or  according  to  Lagrange,  a  third  de^ 
^vedjimction.     Since  dx  has  been  considered  constant  in 
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dtUxwimng  the  secooad  diffiarential  ooeffident,.  it  must  ooa- 
thiue  to  be  so  considered  in  deriyrag  the  thurd  diflhfeirtiat 
o6efficient'from  the  second,  *•* 

a^u     djcPu) 

The  notation  for  d(d^u)  is  (Pu.    Let  d  •  -j-^  =  qdx^  h^ce 

which  is  therefore  the  third  differential  coefficient. 

In  like  manner  the  fourth,  fifth,  &c.  differential  coefficients 
may  be  determined,  the  general  notation  fcnr  the  nth  dif> 

ferential  coefficient  being  ^-u. 

PROP.  XVII. 

(38.)  Three  qucmtities  being  so  related  that  thejirst  u  u 
ajimction  of  the  second  y,  a/nd  the  second  y  is  afunMon  of 
the  third  x,  given  the  second  differential  coefficients  of  tikfi 
first  as  a  Junction  of  the  second^  and  of  the  second  as  a 
Junction  qftfie  thirds  to  determine  the  second  differential  co- 
efficient of  the  first  as  a  Junction  of  the  third. 

d^u  d?-y  ,  d^u 

In  this  case  ^,  and  -^^  are  given,  to  find  -7-^,  The  co- 

d^u  d'v 

efficients  -v -^  and  -z~  in  their  present  state  imply  a  contra^ 

diction,  for  the  first  depends  on  the  supposition  that  dy  is 

constant,  and  the  second  owes  its  existence  to  the  variation 

of  dj/.    To  reconcile  this,  it  will  be  necessary  to  substitute  for 

d^u 

TT  what  it  would  have  been  if  du  had  not  been  considered 

constant.     For  this  purpose  it  should  be  remembered  that 

d^u 

-j-l  was  derived  from  the  operations  indicated  by 
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,    du. 

a-  -=- 
ay 

having  been  performed,  supposing  dy  constant    Now  let 
i»f  be  supposed  variable,  and  the  formula  becomes 

dyd^u—du^y 

^^  ' 
winch  is  therefore  the  second. differential  coefficient  when  j^ 
is  not  supposed  to  be  the  independent  variable.  Sub- 
stituting in  this  for  dy  and  d^y  their  values  derived  from 
considering^  a  function  of  x^  the  result  will  be  the  second 
differential  coefficient  of  2^  as  a  function  of  x. 

It  appears,  therefore,  that  where  several  variables  are 
each  a  function  of  the  other,  only  one  of  them  ought  to  be 
considered  as  an  independent  variable  in  differentiation. 
This,  however,  need  not  be  attended  to  unless  the  differential 
coefficients  of  two  or  more  of  the  functions  related  to  d^- 
jirent  independent  variables  enter  the  same  formula.  In 
that  case,  all  the  independent  variables  but  one  must  be  re- 
moved by  the  method  given  above,  which  may  eaaly  be 
extended  to  differential  coefficients  of  superior  orders. 

PROP.  XVIII. 

(39.)  To  determine  the  successive  differentuU  coefficients 
ofafower. 

Let  u  =  ar«.     By  (24), 

du 

^^^  .         \ 

cPu 


9A  THE  DIKFERENTIAL  CALCULUS.  SBCT.  IV. 

»  ■ 

And,  in  general,  the  nth  differential  coefficient  is 

The  differential  coefficient  of  the  mth  order  when  m  is  a 
positive  integer,  is 


f*tn 


This  being  a  constant  quantity,  all  succeeding  differential 
coefficients  are  =  0.  But  if  m  be  either  negative  or  frac- 
tional, the  factor  m  —  (w  —  1)  can  never  =  0,  and  therefore 
the  differential  coefficients  never  =  0. 


PttOP.  XIX. 


(40.)    To  determine  the  successive  differentials  of  the 
product  of  two  Junctions. 

'    Let  u  =  ^,  '.•  du  =  ydjf  •\-y^dy^  •.• 
d^^yd'jf  ^-Uydif  ^rfdy. 
Oil  =  3/dy  +  3%dy  -4  ^dy^d'y  +  V<i>, 
dHL  =  ydy  +  Mydy  +  M'^yd't/  +  4d>dy  4-  y*dhf. 


The  law  of  the  exponents  and  coefficients  is  obviously  that 
of  the  binomial  series ;  therefore,  in  general, 

d^'u  =  3^cry  +  ndyd'^-^y'  +  -V^  d'yd"-^i/ 

+  — 1^:3— ^•^'^^^^  ^  + TgrBi: — '^^'^^^  ^'- 

As  an  example  of  the  application  of  this  theorem,  let  it 
be  required  to  find  the  fourth  differential  of  ;s"'  —  ^*.     Let 

• 

y  =s  z  +  X,  and  y'  =  z  —  x,  \'  d"y  —  d'z  +  d'^Xy  and 

dy  =r  d^z  -  d"x,  ••• 


SBCT.  lY.  THE  DIFFERENTIAL  CALCULUS.  38 

*(z«— arft)=s(«+j?)  (d*«-d*ar)+4((fc+d;r)  (d^z^dl^x) 

+  6((?«  +  d^x)  (d«2— d«a?) + 4(*« + d^x)  (dz  -  dx) 
+  (2-a:)(d*«+d*a;)  =  2{j2rd*«+4dfed';8r+3(Pz;d*«-ard*a? 

-  ^dxd^x—Sd^xd^x  ] . 

PROP.  XX. 

(41.)  Tio  determine  the  successive  differential  coefficimts 
tfan  exponential  function. 

du  1 

Let  tt  =  a*.    By  (20.)  j-  =  Aw ;  —  being  the  modulus 

to  the  base  a.    Hence 


-—  =  Jcdu. 
dx 

And  by  substituting 
In  like  manner 

for  dw  its  value  kudx,  and  dividing 
iPw 

and  in  general. 

d^u 

If  a  be  the  hyperbolic  base  A:  =  1 ;  and  in  this  ease  the 
diflbential  ooeflScients  are  all  equal  to  the  primitive  func- 
tion u. 

PROP.  XXI. 

(tt.)  To  determine  the  successive  differential  coefficients 
^a  logarithm. 

Let  u  =  7ar,  %•  -7-  =  —  =  ar"\    Hence 

dx      X 

cir«  ■"      x^  ^    ' 


Tht  differential  coefficients  are  therefore  alterbaldy'po- 
sitive  and  negative,  and  that  of  the  ^zth  cttder  is,  '  ^'* 

1  •  &  -'S  ....  ^  -  1  •  or*", 
which  is  +  if  9^  be  odd,  and  —  if  n  be  even. 

In  this  case  the  logarithm  is  assumed  to  b^  1iypahd|t. 
If  it  be  not,  the  successive  differential  coefficients  should  be 
affected  by  the  modulus  as  a  factor. 

PROP.  XXII. 

(43.)  To  determine  the  successive  differential  co^ffidenis 
of  the  sine  and  cosine  as  Junctions  ^the  arc. 

Let  u  =  sdiLor,  *.* 

du  .    •  w 

<S?u 

'=-^  =  —  cOs.a:. 


•  •  .  m  \0  -m  • 


•  ..... 


And  in  general,  if  n  be  an  odd  number, 

^=±cos.^; 

n  — •  1  f%    "^i 

+  being  taken  when  --^  is  even,  and  - ,  when  — —  is 

odd.    And  when  n  is  ev^ji^ 
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I   +  being  taken  when  -^  is  even,  and  — ,  when    -3-    is 
odd. 

It  If  . 

Since  COS.  a?  =  sin.  (-3-  —  x),  and  — rfr  =  d(-o--^^)  itfol- 

hm  Ail  fagp  changing  the  »ne  into  the  co»ne^  and  +  into 
-  and  CPJcevfTMy  idle  pfeeeding  dbsenrart&oBs  maj  %e  applied 
to  the  successive  differential  coeiBcieitoof  l9ie  oonihie.  Henc6 

if '«  KB  COB.  «, 

when  n  is  odd,  -f  bring  used  when    ^    is  odd,  and — when 


^     is  even.    And 


^  =  4-  cos.^. 


When  n  is  even,  +  ^besng  ^used  when  •^  i9  even,  «nA  ir-, 


when  ^  is  odd. 


PROP.  XXIII. 


(44.)  To  determine  the  successive  difftrential  coefficients  of 
the  t€mgent  and  eeiangent  asjunetiom  cfthe  arc. 

Let «  =  tan.jr,  •.•  j-  = T  =  sec'a: ;  hence 

ax       cos.*x 

T^  =  2  secjra  sec.x  =  2  sec.^x  tan.xdr, 


d^u 
•••  T-g  =  2  tan.x  il  +  tSLH.^x), 


D  2 
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Hence  the  third  differential  is 

d*tt 

^  =  2(1  +  3««)rf«. 

But  du  =  {1  +  u^)dx,  \: 

Bj  continuing  this  process,  the  succeeding  coeffidents  hi 
in  like  manner  be  found. 

The  differential  coefficients  of  the  cot.  x  may  be  jdedui 

It 
from  those  of  the  tangent  by  changing  a:  into  (-3-  —  or),  a 

changing  the  sign  of  dr. 


PROP.  XXIV. 

(45.)  To  find  the  successive  differentials  qff/te  secant  c 
cosecant  asjimctions  of  the  arc. 

Let  u  =  secJT,  *.*  du  =  tan.a:  secxdx,  *.* 

du 


dhL ,  u^du 

=   VK*  —  1  •  dw  -f 


Substituting  for  du  its  value  already  found,  we  have 

—  =  «(2,^«  -  1)  =  2t^3 -.  ^^ 

Differentiating  again,  we  find 

d^u 

-j-j  =  2*3-24^du  —  duj 


dht 


or  -T-,  =2.3w* vw*- 1  - w >v/w2-l  =w >v/w*— 1  (SSm* - 
and  in  a  similar  way  the  process  may  be  continued. 


SBCT.  IV.  THE  OIFFiERENTlAL  CALCULlfS.  S? 

To  find  the  coefficients  of  u  ==  cosec  x,  it  is  only  necet- 

sary  to  change  x  into  (-3 ai),  and  change  the  sign  of  4^ 

in  the  former  results. 


PROP.  XXV. 

(46.)  To  determine  the  successive  differential  coefficients 
of  the  arc  as  a  function  of  its  sine  and  cosine. 

Let  i«  =  sin."*  j?,  •.•  ^  =(1  —  a?*)     .  By  differentiating 

this  succesfflvely,  we  find 

d^u  __A 

d^u  A  .  i 

=  (1  -*«)'+  3x'(i  -  x^y^. 


=    8«ar(l  -  x*)-*+  3  •  6ar»(l    *  ««)"*, 
^=8'(l-«»)"*+2.6ftr«(l  -ar')~*+S-5.7**(l -«*)"*. 

And  80  the  process  may  be  continued. 

If  u  =  cos.~*J,  the  succesfflve  differential  coefficients  have 
the  same  form  but  different  signs. 

PROP.  XXVI. 

« 

(47.)  To  determine  the  successive  differentiai  coefficients  of 
an  arc  as  afimction  qfits  tangent  or  cotangent. 

du 
Let  1^  =  tan.-^x,  '.*  5^  =  (^  +  a?*)-*.     Hence 


^=  -  gl(T  +  J5*)^  +  2.4.««(1  +  ar«)^, 
ox* 

0  =  2».3.*(1  +  x»)-»  -  2*.3uc»(l  +  «»)-«, 

Add  in^tMs  iriaiitier  the  ptdcdi^  maty  be  continued. 
The  coefficientii  fx  1$  =:i  cot.'^^a^  may  be  found  by 

6titutin£(-^  —  x),fot  X,  and  —  ctofor  +  d[r. 

PROP.  XXVII. 

(48.)  7b  determine  the  stAccessive  differenticU  coeffic 
of  an  arc  considered  as  Ajimction  tf  its  secant  w  cosed 


Let  u  =  sec."^  a?,  •••  du  = 


dx 


xVx^—X 


9 


•  • 


S^(^«  -  1)"^. 


and  so  on.     The  ooeffitients  of  w  =  cosec.""^a?  may  be  1 
from  these  as  in  the  former  cases. 
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SECTKMf  V. 

Lagrange,  ondLaplaoe., 

(40!.)  One  of  tbe'mo3t  impprtai^t  uses  of  the  ttakulun  is  in 
furnishing  theoropis  by  which>a  fimctioamaj  be  rqduoed  to  a 
series  of  monomes,  of  which  the  powers  of  any  proposed 
quantity  which  entens  the  function  shaU  be  factors,  the 
other  &ctoxQ  of  each  monome  being  independent  of  this 
fuantit^^  AU  the  different  theorems  named  at  the  head  of 
this  section  have  this  object*  We  shall  therefore  proceed  to 
uivestigate  them  in  the  order  in  which  they  have  been  stated 
above. 

PROF.  Jtxviu, 

C€0.)  If  the  variable  of  ajimction  be  supposed  to  consisl 
^ftzoo  parts,  y  and  h,  the  differential  coefficient  will  be  the 
S0n%e  to  whichever  part  the  variation  be  as/ribed. 

Iftiet  u  3=  F(a;)*,  and  let  a;  sag  ^h^  \rf^sz  B(y -f  i^    £iet 

-r  =  if'C^V  '•^*  jw,  =^  ^(y  +  ^)-  Now  if  the  variatiipn  of  ^ 
^  ascribed  entirely  to-  ky.  and  y  be  conmdered  constant, 
3x  =  d(y  +  A)  =  dfi,  V  ^  =  F'(y  +  A).    If,  on  the  other 

htmif  j/i  be  oonsiidered  variaUe  and)  h  constaiut,. 
J        -^       ■    ^       ,        df$,       ,,         -^       dHi    du 

Mid  the  some  reasoning  vmf  be  appliod^  119  (he  anocessive 
^erential  coeffitfieote. 
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PROP.  XXIX. 


taylor'^s  theorem. 


(51.)  The  variable  of  a  Junction  being  supposed  to  con^ 
sist  qf  tm)  parts  x  and  h,  to  develop  thejimction  in  a  series 
qf powers  qfone  of  the  parts  h. 

Let  the  function  be  F(ir  +  h)^  and  let  its  successiYe  dif- 
ferential coefficients  determined  by  considering  x  as  variable 
and  h  constant  be  ¥\x  +  A),  f^(x  4-  A),  F'(a?  +  A)  .  .  .  . 
Let  the  proposed  development  be 

f(x  -f  A)  =  aA**  -h  Bh^  4-  cA*  +  .... 
the  exponents  being  arranged  in  ascending  order. 

Let  this  be  differentiated  considering  h  as  variilblc,  and 
by  the  notation  explained  in  (37), 

dv(x+h) 

—dh—  =  ^  (^  +  *>' 
d'^ix+h) 

—dJT-  =  ^^"^  +  ^^' 


Hence 

F(a:+A)=AA**+BA*+cA'^+dA^ [1], 

FHa?+A)=aAA*»^i+ABA^*+ccA^*-l-dDA^* [2], 

F*(a:+A)=tf.a—l.AA«-»+6.6-l.B^*  +  c.c-l.cA*^*.  4- ...[*]» 
F3(x+A)=a.a-l.a-2.AA«-»+6.6-1.6-2.BA^H- 

c.c— l.c— 2.cA*^  ....  [4] 


• 


When  A  =  0^  the  functions  on  the  left  of  these  equatioiis 
become  ¥(x)  and  its  successive  differential  coefficients,  ¥\x% 

F  ^J/j^  F  \yP/    •    •     •    . 

In  order  to  determine  the  coefficients  and  exponents  of 
the  series  [1]^  it  will  be  necessary  to  consider. 
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1^.  The  case  wh^re  the  value  assigned  to  d?  in  v(x  +  h) 
is  not  a  root  of  any  of  the  equations 

f(x)  =  0,  F^{x)  =  0,  fV)  =  0 [S]y 

A^)  =  0,/'(a:)  =  0,f(x)  =  0 [6]. 

Wherey(r),y**(j),  y*(a:)  ....  denote  the  reciprocals  of 
F(a:),  F^(j7),  F*(4:)  ....  In  other  words,  we  shall  in  this 
case  suppose  some  value  assigned  to  «r,  which  does  not 
render  the  fbnc^ion  f(^)  or  any  of  its  differential  coefficients 
^ther  nothing  or  infinite. 

^.  The  case  where  the  value  assigned  to  x  is  a  root  of 
one  or  more  of  the  equations 

f(x)  =  0,  f\x)  =  0,  ¥%x)  =  0  .  .  .  . 
3®.  The  case  where  the  value  assigned  to  jr  is  a  root  of 
one  or  more  of  the  equations 

f(x)  =  0,/H^)  =  0,/n^)  =  0 

4fi'  The  case  where  the  value  assigned  to  a:  is  a  root  of 
several  of  each  of  these  systems  of  equations. 

(52.)  P.  In  this  case  a  =  0.     For  if  a  >  0,  aA«  =  0 

when  A  =  0,  and  since  the  exponents  a,  6,  c,  .  .  .   .  are 

ascending  if  the  first  be  >  0,  they  must  all  be  >  0,  *.•  A  =  0 

renders  every  term  of  the  series  =  0  •.*  F(a?)  =  0.     Such  a 

valvie  of  d?  being  excluded,  a  cannot  in  this  case  be  >0. 

■  If  o  <  0,  Ah''  would  be  infinite  when  A  =  0,  '.*  F(jr) 

would  be  infinite.     But  such  a  value  being  excluded  from 

this  case,  a  cannot  be  <  0.     Since  therefore  a  cannot  be 

>  Onor  <  0,  •••  fl  =  0. 

All  the  succeeding  exponents  being  >  0,  A  =  0  renders 
all  the  succeeding  terms  =  0  •.'  a  =  F(a;).     Thus  the  first 
coefficient  and  exponent  is  determined. 
The  series  [2]  becomes  therefore 

t\af  +  A)  =  6b7**~^  +  ccli"^^  +  dnA*-^  .... 
If  A  =  0,  F^(a;  4-  h)  becomes  f\^),  and  since  by  sup- 
position no  value  is  assigned  to  x  which  renders  f^(x)  =  0, 
A  —  1  cannot  be  >  0 ;  and  since  no  value  is  assigned  to  x 
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I 

ubieh  nsderiMr^^  infioite^i  -^  1  oaiuHrt  be  <  0*  Theee 
follow  in  the  same  maait»  m  £»  liie  ftesi  expmeai.  ou 
Beice  &  —  1  s=  0  -.^  6-  =3  1.  Sme  the  espmesti  asceiid 
«^  -»- 1,  d  -*  1,  .  .  .  .  ax0  >0y  -/As*©  gms  m  =*  F*(»)i. 
Thas  tbef  seecmd  eoeficient  and  exponemt  are  4ettiiiiiaoli    ~ 

The  sesiss  [S\  therefore  iMscomes 
i*(jr  -f  A()  zs  e  .<c  -*-  1 .  chf^  +  d .  d  -^  1 .  •fc'^ ...  ^^  • 

B  jh  =£  0,  Tf*{x  +>  h)  becomes:  f*{x%.  and  suicae  no:  vaiiieriB 
asi^gned  to  x  which  renders  this  either  infinite  mt  ncftbmg^ 
tb  fyio^vRs  as^  befove,  that  e  •*-*  2  isi  neidker  >  0  nor  <  0, 
%•  c  —  2  =  0  •••  c  =  2.     Sincef  d!-*-^  2,  e  —  2  ....  *  ase 

1 

>  0,  •.•  h  =  Ogives  2c  =  f^)  •.•  c  =  p*(ar)  .  -g-..     Thus 

the  third  coeflicient  and  exponent  um  detennitoed. 

The  series.  [4]«  becomes^ 
i?(j^+i)2ad.d^l.d^9.DA*^+e.6-*l.^-»«.Bfi^ 

If  A  =  0,  F^(dR  -fr  Ac)  becomes  9^(^)9.  and  it  CiJIowbl  ny  a 
mailar  way  that  d  *-  8  can  neither  be  >  Q  nor  <  6^.  -•* 

] 

d  =  3.    And  also  d  =  f\x)  .  =-g^.    Thus  the  fourth  ex- 

poittnt  and  coefficient  are  determined. 

In  the  same  way  the  others  may  be  fonsad^  and  die  senwoal 
vakiesL  hemg  substituted  ia  [1}  for  the  coefficients  and  ex- 
ponente^  the  series  becomes 

h  h^  W 

^^>L2:ir4 t^- 

Or  if  u  =  F(.r)  and  tl  s:  v{x  H*-  h)  the  series  mafjr  be*  es- 
pressed 

^_         &«    _A     #««     A*     d^    ^     #tt       A» 
«*  -  ^  +  dr  •  1  +dr«  •  1.2"*"dir» '  i:2:$"*"&*  *  YMA  ' '  • ' 

^•)  If  A2«=i/-^»;andA=:  i^or,  and  the  arbitrary  quaiw 


titjf  dtR  be  9wppCBeA  lo  «qu«t  Ai«^  Ihe  qmtntMwis  iUf  dh§,. 
^PUg  fcc»  coBseqiienUy,  htfiruig  fludh  TakraS}  as  unUl  lender 

— ^.  r,    — r,  &c.  equal  to  the  succes»ve  d^renttal 

A*    A^    A*^ 

we  Inirva 


w't  nil  M  y 


^  "^  -  T  "^  1:2  +  faJ  +  ins  "^  ^"^^  •  • 

vhich.  exprasBes  tbs  d^^enee  of  the  funatioa  in  a  secies 
of  Us  corresponding  successive  d^enntiaU*  The.  eharaotev 
/I  before  a  variable  signifies  its  finite  differenoe. 

The  seiies  which  is  the  result  of  thia  iiwestigEition  was 
first  published  by  Dr.  Brook  Taykur  in  his  MetJiodus  In- 
cremefkhrunk  in.  1715.  Taylor  was  a  profiound  iuadae» 
maticiaQ  oi  the  old  school ;  he  does  not»  howevev^  seem  at  all 
awa«  of  the  immense  importanc  of  hk  own  discovery. 
jLagrange  has  made  it  the.  basis  of  his  theory  of  analytic 
functions.  On  it  depend  almost  the  entire  application  of 
the  calculus  to  geometry,  the  principles  of  contact^  osoulalvm, 
^ngpisaf  points,  8cc.  &c.  Some  very  elegant  applications  of 
it  have  been  made  by  another  able  modem  mothema^ciaa 
in  finding  fluxiona  per  saUum^  in  approximating,  to  the  roots 
of  equatiims,  &c.  * 

(54)-  II.  If  the  value  of  j^  be  a  root  of  the  equation 
nijt)  =  0,  the  development  [7}  wante  its  first  term^i  but 
otherwise  ranains  unchanged.  If  j?  be  a  root  of  f^(^)  =  0^ 
the  development  wants  the  second  term,  and  in  general  if  jr 
be  a  root  of  f"(^)  =:  0^  the  smes  wants  the  (n  +  l)th  term. 
If  ir  be  a  common  root  of  several  of  the  equations  [5],  the 
series  will  want  the  comesponAng  terms.  It  appears  Ihere- 
foie  that  these  particulai  values  of  ^  do  not  form  exceptiom 
to  ihe  development  [7]. 

(55.)  III.  If  the  value  oF  «.  be  a  root  of  the  equation 

*  See  Dr.  BiinUey^s  £BSay>  Tran.  Royal  Irisli  Academy,  vol.  7* 
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J^(ai)  =  0,  thie  development  [7]  becomes  inapplicable,  be-* 
cause  all  its  coefficients  become  infinite,  and  t{x  +  A)  is* 
expressed  by  a  series  of  infinite  monomes.    It  is  easy  to  - 
perceive  that  any  value  of  ^  which  is  a  root  ofy*(*)  =  O 
must  also  be  a  common  root  of/'^(ar)  =  0,y**(j')  =  0  .  .  •  -. 
For  if  .f  render  F(a:')  infinite,  the  exponent  a  in  [1]  must  be 
negative,  '.•  the  exponent  a  —  1  in  [S],  a  —  2  in  [8j, 
a  — 8  in  [4],  &c.  must  be  also  negative.     Hence' A  =  0' 
must  render  all  these  infinite ;'  but  these  become  in  this  case' 
y\x),  f«(^),  F»(ar),  &c.  •/  &c. 

The  values  of  the  coefficients  and  exponents  of  the  series 
must  be  in  this  case  determined  by  the  common  algebraidil' 
methods.  They  may  also  be  determined  in  the  following 
manner.     The  exponent  a  being  negative^  the  series  is 

f(^  +  h)  =  Ahr^  +  bA*  +  chP  .... 
the  succeeding  exponents  6,  c,  .  .  .  .  being  either  positive 
quantities  or  negative  quantities  <  a. 

To  determine  the  value  of  a,  let  such  a  power  of  Jl 
be  found,  which  being  multiplied  into  the  ^ven  functi<m 
v{a!  +  A)  will  give  a  product  which  becomes  neither  =  0, 
nor  infinite  when  h  =  0,  the  ex{k)nent  of  this  power  will  be 
a.     For  if  not,  let  it  be  ^,  *.• 

.  f(^  +  A)  .  a*  =  aA*-«  +  Bft*+*  -I-  c**+^  ... 

It  is  evident  that  the  exponents  of  this  series  ascend,  and 
if  A;  —  a  is  positive,  they  are  all  positive,  •.•  all  the  terms 
vanish  when  ^  =  0,  •.• 

f(^  +  h^hJ"  =  0; 
when  A  =  0,  which  is  contrary  to  hypothesis. 

If  Tc  were  less  than  a^k  --  a  would  be  negative,  and  there- 
fore f(^  +  A)A*  would  be  infinite  when  A  =  0,  which  is  also 
contrary  to  hypothesis.  Hence  A:  =  a.  The  exponent  a 
being  thus  found,  the  coefficient  a  is  what  F(.f  +  h)  .  A~* 
becomes  when  ^  =  0. 

Having  thus  determined  a  and  a,  the  first  term  of  the 
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development  becomes  known.     Let  it  be  brought  ovei*, 
so  tliat 

f(4?  +  h)  —  /Jr^  =  bA*  +  cft*^  +  dA**  .  .  .  . 

The  quantity  on  the  left  of  this  equation  being  known ;  if 
b  be  n^ative,  it  may  be  found  by  the  same  process  as  that 
used  to  determine  a.     It  may  be  known  whether  it  be 
n^ative  by  determining  if  /t  =  0  render  f(a»  +  A)  —  aA~* 
infinite.     If  A  =  0  render  this  =  0,  then  &  >  0,  and  we 
shall  presently  explain  the  method  of  determining  it.     If 
A  =  0  do  not  render  ¥(a?  +  A)  —  aA*^  either  =  0  or  in- 
finite, then  6  =  0,  and  the  value  of  f(x  +  A)  —  aA"*'  when 
A  =:=  0  is  the  value  of  b.    The  other  exponents,  when  ne- 
gative, and  coefficients  may  be  determined  in  a  similar  way. 
If  #  be  a  root  dif^(x)  =  0,  but  not  oif(ai)  =  0,  then  the 
series  [1]  and  [2]  become 

F(4r  +  A)  =  F(a?)  +  bA*  +  cA*^  -f  dA^  .  .  .  . 
v\»  +  A)  =  ftsA*^*  +  ccA*^*  +  dnA*-*  .... 

Since  t\x  +  A)  is  infinite  when  7*  =  0,  6  —  1  must  be  <  0. 
But  since  *  is  not  a  root  ofy(.r),  b  must  be  >  0,  *.•  b  must 
be  a  proper  fraction  and  positive.  To  determine  its  value, 
let  f(4?)  be  brought  over  in  the  first,  •.* 

f(4?  -f  A)  —  f(j)  =  bA*  +  cA^  +  dA**  .... 

let  that  power  of  A  be  found,  by  which  v{x  +  A)  —  F(jr) 
bring  divided,  the  quote  will  neither  vaitiish  nor  become  in- 
finite when  A  =  0.  The  exponent  of  that  power  will  be 
=  6.    For  let  it  be  Ar, 

f(x-I-A)— f(x)         ,^^         _    . 


•  .  •  • 


if  A  <  A,  A  =  0  renders  this  =  0,  which  is  contrary  to 
hypothesis,  and  \ik  >  6,  A  =  0  renders  it  infinite,  which  is 
also  contrary  to  hypothesis,  *.*  k  =:  b. 

If  a;  be  a  root  o(f^(x)  =  0,  but  not  ofy(^)  =  0,  nor 
y^(x)  =  0,  then  the  series  [1],  [2],  [3],  become 
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f(^.+  h)  =  F(jr)  +  F>(j?)  Y  +  cA*  +  Di^ 

F^r  -f  A)  =  FN(r)  +«dl*-^  ^^B*^^ 

F2(a?  +  7*)  =  c .  c  -  1 .  cA*^  +  d .  d  -  1 .  D*-*. 

)!%Me  F^(a:  +  A)  becomes  infinite  when  A=0,  •/  c— 2<0, 
•••  c  <  2. 

JBut  since  the  exponents  ascend,  c  >  1.  Hence  the  Tathse 
<^e  is  between  1  and  S.  It.ipay  be  thus  detomined  in^tbe 
same  manner  as  b. 

The  left  aide  of  this  equation  is  known.  Let  dial  frac- 
tional power  of  h  be  %nind,  by  whidi  this  h&xng  ^fided, 
^Tes  a  quote  which  neither  v'anishes  nor  becomes  wifciite 
when  A  =  0.  The  exponent  of  this  power  is  c  —  1.  Keaee 
c  becomes  known,  and  jsdso  c. 

It  follows  thodEbre  in  geneml,  that  if  a  i^ue  be  assigned 
ti^^whichisaroot  ofj^'^Ca:)  ^  0,  orwhidijrendeiSithe^ith 
differential  coeffident  iitfimte;,  but  none  of  the  .pijeeedUi^ 
one^  the  series  [7]  gives  the  true  develcfiment  as  iait  as  the 
nth  term  inclusive ;  but  the  expon^t  .of  h  in  4he  .(ft  th  l)t]i 
term  is  a  fraction^  whosie  value  is  bptween  the  .integers  f» 
and  n  + 1,  and  which  may  be  determined  by  the  method 
already  explained  ^. 

■i      »         I    I    ■!  »'  ■  ■  I  I  ■       ■  ■    ■       ■  •  '  •  ■ 

*  The  method  of  determining  the  exponents  of  A. gi<pen  iibove 
is  taken  from  the  Theorie  des  Fonctiom  Anal^iques  of  La- 
grange. This  method  applied  to  negative  exponents  may  be 
somewhat  improved  by  the  application  of  the  Integral  Ci^idus. 
I^et  a  be  negative^  and  the  series  is 

p(a;  +  A)  =  aA-«  +  bA*  +  cA<^  +  .  .  .  . 
Multiply  both  by  dit,  and  integrate 

ft{x  +  h)dh  =:  -L .  aA'-4-  t^  .bA«+H  i4-cA»+- 
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Thmt  are  same  peculiar  cmomtUnioes  atteadant 
tipon  4he  *«Me  of  the  functam  when  x  woems  my  value 
%i4Bdiisto  be  found  among  fiie  rodts  (tf  theequatieDS 

which  aoeivt  eoQitiiinatioB. 

If  >the  denottbator  ^f  attjr  fraeticaial  ^xptmmtB  mhkkk 

o0Oittri&  the  dch^lopment  ^  v(X'+  ft)  he  ^ui  even  intcg«-» 

the  mimmitor  ^ibe  fitiotioii  baogmipposed  in  its  koflfb  tarm^ 

tnifift  <fae  odd.    The  >power  off  A  <(here{btB  hding  flte  even 

«0Dt  rf  (an  odd  poisrer  is  imaginary  tf  A  he  n«gafire,  ^and 

hOB^mo  rieal  valnes  ^di  dSUkfeht  ^iBigns  if  h  be  Mraat&re. 

fienoe  the  particular  state  •rf'  *dfe  fixnction  ^(x  4-  ^  lis^otie 

at  which  it  passes  )fron  ^  real  ^  en  inpoBsMe  value  or 

vice  "^Mfga  hy  ^the  variation  c£  n^.    in  this  tran^on  it  is 

^n  tbiet  two  values  -become  equd  jand  dien  imposdbk^ 

vAaii  muBt^biQipen  by  a  ra£cal  disappearing  in  the  vnlttcdf 

te  iuBOtion  corresponding  to  the  pox^ct^iar  "vaftae  of  ^, 

wtutih  Mtiders  die  <differential  coefficient  infinite,    ^is  or- 

(MHiiStance  is  /similar  to  that  which  w31  be  riiown  ito^afpen 

(U^  whan  some  difl^nrential  ^coefficient  assumes  l9ie  fotm 

7.   But  there  is  a  very  important  distinction  to  be  .ob- 
MPTift  ^between  the  ^eaaes.    In  4he  one  ^ease  the  «adicdl 


Let  fv{x  +  h)dh  =  vf^x  +  h).    Multiply  again  by  dh,  and 
integrating 

Let  this  process  be  continued  until  an  integral  be  found,  which 
idl  gsaithar  ^ranish  4ff  he  i^ite  wlMn.  A^p:  A.  V  one  be  dband 
which  vanishes  whea^  e?  Q^  nA  .is^a  iiEaotien  ruduNie  valoe  m  ;b6- 

tween  the  number  of  integrations  and  the  integer  next  below  it. 

It  tit  i»  finite^  than  a  is  equal  ^  the  nmnber  ^df  'tnti^tions. 

This  is  evident 
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passes  through  zero  without  becoming  imposnble  on  ^ther 
^de  of  it,  therefore  it  must  vanish  in  the  primitive  functiony 
not  by  its  su£Bx  vanishing,  for  that  would  infer  a  change  of 
sign  in  the  suffix,  and  therefore  a  transition  from  a  real  to 
ima^tiary  value,  but  by  a  coefficient  of  the  radical  vanishing 
which  produces  a  change  of  sign  in  the  term  in  which  the 
radical  was  engaged  without  rendering  the  radical  imaginary. 
In  the  present  case,  however,  the  function  passes  from  a  real 
to  an  imaginary  state,  and  therefore  the  particular  value  of 
X  must  make  the  suffix  of  the  radical  vanish,  and  not  a  co- 
efficient of  it,  and  the  suffix  chan^ng  its  sign  in  passing 
through  zero,  there  is  a  transition  of  the  function  from  a 
real  to  an  imaginary  state,  or  vice  versa. 

If  the  denominator  of  the  lowest  fractional  power  which 
occurs  in  the  development  be  an  odd  number,  the  nume- 
rator may  be  either  even  or  odd.  First  suppose  it  eveou 
The  sign  of  the  fractional  power  of  h  in  this  case  is  the 
same  whether  h  be  positive  or  negative,  and  therefore  this 
term  of  the  development  of  f(j:  -4-  h)  and  F(a:  —  A)  is  the 
same ;  and  in  each  case  there  is  but  one  real  value  for  the 
power  of  h.  If  the  numerator  be  an  odd  number,  the  sign 
of  the  power  of  h  changes  with  the  sign  of  A,  and  therefore 
for  is{x  +  A),  and  v{x  —  A),  the  fractional  power  of  h  has 
diffisrent  values,  but  in  each  case  has  but  one  real  value. 


PROP.  XXX. 


maclaurin's  theorem. 


(67.)  To  expcmd  a  Junction  in  a  series  of  ascending  wi- 
tegral  and  positive  powers  of  the  variable. 

Let  u  =:  F(ir)  and  v!  =  F(jr  +  A).     If  x  =  0.  in  the 
equation  [8],  it  becomes 
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,_  A  M  h^  h^ 

**  —  "^  +  ^i  •  "T    +  Aj .  Y~o    +  Ag  ^  ^  Q  +  A4 


•  •  •  • 


X  ^  "'•  1.2  ^  "•  1.23  ^    '  1.2.3.4 

where  Aq,  a-  a,,  a.,  &c.  are  what  u,  -r-,   1—^9   y-\f  ^c.  be- 

G.r    ax*'    ax^ 

come  when  :r  =  0.     When  a?  =  0,  w  =  f(//),  and  therefore 

the  differential  coefficients  of  this  function  must  be  the  same 

functions  of  A  as  those  of  ^{x)  are  of  x.    Hence  it  follows 

that  the  latter  when  jr  =  0  become  identical  with  the  former 

when  A  =  0.     The  quantities  Aq,  Ay,  a,,  &c.  are  what  the 

function  f(A)  and  its  differential  coefficients  become  when 

A  =  0.    Hence  the  above  series,  considering  u  =  f(A),  solves 

the  problem.     In  general,  therefore, 

X  x^     '  x^ 

V\X)  =  Aq  +  Ay  .  -=—  -f-  A2 .  y'q  "^  "^8  •  \  oa  "+■•••• 

where  a^,  a^,  Aj,  a,,  .  .  .  .  are  what  the  function  v{x)  and  its 
differential  coefficients  become  when  jt  =  0. 

This  theorem,  like  that  of  Taylor,  is  liable  to  exceptions; 
but  the  exceptions  arise  here  from  the  form  of  the  function, 
imd  not,  as  in  the  former  case,  from  the  particular  value 
assgned  to  the  variable.  Taylor's  series,  if  x  be  inde- 
terminate, holds  good  witJiout  exception ;  but  that  of  Mac- 
laurin^  even  though  x  be  considered  indeterminate,  is  liable 
to  etceptions,  because  the  coefficients  are  not  functions  of  x, 
but  are  what  certain  functions  of  x  become  when  a?  =  0,  in 
wbich  case  they  may  happen  to  be  infinite  or  imposidble. 

1 
Thus,  if  the  function  to  be  expanded  be  — ,  the  first  term 

X 

Aq  bdng  jr-  is  infinite,  and  the  function  cannot  be  expanded 

in  the  required  form.  This,  however,  ought  not  to  be 
called  a  JauU  or  failure  in  the  theorem,  because  in  these 
cases  the  function  does  not  admit  of  an  expansion  in  positive 
integral  powers  of  the  variable. 

The  cases  which  form  exceptions  to  Maclaurin^s  series 

£ 
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may  sometimes  be  solved  by  a  transformation.  The  «uim 
stitution  of  an^'z  for  ti,  k  being  ai'bitrary,  frequently  efiSects 
this.     Such  a  value  should  be  assigned  to  k  that  none  of  iim 

quantities  u  -r-,   -p^  ....  should  be  infinite  when  4?  =  fr 

An  example  of  this  is  given  in  (83). 

Maclaurin's  theorem  may  likewise  be  applied  to  devfllop 

a  function  by  descending  powers   of  the  variable.    Lei 

1 

u  =s  f(x)  be  the  function,  and  let  2;a?  x=  1,  or  ^  =  — .  Sub- 
stitute this  for  or,  and*.*  t^=Ff —  J,  or  :=J*(z).     Let  this  be 

developed  by  Maclaurin^s  theorem  according  to  the  ascending 

1 
powers  of  2f,  and  then  substitute —  for  «,  the  result  will  be  ■ 

series  of  descending  powers  of  x.  For  an  example  of  this 
see  (85). 


PROP.  XXXI. 


LAGEANGE^S  THEOREM. 


(68.)  Given  u  =  F(y)  and  y  =  z  +  xf(y)  to  expand  u  im 
a  series  of  ascending  integral  and  positive  powers  qfyiy^ 
not  being  a  Junction  qfn. 

Considering  t^  as  a  function  of  or  by  Maclaurin's  theorem^ 

X  ^    \  ^  ^ 

tt  =  Ao  +  A^  .  y  +  A, .  j-^  +  A  8  .  J^  +  A4 .  j-g^  .  .  .  ; 

du    dhi    £pw         _ 
Where  Ao,A/,A2,Aa,&c.  are  what  w,—,  ^^,  ^,8cc.  become 

when  ^  =  0.    The  problem  will  therefore  be  solved  if  the 
values  of  these  be  determined. 

If  in  the  equation  y  =  5f  +  xf{y)y  y  be  considered  ttn.a 
function  of  x,  we  have 


dj*       £fo      fl^  dx^      dy  '  dx^  *     dy^ 


And  by  the  equation  u  =  T(y)j 
A_dF(y>     ^ 


If  47  =  0,  the  function  i/  and  its   differential  coefficients 


'''  •^^*^'  ~^i~'  ^fc^ 

Aid  by  these  substitutions,  we  find 

Ao  =  F(z), 


4/w-'-S^} 


A,  = 


dz 


Hycy"^'} 


As  = 


dz^ 


And  in  general^ 


^{A-r-m 


dwlzS 
Thclefowf  if -~   =*  9  and  /(«)  =  p^   we  obtain  df^ 

wies,    . 
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or 


*      *  « 


.  ^ 


which  is  the  solution  of  the  proposed  problem. 

(59.)  Cor.  1.  If/Cy)  =  1,  and  \\f(z)  =  1,  and  a?  =  ft, 
this  series  becomes 

•        IX         /  X    .   ^-fC*)     ft    .  cP.Ffz)     ft« 


•   •    •   • 


which  is  Taylor''s  series.    Taylor's  theorem  is  therefore  m 
particular  case  of  Lagrange\  which,  therefore,  also  included 
Maclaurin's. 
(60.)  Cor.  a.  Ifa;  =  1, 

«  _  F(«)  +p.q+-^.  Y^+-^r-  •  Tigis  +  •  •  •• 

It  was  in  this  form  that  Lagrange  delivered  the  series. 


PROP.  XXXIL 


LAPLACE^S  THEOREM. 


(61.)  Given  u  =  F(y)  and  y  =  f'[z  +  xf(y)],  to  expanM 
the  Junction  n  in  a  series  of  ascending  positive  and  integral 
powers  qfx. 

Let  f  {  f'[2  +  ^(y)] }  =  f"[s  +  ocf(y)\  Hence  u  =  '^{^ 
and  y  =  «  4-  :r/*(y).     Hence  by  Taylor's  theorem,  -" 

bjr  Taylor's  series, 


::t.  v.    the  biffebential  calculus.        58 

y )  -  Z'C^)  + : -^  . -^- + -^^  . -i:^- +  . . .  • 

Let  y,  jp  y,, represent  f^(«),  -^>  ""d?" 

id  let  V  =y*(^),  and  let  p^  p^^  p^^  representy^(z)  and  its 
iccessive  differential  coefficients.  Hence  the  preceding 
iiies  become 


•  •  •  • 


, ,      d(p»)    art)      d*(p')    a?V    , 


Hence 
u  =  q 


is  series  must  be  equivalent  to  that  of  Madaurin,  which 

ives 

ll  =  Ao  +  A,y  +  A,j-^  +  Aa.j-2;g  +  .  .  •  . 

td  therefore  the  corresponding  coeffidents  must  beoQine 
ud  on  the  condition  x  =^0.    In  this  case  v,  vSt^,  .  .  •  ^ 
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become  p9  J^9  f^ Hen^  we  obtain  the  foUoTi 

equations : 

A.  =  ?,p»  +  ^sfi  =  -^7-= 5^ » 


3  — 


Making  these  substitutions,  the  result  is 

The  nth  term  of  t^ifil  series  being 

dF"(z) 


d-'/(^)-.-^ 


Lagrange^s  theorem  is  evidently  a  particular  case  of  1 
For  in  this  theorem  f"[js  +  3sf(i/)'\  is  considered  as  a  f  1 
tion  of  another  fqpetion  of  ;^j  z  scil.  f{f'[j3:  +  ^Cy)]}> 
XtfigralgeV  IS  tbe  particular  case  where 
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Laplace  has  extended  this  theorem  to  functions  of  several 
variables. 

This  generalization,  however,  is  not  suited  to  so  elementary 
a  treatise  ^s  the  present. 

The  preceding  proofs  of  the  series  of  Lagrange  and 
Laplace  are  taken  from  the  notes  of  the  Cambridge  trans- 
lation of  Lacroix,  in  which  the  student  will  find  many  useful 
applications  of  them. 


SECTION  VI. 
Prcupis  in  ike  development  qfjimctions, 

PROP.  XXXIII. 

(62.)  To  expand  (x  +  h)"*  in  a  series  according  to  the 
powers  qfh. 

Let  tt  =  ^  and  u'  tsi  (x  +  hy.    By  differentiation  we 
*tfiin(89.), 


Hnee  by  Taylor's  theorem. 


tk  nth  t^rm  bang 

1.2.3 (w-1) 

As  the  value  of  m  is  not  restricted,  this  example  contains 
0ie  Unomiai  theorem  in  its  most  general  state. 
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PROP.  XXXIV. 

(63.)  To  expand  bH^  ma  series  of  powers  qfii. 

Let  tt  =  a*  •••  (41.), 

du  d^u 

and,  in  general,  -7-^  =  A*»m.    When  jr  =  0,  w  =  1.    Hence 

the  successive  coefficients  of  Maclaurin's  series  are  1,  £,  i^^ 
....  At**,  from  which  it  follows  that 

hr*        h^T^         Jr^y^  Mr^ 

a' =  1  +  Y  +  X2  + 1:2:3+ LSiS  "•■•••  • 
(64.)  Cor.  1.  If  jr  =  -v",  •.•  kx  ■=  1,  hence  ' 

i  =  l+l+^  +  i:|;3  +  Y^  +  &c.... 

this  being  a  converging  series,  we  can  approximate  inct( 

finitely  to  its  value.     Its  value  continued  to  seven  places  o9 

decimals,  is  g'718^18.     By  (31.)  it  appears  that  this  is  the^ 

..  JL 

hyperbolic  base.  Let  it  be  e\*  a*  =^,  \*a  =  ^.  Assuming'^ 

the  logarithms  la  =  kle,  *.*  k  =  y-,  hence,  since  a  and  ^  ai«  ^ 

known,  k  is  known. 

1 
If  a  be  the  base  of  a  system  of  logarithms  le  =  -jr.     Hence 

it  appears  that  the  modulus  of  a  given  system  is  the  loga- 
rithm of  the  hyperbolic  base  in  the  ^ven  system. 

Also  A;  =  Pa  because  ?^  =  1 .  Hence  the  modulus  of  any 
system  is  the  reciprocal  of  the  hyperbolic  logarithm  of  the 
base  of  the  system. 

The  logarithms  of  the  same  number  (j/)  in  differs! 
systems  are  as  their  moduli.    For  ef''^  =  a''^^  a  being  the  base 
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of  the  system.  Taking  the  logarithms  relatively  to  the  base 
a,  le.ty  =:  h/;  mice  the  number^  is  given,  ty  is  constant^ 
therefore  lycc  le;  that  is,  the  logarithm  of  a  ^ven  number  is 
proportional  to  the  modulus  of  the  system. 

Hence  being  given  the  logarithms  of  any  one  system,  we 
can  find  the  corresponding  logarithms  in  any  other  system 
whose  modulus  is  ^ven. 

(65.)  Cor.  %  If  a  =  ^  '.*  A:  ss  1,  and  the  series  becomes 

X        x^  x^  X* 


1    •  1.2  •  1.2.3  '  1.2.3.4  •  •  •  ' 
(66.)  Cor.  3.    If  in  this  series  x  become  successively 

+  /p  V  —  1  and  —  a;  V  —  1  j  and  the  results  be  added  and 
subtracted,  we  find 

e  +e  =^{  ^"O+Lgisl.^  1.2.3.4.5.6 } 

«V--1  -^V^l  ^       r        C   X  X^ 

e  -e  '=^^-^{t-U:S 

X^  X*^  f 

■*"  1.2.3.4.5  ■"1.2.3.4.6.6.7  S 

(67.)  Cor.  4*  If  in  the  series  for  a*,  x  become  mx, 

Jcmx      J^m^x^     k^m^jfi 
a  ^  ^      1    ^     l.g     ^   1.2.S 

Hence  it  follows  that 
C^       Tex     A*x*       T^x^  >*"     ,     hrnx      k^m^x^ 


1.2 


... 


P&OP.  XXXV. 

(68.)  To  expand  the  Junction  l(x  +  h)  in  a  series  of 
jnmersqfh. 

Let  u^  Ix  and  u^  =  l(x  +  h).  Substituting  for  the  co- 
efficients in  Taylor^s  series  their  values  determined  in  (42.)) 
the  result  is 
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(69>)  Cor.  1.  Hence  we  find 

When  A  is  small  comf>ared  with  x,  this  serie6  coxnergm 
rapidly,  and  therefore  serves,  when  the  logarithm  of  aae 
number  is  known,  to  computethe  logarithms  of  a  series  which 
varies  by  a  very  small  difference. 

(70.)  Cor.  2.  If  in  this  series  x  =  I,  it  becomes 

which,  when  h  is  negative,  becomes 

Hence  by  subtraction, 

(71.)Cor.3.Ifl±-*=l+^,vA=^. 
Hence  the  last  series  becomes 

this  gives  the  logarithm  o(  n  +  z  when  that  of  n  is  known. 
Let  n  =  1,  and  »  =  1,  and  le  =  1,  hence 

this  rapidly  converges,  and  therefore  gives  the  hjrperbolic 
logarithm  of  2  to  any  required  degree  of  accuracy.  For 
higher  numbers  it  is  still  more  rapidly  convergent. 

The  modulus  may  be  obtained  by  calculating  the  loga- 
rithm of  the  same  number  in  the  Neperian  or  hyperbolic 
system,  and  in  the  system  which  we  wish  to  adopt. 

The  function  /x  cannot  be  expanded  in  a  series  of  positive 


2  "^  8        4 
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powers  of  the  variable  x.    For  the  first  term  of  Maclaurin's 
series,  hemg  what  Ix  becomes  when  j?  =  0,  is  infinite.    See 

(57.). 

(78.)  Cvr.^i.  Ifintbe  series 

/a+A)  =  fc{y--g+-3— 4p--.} 
h  be  changed  into  hr^,  it  becomes 

Subtracdug  the  latter  from  the  former,  the  result  is 

rfti— A-»     h*-h-<     A»-A-3    k*—h-*      1 
^  =  ^{-1 3-+ -3 —'I 


PROP.  XXXVI. 

(78.)  To  express  the  sine  and  cosine  of  an  arc  in  a  series 
of  powers  cfihe  arc  itself. 

Let  u  =  dn.x  and  w'  =  sin.(jr  +  A).     By  substituting  in 
Taylor^s  series  the  values  of  the  differential  coefficients  given 

in  {4S.)9  we  find 

h        .       A«  h^ 

An.(x  -f-  A)  =  sin.a?  +  cos-jr-y  —  sm.;r-Y2  — cos.x.y^+ 

A*  A* 


sin.a?  •  ^  ^  ^  V  H-  oos.j:«; 


•  •  • 


l.g.3.4  ^  1.2.8.4.5 

Arranging  this  by  the  factors  nn.dr,  cos.ar,  we  obtain 

rin.(x  +  A)  =sin.x|  1  -  rg+L^T*"!. 8.8.4.5.6  ••  }  + 

But  by  trigonometry, 

siti.(jr  -f  A)  =  sin.a:  cos.A  +  sin«A  cos.x. 
Since  the  value  of  A  is  independent  of  >,  the  equations 
must  hold  for  all  values  of  x ;  hence 
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1       1.2.8  ^  1.2.8.4.6 

'COS.A  =  1  —  «-t:+ 


1.2^1.2.8.4    1.2.3.4.5.6 
These  series   might   be  also  deduced  by  MaclaurinV 
tbeorauj  and  thence  might  be  obtained  by  the  preceding  in- 
vestigation the  trigonometrical  formula 

idn.(^  ±  A)  =:  sin.^  cos.A.±  sinJl  cosur.. 

(74.)  Cor^  1.  Since  by  (66.),  we  have 
And  by  the  series  found  in  this  proposition, 


'  4 


0?  J? 

cos.a;  =  1  —  T7:  + 


1.2  •  1.2.3.4 


•      •      a      . 


sm.jr  =  r= — 


•  «  . 


1      1.2.8^1.2.3.4.5 
It  follows  that 

2  cos.a?  =  ^  +  ^  , 

2-v/ —  l.sin.^=  e  —  e  , 

and  hence 

cos.a?  ±  V— 1  sm.jr  =  e 
(75.)  Cor.  2.  Hence  also, 

COS.97M;  ±  v^  —1  sin.TTLT  =  ^  ,      ' 

•.•  cos.?7za:  ±  \/  ""  1  sin.  war  =  (cos.j?+  V  —  1  sin.a?)**. 
Also,  if  ^  =  2;,  it  follows  that  when 

2  cos.^  =  2  H ,  •••  2  cos.77i.r  =  ^  +  -r-,  and 


2  a/  —  1  •  sin.mo:  =  2?*^ -. 
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(76.)  Cor,  8.  By  division  of  the  results  of  Cor.  1,  we 
find 


v'— 1  tan.^  = 


e  —  g 


2^  a/— A         - 

e  *—  1 


2x^—1 


+  1 


a:V— I 


(77.)  Cor,  4.  If  in  the  series  found  in  (7^.)  e  ^  'be  sub- 
stituted for  h,  and  the  equation  divided  by  2  V  — >1^  (le  being 
supposed  s  1),  the  result  is  • 


X 


e         —g 


2V-1 


+  4 


3a:,/— I         — 3x^—1 


•    •    >    • 


2V-1 

Making  hoe  the  substitutions  suggested  by  Cor.  1,  we 
find 

X       an.d;      sin.Sx      sin.Sj:      BiD.4x 


2 


+ 


8 


•    •    • 


PEOP.  XXXVIL 


(78.)  To  express  a  circuiar  arc  in  a  series  of  powers  of 


stne. 


Let  u  =:  imi.~^  X,  Substituting  for  the  coefficients  in 
A^aclaurin's  series  what  the  differential  coefficients  found  in 
C^6.)  become  when  ^  =  0,  the  result  is 


u  = 


+ 


+ 


1      '     1.2.3     '     1.2.3.4.5    '    1.2.3.4.5.6,7 
(79.)  Cor.  1.  If  1^  =  3(y>,  •••  sin.w  =  i,  •• 

1  ^  3^ 


&C* 


,=  6{ 


1.2.3 
(veometry  (375.). 


T*  • 


1.2.3.4.5 


.    .    t    •     ^ 
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PROP.  XXXVIII. 

(80.)  To  expand  the  tangent  qfan  arc  in  a  series  qf  powers 
nfAeofciisey. 

Let  u  =  tan.jr.  Substituting  in  Madauiin^s  series  for 
the  coefficients  the  values  of  the  differential  coeflSdents  of 
this  function  found  in  (44.),  the  result  is 

a:        9^  ^.a? 

PROP.  XXXIX. 

(81.)  To  expand  a  circular  arc  in  a  series  of  powers  of  its 
tangent. 

Let  u  =:  tan.~^  x.  Substituting  in  Maclaurin^s  series  the 
values  which  the  differential  coefficients  found  in  (47.)  as* 
sume  when  x  ss  Oy  the  result  is 

tan.t^     tan.^2^      tan.^t^     tan.^f^ 
1  3^5  7 

(88.)  Cor.  1.  If  M  =  -^  •.•  tan.ti  =  1,  ••• 

*  =  4[l-|.  +  ^-f  .  .  .  .} 
This  series  is  not  sufficiently  convergent  for  the  purpose 
of  computbg  the  cut;umference.     One  may,  however,  be 
deduced,  which  will  be  sufficiently  convergent.     See  6ecK« 
metry,  vol.  i.  Art.  (375.).   '  ^ 

PROP.  XL. 

(83.)  To  express  the  cotangent  of  a  circular  arc  in  a  series 
qf  powers  of  the  arc  itself. 

Let  u  =  cot.or.  In  this  case  the  first  term  of  Maclaurin^s 
series  becomes  infinite.  Let  u  =■  o^z  =  cot.jr,  \*  z-^X'*  cot«i:« 
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*f  fc  be  assumed  >  0,  w  =  0  renders  z  infinite.     Therefore 

1  ,  _  ,  X  COS.X 

leti=  -  1.  \'  z  =  — . 

sin. a; 

Substituting  for  cos.^  and  sin.x  their  developments  ob- 
tained in  (73.) J 

1     .  1 


z  = 


1  1 


Hence  z^  ^— ,    — „  ....  become  1,  0,  —  y,  •  •  •  •  when 
x=zO.    Therefore 


x^        a^ 


.... 


3        3a.5 
whence  we  find 

—  =  cot,X  =  ar^  —  -TT  — ;rr-i: — ^^  ^  iJ— : 


This  process  fails  in  giving  the  law  of  the  saries. 


% 


VnOT.  XLI. 


(84.)  T\y  express  the  value  qfn  in  mu^  —  ux  =  m  in  aj 
series  qf powers  qfx. 

du    di^ti 
By  differentiating  we  obtain  the  values  of  ^,  ^-^  ...  * 

1  % 

which,  when  a?  =  0,  become  x—,  0,  —  0^—5  •  •  •  •  and  it  is 

evident  that  when  a?  =  0,  «i  =  1,  *.*  by  Madaurin^s  series 
^  X         a^         x^ 


Sm     3*m«  '  S'm* 


•  *  • 
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PEOP.  XLII. 

(85.)  To  express  the  value  of  u  in  the  equation  mu' 

x'u  -^  mx^  =iO  in  a  series  of  descending  powers  qfx. 

Let  za^  =  1,  •.•  JT*  =  — ,  •.•  mu^z  —  t«  —  971  =  0.     Th^ 

successive  differential  coefficients  of  u  with  respect  to  z  beings 
found,  and  their  values  when  z  =  0  substituted  for  the  oo^ 
efficients  in  Maclaurin^s  series,  give 

M  =  —  771  —  m*2  ■—  Zni^z^  —  12m%'  +  55m^h^  .... 
orn  =—  971  —  f?i*jr-'— 377i7x-^-12f;i^®ar-«  +  66w"j?-"  &c. 

PROP.  XLIII. 

(86.)  Given  p(x  +  h)  +  f(x  —  h)  =  F(x)F(h),  to  Jin^ 
thejbrm  of  tlie function. 

Let  u  =  F(jr),  and  w'  =  F(a7  +  A),  and  1*^  =  F(a?  —  A). 
By  Tay^s  theorem, 

du    h     d^u    h"     d^u      h^       d*u       A* 


•  .  •  * 


dv    1   'dx^   l.^'dx^   1.2.3 ^(te*   1.2.3.4 
du    h     d^u    A*      d^u      h^       d*u       A* 

"'"^^■"di'  r+5^«*r2~d^3*T:2:3'*"j^*i:2:3i+''^ 

adding  and  dividing  by  «, 

tiM^,  _     r         d^    A2    J.      d^       A*       2_  ") 

2<      --^(^  +  (te«*1.2'  w  "'■(Zr*  *  1.2.3.4 '  w  J 

But  «a'  +  w^  ==  f(^)f(/*)  =  wf(A),  hence 

^^*^  =  ^r  +  diii:2-ir+d^-i:2Z4-'^+- •  •  } 

But  f(A)  being  independent  of  a?,  it  follows  that 

d^u     1_   d^u     Ti^    dPu     1 

dr^  '  w '  da;*     u^  da^    li^ 
are  constant  quantities.     Let 
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d«^^     1        _       d^u 

By  successive  differentiation, 

d*u       ,    d^u      ,,         d^u     1 


da^ 
dPu 


dx^ 
d*u 


dip*    u 
d^u     1 


=  6% 


dafi''^'dx*'''^'''*''dafi'u 


=  b\ 


Hence  we  find 


i^A^ 


2    '  5^.3.4  '  2.3.4.5.6 
or  substituting  for  b  the  constant  —  a% 

a*A«      a*A*  aW 


tA}  =  2j  1  - 


+  cr^- 


] 


} 


3     •  8.3.4     g.a4.5.6 
Hence  by  (73.),  this  gives 

f(A)  =  2  cos.aA. 
It  is  upon  this  theorem  that  Poisson  founds  his  proof  of 
the  composition  of  force.     (Mecani^ue,  torn.  I,  p.  16). 


PROP.  XLIV. 


(87.)  To  determif^  the  mth  power  of  a  root  of  the  equation 
xy**  +  a  —  y  =  0,  X  and  &  being  considered  as  known. 

Let  tt  =  y»,  and  by  the  given  equation  ^  =s  a  +  ^ry". 

Comparing  this  with  Lagrange's  theorem, 

u  =  F(y)  =  y-,  X  =  a,f{y)  =  y\ 

TF  dFiz) 

ifence  f(«)  =*  a'^^fiz)  =  a",  -j—  =  wa**"%  &c. 


^*  =  a*"  +  iBa~+'^*«:r+ 


?n(?n+^— 1) 


a 


m  +ln— 2, 


x'  + 


.   »   •   « 


which  is  the  development  required. 
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SECTION  VII. 
Of  the  limits  of  series, 

PROP.  XLV, 

(88.)  In  any  series  composed  of  ascending  andposM 
powers  qf\  a  value  may  he  assigned  to  h,  so  smaU^  that  a 
proposed  term  may  be  made  to  exceed  the  sum  of  all 
JbUow  it. 

Let  m'  =  ¥{x  +  7i),  and  this  being  expanded,  let 

w'  =  w  +  aA"  +  vJJ*  -f  cA*  •  •  •  • 
a^  b^c  '  '  '  '  being  in  an  increasing  order. 
Let 

s  =  M  +  nA**"^  +  oh"-^  .... 
s7i*»  =  mA*"  +  nA"  +  oh'*  '  •  '  ' 
Therefore 

«*'  =  »  4-  aA«  +  bA^  .  .  .  .  lA*  4-  sA"*, 
'  w'  =»  w  +  aA«  +  B/t^  •  .  .  .  A'(l  +  sA'*-'). 
Since  m  >  I,  h  may  be  obviously  assumed  so  small  tha.^ 
s/**"^  ipay  be  indefinitely  diminished,  and  may  therefore  he 
rendered  less  than  l.     In  this  case  then  lA'  >  sA**,  that  isy 
the  term  lA^  is  greater  than  the  sum  of  those  which  suc- 
ceed it 

(89.)  Cor.  Hence  by  assuming  A  sufficiently  small^V  —  n 
will  take  the  sign  of  aA%  and  if  a  have  an  even  numerator, 
w'  -w  will  take  the  sign  of  a,  and  will  be  consequently  the 
same  whether  A  be  +  or  — . 
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PROP.  XL VI, 

(90.)  To  determine  the  effect  which  the  increase  of  the 
fmriable  x  =  atox  =  a  +  h  produces  upon  theftmction. 

Letiif=:F(r  +  ilX 

du     A 

h  may  be  assumed  so  small,  that  -^  >  s&%    consequently 

du 
w  -  t«  wffl  have  the  agn  of  -z— .     Hence,  if  the  first  dif- 

feiential  coefficiait  be  positive,  the  function  increases,  and  if 

it  be  negative,  the  function  diminishes.    Thus  the  state  of 

the  fiinction  for  all  values  of  the  variable  may  be  determined 

d^ 
by  finding  the  roots  of  the  equation  -z-  =  0.    If  therefore 

du 
0  and  a  +  ^  be  between  two  roots  of  this  equation,  -r-  does 

Aot  change  its  «gn  between  those  values  of  x^  and  the 

*     .     -  .  d^i 

fimcdon  increases  or  decreases  according  as  -j-  is  positive  or 

flcgati^e, 

PROP.  XLVII. 

(91.)  To  determine  the  limits  of  the  error  armngjrom 
asswmvn^  thejir3t  term,  the  first  two  terms,  or  any  number 
qf  successive  terms  of  the  development  of  f{x+h\  by  Taylor^s 
fheoremjj^r  the  tJbhole  value  qff(x  +  h). 

du 
Let  -J—  =  /'(a:).     In  this  function  let  x  be  supposed  gra- 
dually to  increase  from  x  tox  +  h,  h  being  taken  of  any 

F  3 
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finite  value.    While  x  varies  between  these  limits^   the  ' 
function y^(a?) suffers  a  corresponding  variation;  let  j:'  and 
of*  be  the  values  of  or,  which,  between  the  proposed  limits, 
render  j^(^)  greatest  and  least.    The  quantities      .  ^ 

are  both  po»dve.    These  are  the  differential  coefficients  of 

f{x  +  h)  -/(^)  ^f^aPyh,  fix)  +f(:^'h  -/(x  +  h\ 

h  being  taken  as  variable.     Hence  it  follows  by  (90.)»  that 
these  quantities   must  increase  from  x  to  x  +  A*    Now^ 
since  they  are  both  =  0  when  A  =  0,  It  follows  that  thejr 
must  be  both  positive  between  the  proposed  limits,  andM 
therefijre 

fi^  +  h)  >f{x)  +f{^) .  A,  and  <f{x)  +f{x^^h.  " 

If  A  be  negative,  the  contrary  happens.     Hence 
f{x  +  A)  —  y^J!")  is  a  number  included  between  the  valued^ 
ofy  (j/)  •  A  ^LvAfXaP)  •  A.     If  therefore  the  first  term  of 
development  off{x  +  A)  be  taken  for  the  whole  value, 
eiTor  will  be  greater  thany*'(*'^)  •  A,  and  less  thany*'(jr')  •  A.  — 
In  order  to  determine  the  error  produced  by  assuming 

du   h       d^u  h* 

**  +  d^  T  ■*■  5i^  fa 

for  w'  =f{x  +  A),  let  ^  =y^'(a?),  and,  as  before,  let  the^ 

greatest  and  least  values  off^x)  from  jr  to  a?  +  A  bey^(y) 
andy''(j:")»    The  quantities 

f^x  +  A)  ^/"(^),  f"(x^)  ^f"{x  +Ji), 
are  positive,  and  therefore  the  quantities 
/■i^  +  h)-fix)-f"{af)  .  k,  /'(a:)+/V) '  h-f(x+h\ 
of  which  they  are  the  differential  coefficients,  A  being  the 
variable,  must  continually  increase  between  the  proposed 
limits,  and  must  therefore  be  positive,  since  they  vanbh 
when  A  =  0.    Hence  the  quantities 
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f(x  +  A)  -/(x)  -fix)  J  -/*(^)^, 

A')  +/'(«)  Y  -  /"(*^  o  "^^-^  +  *)* 

of  which  the  former  are  the  differential  coefficients,  must  be 
both  poative.    Hence 

du    h  h^ 

fience  i£u  +  -i — =-  be  taken  as  the  value  of  y*(a:  +  A), 
*^le  error  is  comprised  between  the  limits  J*"(Jif^)  yo*  ^^^ 

In  general,  therefore,  if  n. terms  of  the  series  be  taken  for 
'  -die  w^iole*  value  of  iJ  orJ^{iv  +  A),  the  error  is  compised 
l^ween  the  limits  of  the  greatest  and  least  values  of 

dF  *  1.2...  71* 

d^ 
^  being  supposed  to  vary  in  the  function  -r^  from  jrto  jp+ A. 

It  is,  however,  to  be  understood,  that  there  are  no  values  of 

^comprised  between  x  and  a;  +  A,  which  render  the  fiinctibn 

u  or  any  of  its  differential  coefficients  infinite;  iii  other 

words,'  it  is  necessary  that  there  should  be  no  values  of 

X  between  these  limits  which  furnish  exceptions  to  Taylor^s 

-senes* 

d*u 
Ex.  1.  Let  uss  (fy  •••  j-^  =  feV,  and  if  w'  =  a'+*, 

d'iJ 
dx"" 

» 

d'^u! 
The  greatest  and  least  value  of  -r-^-  between x and  jci-h  are 
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the  valueacorresponding tox  +  h and x  themselveau  There- 
fore /^"^^  =  *«a'+*  and  /<">(^)  =  *V.  Hence  tbe 
limits  of  error  are  included  between  the  quantities 


of 


i«2*3  •  •  •  •  91 


i,x,o  »  •  •  '  n 
Ex.  2.  Let  2^  =:  ;(jr  +  A).    The  limits  of  error  in  tbis 
case  are  1 

7t      (a?+A)"* 


PROP.  XLVIII* 

V    * 


(92.)  Two  series  ascending  by  ifie  jpcfwers  iff  ikt 
quantity  (h),  being  given,  to  determine  the  limii  tf 
ratio,  h  beiiig  indefinitely  diminished* 

Let  the  two  series  be 

s  =  aA«  +  b¥  -{-  oh" 

rf  =  a'A«^  +  b'A*'  +  c'A'^. . .  - 
When  h  is  diminished  without  limits  the  limit  of 

s  .    aA"      _ 

"T  IS  -TTT/.     For 
s'      a'A« 

s  _    fe"(A4-BA'^+cA^^  ' '  •  •  ) 

7" ""  A«'(a'+b''''-"'+c7a^-^' )• 

When  ^  =  0,  the  factors  within  the  parenthesis  become 

and  a',  and  therefore  in  the  limit 

s         ao"* 

s'  ""    a'o«'  * 

If  a  =  dy  the  limit  is  — y-.     If  a  >  a!,  the  limit  is  0 ;  aitrr' 

•if  ^  <  dj  the  limit  is  infinity. 


•• 
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(93.)  Cor.  Hence  if  a  =  a\  a  value  may  be  assigned  to 
h  so  smsfll  as  to  render  s  >  or  <  s'  according  as  a  is  >  or 
<  a',  and  s  will  continue  >  c»r  <  s'  for  all  values  between 
that  assigned  value  of  h  and  0. 

If  a  >  a',  a  value  may  be  asagned  to  A  so  small  as  to 
render  s  <  s',  and  s  will  continue  less  than  s'  for  all  lesser 
values  of  A. 

If  a  <  c/f  a  value  may  be  assigned  to  A  so  small  as  to 
render  s  >  s',  and  s  will  cdntinue  ^eater  for  all  lesser  values 
ofA. 

If  any  number  of  successive  terms  of  the  two  series  com- 
mendng  from  the  first  be  respectively  equal,  that  is,  if 
A  s  aV  a  =  £/,  B  s  b',  b  ssz  b^^  &c.  then  the  relative  values 
of  s  and  s^,  k  being  supposed  to  be  indefinitely  diminished, 
be  determined  by  the  first  pair  of  corresponding  terms 
aeries  which  are  not  equal,  in  the  same  manner  as 
Thus,  if  the  terms  of  the  series  be  respectively  equal 
ii&ras  !«&'  and  lW,  inclusive  let  the  common  values  of 
the  series  thus  far  be  s.    Then 

s — s  __   mA'"+nA*  •  •  •  • 

If  wi  =  wi',  •/  s  —  *  is  >  or  <  s'  —  5,  or  s  is  >  or  <  s', 
according  as  m  is  >  or  <  m',  A  being  assumed  sufficiently 
small.  And  all  that  has  been  observed  before  applies  here 
^uktHs  miUandis. 


SECTION  VIII. 

Of  the  differentiation  of  Junctions  of  several  vaaiabks, 

(94.)  The  functions  which  havie  been  subjected  to  in- 
vestigation in  the  preceding  sections  have  been  supposed  to 
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be  oompofled  of  one  variable  quantity,  connected  by  aome 
given  or  supposed  relation  with  constant  quantities^  oir  if 
more  than  one  variable  has  been  introduced,  they  ha;ve  been 
always  understood  to  be  connected  by  some  ccwdition,  which 
b^ng  expressed  by  an  equation,  an  elimination  might  be 
effected,  by  which  we  might  finally  arrive  at  a  function  of  a 
single  variable.  We  shall,  however,  now  proceed  to  con- 
sider a  more  extensive  class  of  functions,  namely,  those 
whdse  variation  depends  on  the  variation  of  several  quaa* 
tities,  which  are  independent  of  one  another. 

As  the  variation  of  functions  of  several  variables  is 
duced  by  the  several  variations  of  each  of  the  variable&^ 
there  are  as  many  diflferential  coefficients  of  the  first  ord 
as  there  are  variables  independent  of  each  other*  In 
neral,  when  uis  &  function  of  several  variables  x,  ar*,  j:*  •  • 
the  diiSerential  coeffident  determined  by  considering  u  as^i 
function  of  the  variable  or  alone,  all  the  other  variables 
supposed  to  be  constant,  is  called  the  partial  differentia^ 
coefficient  of  the  first  order  of  u  differentiated  with  resper  = 

du 
to  .r,  and  this  coefficient  is  expressed  ^ ,  as  if  the  functioi 

u  were  a  function  of  x  alone.     This  differentiation  bein 
continued,  a  series  of  successive  partial  differential 

efficients  will  be  found  which  are  expfessed,  -r-j,  -j-^  *  •  • 

d*^u 

•T^i  as  if  w  were  a  function  of  x  alone.     In  the  use  of  thes^ 

symbols,  therefore,  their  true  meaning  should  be  carefuUj^ 
attended  to,  and  .the  student  should  be  cautious  not  to  us^ 
them  as  if  they  referred  to  the  entire  variation  of  the  func — 
tion  Uy  but  only  to  that  part  of  it  which  depends  upon  th^ 

vanation  or  x.     In  like  manner  -r-.    -y-^  •  •  •  —n-z  are  th^ 

ax'   dx^  daf"^ 

partial  differential  coefficients  depending  on  the  variation 
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of  alone ;  and  in  a  similar  way  the  partial  differential  co- 
efficients depending  on  the  variation  of  any  other  variable 
may  be  expressed. 

There  are  therefore  as  many  partial  differential  coefficients 
of  this  kind  of  any  proposed  order  as  there  are  variables. 

Besides  the  species  of  differential  coefficients  above  men- 
tioned, there  are  also  others  obtained  in  a  diffei*ent  manner. 
The  partial  differential  coefficients  of  the  first  order  are 
th^Qiiselves  functions  of  the  original  variables.  The  dif- 
ferentiation of  the  function -r-  has  been  continued  as  a  func- 

dx 

tion  of  X.  But  as  it  is  a  function  of  the  other  variables 
V,  ^  •  •  •  •  as  weU  as  of  x^  it  is  susceptible  of  differentiation 

du 
"with  respect  to  any  one  them.     If  j-  be  considered  as  a 

iiinction  of  afj  all  the  other  variables  being  considered  con- 
stant, it  may  be  differentiated.  The  differential  coefficient 
resulting  from  this  process  would,  according  to  the  system  of 

notation  used  in  functions  of  a  single  variable,  be  — -r-j —  • 
To  av(Hd  the  complexity  of  these  symbols,  it  is,  however, 
G^cpressed  thus,  ,  ,  ■ ,  which  signifies^  therefore,  the  dif- 
ferential coefficient  obtained  by  differentiating  the  function 
*^  with  respect  to  ^,  and  again  differentiating  the  result  of 
^liat  operation  with  respect  to  V. 

If  the  function  u  had  been  first  differentiated  with  respect 
to  x\  and  next  with  respect  to  ^,  the  differential  coefficient 

'^'^culd  be  expressed  thus,  ^-rr . 

The   differential  coefficient  obtained  by  two  successive 

■».  ,    .  .  d^u 

^iiierentiations  with  respect  to  x  being  t-;  ;  if  this  be  consi- 
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dered  as  a  function  of  or',  and  as  such  be  diifercintiatedy  th^ 
coefficient  resulting  from  this  operation  is  expressed  thut^ 

,  ^ ,  >    If,  on  the  othei:  hand,  the  function  u  be  firsi  di£^ 

feraitiated  with  respect  to  a:*,  and  the  result  -^  be  twio^ 
differentiated  with  respect  to  x^  the  differential  coefficient 
resulting  from  this  operation  is  expressed  thus,  ,  . ,  4. 

In  general,  if  the  function  u  be  differentiated  succesiuvely 
m  times  with  respect  to  the  variable  x,  and  the  result  n 
times  with  respect  to  the  yariable  a^^  the  differential  co- 
efficient which  results  from  these  operations  is  expressed 
thus. 

But  if  the  function  be  first  differentiated  n  times  with 
respect  to  ^,  and  then  m  times  with  respect  to  jr,  the  result- 
ing coefficient  is  expressed  thus, 

(95.)  To  explain  this  notation  generally,  let  t^  be  a  func- 
tion of  the  variables  a:',  a:",  od"  -  -  -  -  x^^\  and  let  it  be  dif- 
ferentiated m}  times  successively  with  respect  to  af^  and  the 
result  of  that  operation  w"  times  successively  with  respect  to 
;i"  and  so  on. 

The  differential  coefficient  which  results  from  this  system 
of  operations  is  expressed  thus, 

^m'+m" m<"^  •  •  •  •  M 

If  in  the  function  ?/,  the  several  variables  x\  a/',  •  •  •  •  a:^"> 
be  supposed  to  receive  the  increments  A',  A'V  •  •  •  •  A^"',  and 
the  function  to  become  «^',  let  it  be  supposed  to  be  expanded 
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in  a  series  according  to  the  positive  and  integral  powers  of 
the  increments  h\  A",  •  •  •  •  hS^\  The  first  term,  which  is 
independent  of  the  increments,  must  be  the  original  function 
«;  for  it  is  what  the  series  which  is  equal  to  v!  becomes 
when  the  several  increments  =  0.    LiCt  the  series  be 

tt'  =  w  4-  aW  4-  aW  + A<'»)-A<'»>, 

+  bW*  +  bW*  + B<~>.A<«)S 

+  dhW  +  cWA'"  + c^^^U^m^'^ 


......     .^    ...     .     [1]. 

The  sum  of  the  terms  of  this  series  which  involve  the  first 

powers  of  the  increments  is  called  the  total  dUfferervtud  of  the 

^Unction  u,  and  each  of  these  terms  are  called  j^ar^eoZ  dif- 

j^en&ak.     Thus, 

du  =  aW  +  aW a(«)A<»), 

^*',  as  it  is  more  usually  expressed, 

du  =  iidjf  +  ^da?  •  •  •  •  A^*^(ir<*^ 

If  in  the  series  [1]  A",  K^  *  -  •  -  A<***  be  supposed  severally 

==i  0,  the  series  becomes 

a'  =  w  +  aW  +  bW*  +  D%'3 

This  is  equivalent  to  supposing  af  alone  variable^  and  aP,  a/", 

du 
....  a;(»»)  constant.     Hence  it  follows  that  -7-7  =  a'. 

In  like  manner  -^ti  =  a",  and  so  on.     Hence 
,         du  ^  ,  du  .  „  du     .  ,  ,      ' 

In  the  use  of  this  notation,  it  should  be  observed  that 
-T^jda/j   does  not  signify  a  division  and  subsequent  mul- 

du 
tiplication  of  du  by  da^^     In  this  case  y-j  is  not  the  repre- 
sentative of  a  quote,  but  represents  a  function  of  the  several 


te 
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variableB  jr*,  jr",  •  •  •  •  x^''^  derived  from  the  primitive  fun^:^ 

tion  u  in  the  manner  already  explained ;  and  -jp^daf  Agai6i^^ 

this  function  multiplied  by  dx'.    This  product,  as  has 
already  observed^  is  called  a  partial  differential  of  ff. 


PROP.  XLIX. 


(96.)  It  is  required  to  express  a  Junction  v!  =  f(x'  +  h'^. 
x"  +  h"  •  •  •  •  x<"^  +  h<"^)  in  a  series  of  positive  and  integral 
powers  of  the  quantities  h',  h'',  •  •  •  '•  h^^\  the  quantities  x',  x^^ 
....  x^^^  being  independent  variables* 

We  shall  first  consider  the  case  in  which  there  are  but^ 
two  independent  variables  af',  aP..    In  this  case 

«»  =  F(ar' +  A',  a;"  +  A"). 
As  the  exponents  of  the  quantities  N,  h",  in  the  required 
series,  are  podtive  integers,  the  series  arranged  by  the  powers 
of  A' must  have  the  form 


u  =  A 
+  a'A» 

+  aW« 

+  AW 


+  b'W* 


h'  +  c 
+  c'h" 
+  cW 


h'*  +  D 

+  i/A''« 
+d"'A''» 


.*»•  .[1] 


J 


If  i/  be  considered  a  function  of  x^  only,  a/'  being  treated 
as  a  constant  quantity,  it  may  be  expanded  in  a  series  of 
powers  of  K  by  Taylor  s  theorem,  and  if  m''  =  f(2',  a^  +  h^ 
this  expansion  will  be 


+ 


This  series  must   be   indentical  with  the   former,  inde« 
pendently  of  //',  and  therefore 
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«»  =  A  +  A'h"  +  a'/^  +  aW»  + [g], 

I-  .  ^  =  B  +  tfA*  +  b"A"«  +  B^A"*  + [8], 

^  .^  -  c  +  c'F  +  c"A"«  +  c'W  + [4], 

iil-  ^»  =  °  +  "'*"  +  ""*"*  +  dW*  ••••••  •  [5]. 


If  tt  =  Y(a:faf%  and  this  be  considered  as  a  function  of 
^)  Ai'  being  considered  constant,  ti  may  be  expanded  by 
Taylor^s  theorem,  the  result  is 

If  tt  and  its  partial  differential  coefficients  -j-^,  Tp^>  &c. 

be  considered  as  functions  of  af^  this  series,  dilBTerentiated 
suocesdvely,  gives 

[8], 

dht^JPu     d*u          hP     cPu           M^    d^u            h!^ 
d^^^d^'^dsJW^ '  T'^daf'^daP  '  1^'^ dx'^dx'^ '  1.2.3 

[9]. 


These  series  [6],  [7],  [8],  [9],  &c.  must  be  identical  re- 
spectively  with  [2],  [3],  [4],  [5],  &c*  independently  of  A". 
Hence 

du  d^u  1      ,,      d^u        1 


/ 
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B  =s 


C  = 


D  = 


dPu 


b'= 


d= 


D 


dMoT 


b''= 


d?u 


1 


c"= 


daf'^daf    1.2 


,B"'= 


dHi 


jj>= 


1    ^ 


dx'''daf    1.2.8 
ePu       1 


X.^= 


djiPdaf*  IJiJS 
dNi,        1 


da/^' "     dc^daP'        di^>^ci»  \3l dJ^dal*  I.«L8 


■*■!• 


Hence  the  expansion  of  f/,  arranged  according  to  the 
powers  of  A'  and  A",^is 


ii-=,m\' 


+ 


du  Ji 


d^u 


daf'l  ('^da^^^  1.2 


du  hl^f 


4- 


d^u       U^ 


+ 


+ 


dsdW    1 
d'u     A^ 

daf^"- '  1.2 


-1-^  + 


dx'^    1.2.8 
d^u    h^hl 


+ 


do^^^dJ  1.2 
daf'daf^  1.2 


+  ..-[10] 


■ 

V 


dx^^^    1.2.3 

As  the  variables  in  the  function  u  =  T?{a^x^)  are  no* 
distinguished  by  any  particular  condition,  this  series  will  stil' 
represent  u\  if  of  and  h!  be  changed  into  af^  and  A'',  and  t?te^ 
versa.    This  change  gives 


d«i  A" 


«'=«^+-3-jf'-r' I  +V1JS*  rTi 


d*w 


+ 


+ 


fir''2    1.2 
dl'u  WH 

dodda^^'  1 
^'  1.2 


^fr3 


+ 


+ 


1.2.3 


+ 


flW^di''  1.2 
_d^M^ 

dafdaf^'^'TJ 
d^u        m 


[11) 


(ir'3      1.2.3 

As  these  series  both  represent  u\  independently  of  the 
values  of  A'  and  A",  the  corresponding  coefficients  must  be 
equal.     Hence 

d^u  d'^u 

dM^'"  dM^' 

m 

d^u  d^u 


dsdW^  ~  daf^'da^ 
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da^cLxj'  ■"  rfaT'dr"^ ' 


and,  in  general, 


^m-^n  .   ^         ^n+m  .  -^^ 


It  follows,  therefore,  that  if  any  function  of  two  variables 

be  differentiated  m  times  for  one  of  the  variables,  and  n 

times  for  the  other,  the  resulting  differential  coefficient  will 

be  the  same  in  whatever  order  the  differentiations  may  have 

been  performed. 

The  analogy  of  each  successive  column  of  the  develop- 
ments [10]  and  [11]  to  the  terms  of  an  expanded  binomial 
isqiute  obvious.  If  the  quantities  daf  daP  be  transfer- 
red  from  the  denominators  of  the  coefficients  to  the  de- 
nominators of  the  powers  of  h!  and  W^  the  successive  vertical 
columns  may  be  represented  thus, 

1  Idaf^  daf^y 

l^X'd^'^dx'^S 
d^u   c  Ji        W 


1.2.3  i(iW^d^' 


1.2.3.  ..w\eZ?"*"d^'J  • 

H         ¥ 
And,  therefore,  if  s  =  -j-r  +  "^rjf  j  the  series  will  become 

«'  =  "  +  — tT^-^Ls:!-  •  •  -^^^1 

the  wth  term  being 

1.2.3    -n 
It  should  be  however  remembered,  that  when  s^'  is  sup- 
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posed  to  be  developed,  and   the   resulting  terms  -^ZTnw 

"iZin-ifi  II  ^^*  fouled,  these  symbols  are  not  meant  to  repre- 
sent the  operations  of  involution  by  which  in  this  waj  they 
are  produced,  but  express  the  results  of  the  successiTe 
differentiations  as  explained  in  (95). 

If  u'  be  considered  as  a  function  of  three  or  more  variables, 
we  shall,  by  continuing  the  same. process,  find  a  similar  re- 
sult ;  and  if 


S  =  ^  +  37j 


.... 


the  series  [12]  still  represents  «'. 

It  also  follows,  on  exactly  the  same  pnnciples  as  in  the 
ease  of  only  two  variables,  that  the  value  of  each  differential 
coefficient  is  not  affected  by  the  order  in  which  the  succesfflve 
differentiations  are  performed.    For  example,  ' 

If  the  several  arbitrary  quantities  rf«r',  dir",  •  •  •  •  rfa?<">  be 

assumed  equal  to  the  increments  A',  A'',  •  •  •  •  A^**^,  •.•  8  =  1, 

and  the  series  [12]  becomes 

du     d'U       d^u 
tt'  =  w  +  -T-  +  i-7i  + 


.... 


1    '  1.2  '  1.2.3 
which  has  been  applied  to  functions  of  one  variable  in  (53). 

PROP.  L. 

(97.)  To  differentiate   a  quantity  composed  of  several 
Junctions  of  several  independent  variables  united  by  addition 
or  subtraction^  the  differentials  of  the  component  Junctions 
being  given. 

Let  u  =  *i'  +  jr"  •  •  •  •  x^^\     By  the  principles  already 
established, 
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Hence 

du  ==  daf  +  d^' +  dx^''\ 

*   which  extends  the  result  of  (17.)  to  functions  of  several  in- 
dependent variables. 


PROP.  LI. 

(98.)  To  differentiate  the  product  of  several  indepefident 
variables. 

Let  tt  =  afaf^  •  •  •  •  ^^^^     By  the  rules  already  laid  down, 
if  the  partial  differentials  be  found,  and  added,  the  equation 

du  .  ,       du    ,  „  du     ^  ,  ^ 

da?  dad^  dx^*"^ 

becomes  in  this  case, 

iu^aPaf^^  •  •  •  x^^^doi-^-x^x^^^  •    •  x^^'^daP  •  •  •  afaf^  •  •  •  a?<**W^^**^, 
which  is  the  same  as  the  result  of  (22.),  where  of,  af^^  >  -  -  » 

are  not  independent  variables,  but  all  functions  of  a  common 
variable. 

In  a  similar  way  the  result  of  (23.)  may  be  extended  to 
fractions,  of  which  the  numerator  and  denominator  are  pro- 
ducts of  iddependent  variables. 

(99.)  The  following  examples  will  illustrate  the  principles 
on  which  functions  of  two  variables  are  differentiated. 
Ex.  1.  Let  u  =  JT^y",  '.• 

du 
dx 

dy  ^ 

Hence 

du = nix"^^y^*'dx  f  nx'^y^^^dy  —  x^"^  'f^^tnydx+nxdy), 

G 


=  wa7"*-"*-y*j 
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X  X 

Ex.  2.  Let  w  =  ?-tan.  — .  \iz  =  —  and  2/  =  ta 

y  y 

u  =  l^^  and  by  (16.) 

du       du      d:sf 
dz       dJ      dz ' 

^      du        1         _  dz'  1  __ 

But  -yj  =  —r,  and  ^j-  =  — r  •     Hence 
oar        jsr  az       cos.*2 

dw       cot.2:  1 


dz       cos.^z      sin.zcos.^' 

But  since  2:  =  — ,  •/ 

J/ 

tt^  =  ~ • 

yi 

Hence 

^   ^       X  X 

y^sin, —  COS. — 

^      y       y 

X 

Ex.  3.    Let  w  =  tan.""^  sin.""^ — .     As  before,  lei 

y 

and  !s/  =  sin.""*2,  *.•  u  =  tan.""^^'.     Hence  (16.), 

du        du      ds! 

dz  ^  dz!      dz' 

_^      du  1  .   dz!  1 

But  -7-7  =  TT  To  and    j—  =  .     Hence 

dz'       l+z^  dz       ^i-sfi 

du  1 

dz  ""  (l+^«)v'T^' 


But  since  z  =  — ,  •.• 

y 

_         ydx—xdz 
dz  = :: 


Hence 


_^  ydx—xdy 


ydx—xdy 


X 
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SECTION  IX. 


The  differentiation  of  equations  of  several  variables. 


coefficients 


found. 


(100.)  When  an  equation  v{xy)  =  0,  involving  two 
variables,  is  given,  either  variable  y  may  be  considered  as  a 
function  of  the  other  x.  The  resolution  of  the  equation 
for  y  would  change  it  to  the  form 

y  =/(^). 
In  this  state  the  function  y  might  be  differentiated  by  the 
rules  already  given  for  the  differentiation  of  functions  of  one 
variable,  and  thence  the  value  of  the  successive  differential 
dy     d^y  d^ 

H*   dx^  dx^^ 

This  method,  however,  would  in  general  be  of  no  prac- 
tical use,  as  it  would  require  the  general  resolution  of  equa- 
tions.    It  will  be  therefore  necessary  to  find  a  method  of 
determining  the  successive  differential  coefficients  of  y  with 
respect  to  ;r,  without  resolving  the  proposed  equation  for  y. 
(101.)  For  this  purpose  let  x  and^  be  first  supposed  to 
be  independent  variables,  and  let  u  =  f(xj/),  the  values  of 
y  and  x  not  being  necessarily  limited  by  the  condition  u^O, 
Ify  and  x  become  y  +  k  and  x  -{•  hy  the  function  becomes 
i/  =  f[(j:  +  h),  (y  +  A:)],  and  by  the  equation  [11]  (96.) 

,  du 

dx 
du 


vr  /6 
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If  in  the  equation  y  =y(^),  x  become  x  -^  h  and 
come  y,  we  have  by  Taylor's  series 

^    -^"d^r*!    "^d^*' 1.2^  dj^**  1.2.8  *'   ' 

Making  this  substitution  for  A:  in  the  series  already  J 
and  arranging  the  result  by  the  dimensions  of  A,  it  as 
the  form, 

m'  =  Z^  4-  A  •  —  •¥  a"»   ■-  4-  a" 4-  .  .  . 

^        1.  1.^^  1.2.3  ^ 
Where 

^  ^  dw      dw     d^  __  fda  dw  \  1  ' 

~  dx      dy     di  ~  \dr  dy  ^/dr' 

ff  _  rf*^      1         d*t^      dy      d*w    dy*      1 
""  dr«  *  "2  "*"  d^.^  '^■*"^*  'd^  '^' 


,^ 


a'« 


d^u 


'^^7  •  1:2:3: 


%3  ^  /     1.2.3.dcr^ 

And  in  general  the  series  of  coefficients  of  the  powers 
and  db/  in  each  term  is  evident  from  their  analogy  to  t 
efficients  of  an  expanded  binomial. 

Let  the  variables  x  and  ^  be  now  restricted  so  as  i 
to  satisfy  the  equation  w  =  0,  so  that  whatever  be  the 
of  ^,  the  condition  u'  =  0  must  be  fulfilled.  In  this  cfi 
series  [1]  must  =  0  independently  of  h;  hence  its  s 
coefficients  must  separately  =  0,  which  gives  the  equj 

w  =  0, 

du  L         du  ^ 
-r-dx  -f   -j-du  =  0, 
dx  dy  ^ 
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^S£  iPu  d}u  cPu 


The  first   of  these    equations   is  only   a   repetition   of 
r(-a7y)  =  0.     The  second,  however,  determines  the  value  of 

the  differential  coefficient  3-,  if  the  functions  -5—  and   ^-be 

ax  ax  ay 

known.     Let  these  be  a  and  b,  •.• 

hdy  +  Bdr  =  0, 

'    dx  A  * 

Hence  \%  follows,  that  "  to  find  the  first  difierential  co- 
efficient of  an  implicit  function  y,  given  by  an  equation  of 
two  variables  x  and  y,  the  equation  must  be  differentiated 
as  a  fiinction  of  two  independent  variables,  and  the  total  dif- 
ferential  being  equated  with  zero,  will  determine  the  sought 
differential  coefficient.'' 

(102.)  In  a  similar  way  it  may  be  shown  that  an  equation 
of  any  number  of  variables  may  be  treated  as  a  function  of 
thevariables,  and  differentiated.  Let  m  =  f(^',  ir"-"ir<*>)=0, 
by  differentiation  we  obtain 

du  ,  ,       da    ^  „  du   ^  ,  . 

This  is  called  the  total  differential  of  the  proposed  equation. 
The  partial  differential  equations  may  be  obtained  by 
coDiddering  the  given  equation  successively  as  a  function  of 
each  combination  of  two  variables.  This  process  will  give 
as  many  partial  differential  equations  as  there  are  different 
combinations  of  two  variables  in  the  primitive  equation,  and 
each  of  these  equations  will  determine  a  partial  differential 
coefficient  of  one  of  the  variables  as  a  function  of  another. 
As  however  the  differentials  of  the  variables  severally  enter 
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as  multipliers  of  all  the  terms  of  these  equations^  any  oiv 
of  them  may  be  deduced  from  the  others. 

(103.)  To  return  to  the  equations  of  two  variables^  the 

differential  coefficient  -,  -  being  expressed  by  ^,   the  dif- 
ferential equation  becomes 

Ap  +  B  =  0  [1]. 
In  this  case  a  and  b  being  functions  of  the  variables  a  and 
y^  this  may  be  treated  as  an  equation  of  three  variable8>  ^j 
jfj  and  p,  and  being  expressed  by  w',  its  differential  is 

Since  d/p  =  -r^,  it  is  evident  that  this  equation,  combined 
with  the  first  differential  equation^  will  determine  the  tfiC- 
ferential  coefficient  .^  as  a  function  of  the  variables  a?,  y* 

Hence  "  to  obtain  the  second  differential  coefficient,  the 
first  differential  equation  must  be  differentiated,  considering 

dy 
x^  y^  and  -p  as  variables."" 

Again  the  equation  [2]  being  differentiated,  considering 

dy  d^y 

x^  y,  -7-  and  ^  as  variable,  will  give  a  third  equation, 

which,  combined  with  the  other  two,  will  determine  the 

d^y 
third  differential  coefficient  -r~. 

Thus,  in  general,  *^  the  equations  which  determine  the 

successive  differential  coefficients  — -,   ~-  •  •  .  .-r^,  of  an 

dr'   doc''  daf' 

implicit  function  given  by  an  equation  of  two  variables,  are 
deduced  by  successive  differentiations,  each  differential  co- 
efficient being  considered  as  an  additional  variable." 
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SECTION  X. 

Of  the  effict  of  particular  values  of  the  variable  upon  a 
Junction^  a/nd  its  differential  coefficients, 

(104.)  A  function  is  in  general  rendered  either  positive 
or  negative  by  the  real  values  which  may  be  assigned  to  the 
variable.  There  are,  however,  four  states  of  the  function 
whidi  are  attended  with  peculiar  circumstances,  and  which 
require  some  examination.  Certain  particular  values  of  x 
may  render  the  function,  or  its  differential  coefficients^ 
10  =  0,  2°  =  ^,  3°  imaginary,  4^  infinite.  We  shall  con- 
fflder  these  four  cases  first  in  explicit,  and  next  in  implicit 
functions. 

PROP.  LII. 

(105.)  To  determine  the  values  of  the  successive  differential 
coefficients  of  a  function  (u)  which  correspond  to  any  par- 
ticular value  (a)  of  the  variable  (x),  *mhich  renders  thefunc- 
turn  or  amy  of  its  differential  coefficients  =  0. 

1*.  Let  a?  =  a  render  the  function  itself  =  0.  By  the 
prindples  of  Algebra,  it  follows  that  x  —  o,  or  some  podtive 
power  of  it  must  be  a  factor  of  i^ ;  so  that  u  must  be  of  the 
form  u  =  p(4r  —  a)*",  m  being  a  positive  integer  or  fraction, 
and  p  being  a  function  of  x  not  divisible  by  [x  —  a),  or  any 
power  of  it. 

From  the  process  of  difierentiation  it  appears  that 
(a?  —  o)"*^,  {x  —  a)"*~*,  &c.  are  factors  of  the  successive 
differential  coefficients  of  ti.  Let  these  coefficients  be  ti^  %P^ 
tt<**>,  they  must  be  of  the  forms 


•  .  .  • 
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where  p'^  p''  .  .  .  .  are  quantities  not  divisible  by  any  power  of 
(a:  —  a). 

If  wt  be  an  integer,  these  successive  diflFerendal  coefficients 
will  =  0  when  x  =  a  as  far  as  the  (m  —  l)th  inclusive ;  but 
the  mih  differential  coefficient  will  be  of  the  form 

which  not  being  divisible  by  any  power  of  (a?  —  o),  will  not 
vanish  when  x  =  a.  The  same  may  be  observed  of  the  dif- 
ferential toefficients  which  succeed  the  mih. 

It  is  plain  that  if  m  =  1,  the  function  vanishes,  but  none 
of  its  differential  coefficients  do. 

If  m  be  a  fraction,  let  n  be  the  next  integer  below  it,  and 
•.*  w  +  1  the  next  above  it  In  this  case  the  differential  co- 
efficients as  far  as  the  nxh  inclusive  vanish  with  the  funcdoo, 
and  those  that  succeed  it  all  become  infinite.  This  is  evi- 
dent from  considering  that  m—n  is  positive,  and  wjt—  (n+ 1) 
negative. 

If  m  be  a  proper  fraction,  then  w  =  0 ;  and  in  this  case 
all  the  differential  coefficients  are  infinite. 

9P,  Let  X  —  a  render  any  proposed  differential  coefficient 
=  0.  If  the  first  differential  coefficient  which  it  renders 
=  0  be  of  the  nth  order,  it  follows  that 

p^"^  not  being  divisible  by  a  power  ofi  x  —  a. 

In  this  case  it  may  be  proved  by  the  process  already  used, 
that  when  m  is  an  integer,  the  differential  coefficients  from  the 
wth  to  the  (w  1-  7w  —  l)th  inclusive  vanish  when  a?  =  a,  and 
those  which  succeed  them  do  not.  If  m  be  a  fraction  be* 
tween  /  and  Z  +  1,  then  the  differential  coefficients  from  the 
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ntix  to  the  (n  +  l)th  vanish,  and  the  succeeding  coefficients 
become  infinite. 

Tfmhe  a  proper  fraction,  then  all  the  coefficients  after 
the  nth  become  infinite. 


PROP.  LIU. 

(106.)  Given  a  Junction  wMch  vanishes  'when  x  =  a,  to 
ietermine  the  highest  power  of  {x  —  a),  which  divides  the 
Jitnction. 

Liet  u  =  f(^),  which  vanishes  when  on  =z  a.     It  is  mea- 
sured by  (iT  —  aY  to  determine  z.     Let  the  function  be 
differentiated  until  a  differential  coefficient  w^"^  be  found 
which  does  not  vanish  when  z  =  a.     This  coefficient  will  be 
either  finite'  or  infinite.     If  it  be  finite,  the  value  of  z  is  an 
integer,  and  =  n.     If  it  be  infinite,  the  value  of  ;?  is  a 
fraction,  whose  value  is  between  the  integers  n  and  n  —  1. 
To  determine  it,  let  u^'^^^  be  divided  by  such  a  fractional 

power  A?  of  a  —  07,  that  the  quote r^  may  be  finite 

When  X  =:  a.    Then  the  exponent  of  the  sought  power  will 
be  n  -f-  ft.     This  is  manifest  from  the  last  proposition. 

PROP.  LIV. 

(107.)  To  determine  the  true  value  qfajhmction  which  a 
pariicuiar  vaiue  qfx  renders  ^,  or  infinite. 

That  the  first  may  take  place,  it  is  necessary  that  the  nu- 
menUor  and  denominator  be  both  functions  of  x,  which 
▼onuli  when  x  =  a,  and  which  therefore  have  factors  of  the 
ibfm  {x  —  ay. 

Let  the  fimction  then  be 
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and  let  the  highest  power  of  {x  —  a)  which  divides  one  be 
z,  and  the  other  s/.  The  function  may  therefore  be  ex- 
pressed thus. 

The  values  of  z  and  sf  are  to  be  determined  as  in  the  last 
proposition. 

If  ;af  >  z',  M  =  0.     If  2  <  z\  u  is  infinite.     If  2  =  a?, 

p 

U  =  — r. 
F 

Hence  it  appears  that  the  method  of  proceeding  to  de* 
termine  the  value  of  the  function  is,  to  differentiate  both  the 
numerator  and  denominator  until  a  differential  coefficient  of 
each  be  found,  which  does  not  vanish  when  Of  =  a.  Let 
this  coefficient  be  of  the  nth  order  for  the  numerator^  and  €i 
the  mth  for  the  denominator. 

Then 

1^  If  71  >  7W,  the  function  is  =  0. 

9P.  If  n  <  m,  the  function  is  infinite,  as  well  as  all  its 
differential  coefficients. 

3^.  l(n  =  niy  the  nth  differential  coefficient  in  each  term 
of  the  fraction  may  be  either  finite  or  infinite.  This  pre- 
sents four  cases,  First,  If  it  be  infinite  in  the  numerator,  and 
finite  in  the  denominator ;  in  this  case  2;  is  a  fraction  less 
than  n  and  ^  =z  n;  hence  the  function  is  infinite. 

Secondly,  If  it  be  infinite  in  the  denominator,  and  finite 
in'  the  numerator,  then  z  =  n  and  z'  is  a  fraction  less  than  n, 
therefore  the  value  of  the  function  is  0. 

Thirdly.  If  both  be  finite ;  in  this  case  the  value  of  the 
function  is  a  fraction  whose  numerator  and  denominator  are 
the  differential  coefficients  themselves.     For  let  iT  +  A  be 
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substituted  for  w  in  both  numerator  and  denominiitor,  and 
the  results  devdoped^  we  find 

U  = 


h  A* 


•  •  •  • 


where  A'4  A^,  &c.  b',  b^,  &c.  are  the  successive  differ^itial 
coefficients. 

Substituting  a  for  «r,  the  functions  and  their  successive 
coefficients  vanish  as  far  as  the  91th  differential  coefficient, 
which  is  by  hypothesis  finite  in  both  numerator  and  de- 
nominator.    Hence  the  function  becomes 

A<»^  t-t;^ +  A<'»+*>. 


1.2'—w  1.2----W  +  1 

b(«). l-B^^+l). 


1.2. ..w  1.2.. .-w+l 

Dividing  both  terms  by  A",  and  supposing  A  =  0,  we 
find 

which  is  a  fraction  whose  numerator  and  denominator  are 
the  first  differential  coefficients  which  remain  finite  when 
«r  :=  a. 

Fourthly,  If  the  first  differential  coefficients  which  do  not 
vanish  be  of  the  same  (Tith)  order,  and  both  become  infinite 
when  a  =  a.  In  that  case  z  and  J  are  both  fractions  be- 
tween the  integers  n  —  1  and  w.  The  values  of  the  frac- 
tions may  be  determined  as  in  (166.) ;  and  if  they  be  equal, 
both  terms  of  the  fraction  being  divided  by  the  common 
power  of  J?  —  fl,  the  result  will  be  its  true  value.  If  «  >  «', 
1^  =  0,  and  li  z  <  d,  u  is  infinite.  Or  the  value  may  be 
determined  thus.  In  both  numerator  and  denominator  let 
«r  +  A  be  substituted  for  w,  and  the  results  expanded  ac- 
cording to  increasing  powers  of  A  by  the  ordinary  rules  of 
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Algebra,  or  by  the  method  explained  in  (55.) ;  for  in  this 
case  the  series  of  Taylor  does  not  apply  (55.) ;  and  let  the 
result  be 

aA^+a'A-'+a"*-".... 


u  = 


.  •  a  * 


bA*+b'A*'+b"A** 

The  exponents  o,  a^,  a"  •  •  •  •  6,  i',  6"  •  •  •  •  being  arranged 
in  an  increasing  order.     If  a  >  b,  the  fraction  becomes 

A  A«-*  +  a'A«'-* + A^'A"'-*  • . .  . 


u  = 


•  ... 


It  is  evident  that  all  the  exponents  in  this  case  are  poailivey 
and  therefore  by  substituting  a  for  x^  and  making  h  =  0, 
we  find  M  =-.  0. 

If,  however,  a  <  b,  the  fraction  becomes 

^^  bA^  +  b'A^'-^+b''*' -«....' 

Making  <r  =  a,  and  A  =  0,  this  becomes  infinite. 

If  a  =  5,  by  dividing  both  numerator  and  denominator 
by  A% 

_  a+a'A«-«+a"A«''-«..-. 
^  ""  b+b'A*'— +bW"-«...' 

Substituting  a  for  *r,  and  supposing  A  =  0, 

A 

u  =  — . 

B 

If  in  the  product  of  two  functions  of  .r  one  factor  become 
infinite  when  ^  =  a,  and  the  other  0,  it  can  be  reduced  to 
the  form  ^,  and  therefore  its  value  may  be  found  by  the 
preceding  rules. 

Let  u  =  f(^)  X  F'(*r),  and  let  f'(^)  be  infinite,  and 
f(x)  =  0  when  a:  =  a. 

If  we  supposey(ir)  =  -/t-tj  then  if  .r  =  a,  y(^)  =  0. 

But  u  =  :?r-:,  which  becomes  °  when  x  ^  a. 

./(^) 


5ECI 
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Ifu  =  -77-T>  and  a?  =  a,  render  both  numerator  and  de- 
nominator  infinite,  the  value  of  u  may  be  found  by  the  same 

rules:  for  let/(^)  =  ^,/'(a;)  =  p^, 

fix) 
•.•  u  =  -TT-Tn  which  becomes  ^  when  x  ^  a. 

Also,   if  M  =  F(^)  —  F'(a?),   and  these   functions  be- 

1  1 

come  infinite  when  ^  =  a,  let  f(^)  =  -777-7,  and  f' (a?)  =-^77-- 

/(a?)'  '    fix) 

•    ""  /(^)/'(^) ' 

which  becomes  |-  when  x  ~  a.  Hence  all  combinations  of 
functions  of  x  coming  under  the  preceding  forms  are  regu- 
lated by  the  rules  already  delivered. 

(108.)  We  shall  now  proceed  to  give  some  examples  of 
the  application  of  these  rules. 

^'» \ 

Ex.  1.  Let  «  = r-,  to  find  the  value  of  this  when 

X  —  1 

J?  =  1.     By  differentiating  once,  we  find  the  first  differential 
coefficients  of  the  numerator  and  denominator, 

nx^^^ 


1 


F  (iT)      ax'^  +  ac- — 9,acx 


Hence  u  =  n. 

^(x)      hx^  -  ^hcx  +  6c2' 

of  £1  when  a?  =  c.     By  diflerentiating 

dY(x) 


to  find  the  value 


dx 

d'is^(x) 
dx 


=  2a(a?  -  t), 


=  2b(x  -  c). 


These  both   =  0  when  x  =  c.     Differentiating  therefore 
ag«n. 
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€PF(X) 

-^?^  =  ^' 

which  not  being  affected  by  the  value  of  x^  give 

a 
M  =  -r. 

0 

Ex.  8.   w  = ,  to  find  u  when  ^  =  0. 

^^^  =  a'Pa  -  W6, 

dx     "" 


ifence  m  =  Va-^tb  —  ^'(4-)- 


_      .  1— sin.4?+cos.a?       ^    i        ,  * 

Ex.  4.     M   =   -; ; -,  to  find  U  when  4?  =S    -rr- 

sm.  jr + cos.«i7 — 1  % 

d¥(x) 

=  —  cos.jr  -  sin.^y 


dx 

dp^x) 
dx 


=  cos..r  —  sm.^. 


Hence  when  x  =  ~,  w  ~  1. 

(x^  —  a^)^ 
Ex.  6.  Let  ?i  =  ^ J- ,  to  find  u  when  a;  =  a. 

{x'-a)^ 

The  value  may  easily  be  found  in  this  case  by  raifflo 
both  to  the  power  y,  *.• 

u  ~  =  x"  H-  a. 

07  — {/ 

Hence  ?/^  ~  2r/,  •.•  w  =  (2a)  ^. 


Ex.  6.  Let  u  = ,  to  determine  u 
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^l^en  X  =  a.     In  this  case,  let  (a  +  A)  be  substituted  for 
*^>  and  the  result  is 


u'  = 


2_ 

Developing  (a  +  A)*  by  the  binomial  theorem,  and  sub- 
stituting for  it  its  development 

,                      ^/h     ^\-\■a^^^h'\■^*^' 
U'  = = — ^ — — . 

Dividing  both  terms  of  this  fraction  by  ^/A,  we  find 

— i  ,i 

14;   znz  — . 

Making  A  =  0,  we  find 

1 


u  =  ' 


Ex.  7.  Let  w  =  (1  —  x)  tan.i(*«^)j  to  find  u  when  ;r=l. 
In  this  case  u  assumes  the  form  0  x  oo  •     But 

1  1— :r 

iaxtMitx)  =  -—rr: — ;?  '•'  u  =  — m — ;>  which  becomes  % 

*         ^         COt4(Wd7)'  COt^C^X)  ^ 

when  a;  =  1.     Applying  to  this  the  common  rule 

dE{x)  ^ 

^nr  "  ~  ^ 


da;  sin.*i(tfa:)* 

2 
When  X  =  1,  sm,*i{itx)  =  1,  •/  m  =  — . 

tan.iir —  • 
a 

Ex.  8.  Let  tt  =  ^  _w  a^  gv   ^,  to  determine  the  value 
of  u  when  x  =  a.     In  this  case  the  fraction  becomes  — . 

00 
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X  1 

But  since  tan.lw* ., —  = ,  and 

^       a  X 

COt.iTT —      - 

*      a 

^             ^          a(^*— a*) 
u  =  -^ , 

X 

cot-i-Tr-  - 
a 

which  becomes  |  when  x  =  a,     Diflerentiating,  we  find 

dis[x) 


dx 
d^{x) 


=  2fljr-i  —  2a{x'  -  a2)a:-*. 


da?  .  a: 

a  sin.*4ir — 

'4a 
Hence  when  x  =  a,  u  = . 

Ex.  9.  Let  n  ^  X  tan.a?  —  {it  sec..r,  to  find  u  when 
In  this  case  //  =  oo   —  oo  .     But  since 


tan.jT  = ,  sec.a:  = , 

cot.^r  cos.o: 

X            It          a:  sin.  j:— 4^ 
•/  u  = ^ 


cot.i"      Scos.o:  cos.  a: 

Tt 


which,  when  x  =  -^,  becomes  °-.     Differentiating,  we  find 

d^(x) 


dx 

dF\x) 

dx 


a^cos.a"  -\-  sm.j;, 


=  —  sm.a*. 


Hence,  when  x  =  --,  m  =  —  1 . 
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PROP.  LV. 


109.)  To  determine  the  conditions  under  which  any  dif^ 
mtial  coefficient  of  an  implicit  Jimction  becomes  =  0, 


JL  or  =  ° 

■g-,  ur  —  -Q. 


Let  the  equation  by  which  y  is  an  implicit  function  of  ^ 
's{xy)  =  0,  which  we  shall  suppose  cleared  of  irrational 
intities;  and  let  the  first  differential  equation  be 

Ady  +  B(ir  =  0, 
.nd  B  being  each  functions  of  x  and  y.     In  order  that  the 

ueof -p  deduced  from  this  equation  may  be  =  Q,  it  is 

jessary  that  b  =  0;  but  this  is  not  sufficient.  It  is 
be  considered  that  the  variables  x  and  y  must  satisfy  the 
mitive  equation  v{xy)  =  0.  Hence  it  is  also  necessary 
It  the  equation  obtained  by  eliminating  one  of  the  variables 
means  of  the  equations; 

v{xy)  =  0, 
B  =  0, 
ould  have  at  least  one  real  root  which  is  not  infinite. 
ich  a  root  will  determine  a  corresponding  value  of  the 
ber  variable,   and   this    system   of  values    may  render 

=  0.     We  say,  m^y  render  it  so,  because  there  is  still  a 

ssibility  of  the  contrary.  If  the  system  of  values  thus 
ermined  satisfy  the  equation  a  =  0,  then  the  differential 
fficient  becomes  |,  and  its  value  must  be  sought  by  a 
thod  which  will  be  explained  hereafter.  If,  however, 
system  of  values  of  xy  so  determined  do  not  satisfy 
equation  a  =  0,  then  the  corresponding  value  of  thq 
t  differential  coefficient  must  be  0. 
Jy  continuing  the  process  pf  differentiation  any  numbev 

\\ 
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of  times,  and  eliminating  each  differential  coefficient,  except 
the  last  found  by  the  preceding  differential  equations,  an 
equation  will  be  obtained  of  the  form      * 

Ad"^  4.  fida?"  =  0. 
The  preceding  observations  will  apply  here  also.     If  the 
values  of  x^  y^  determined  by  the  equations 

Y{xy)  =  0, 

B=0, 

be  real  and  not  infinite,  and  do  not  satisfy  the  condittcm 
A  =  0,  then  ^  =  0. 

It  does  not  follow  that  if  one  differential  coefficient  =  0, 
all  or  any  of  those  which  succeed  it  will  also  =  0.  For 
if  y  be  supposed  to  be  eUminated  from  b  =  0  by  F(ayy  =  0, 
then  B  will  be  a  function  of  x  alone ;  and  if  a  value  of  x^ 
which  satisfies  the  condition  b  =  0,  be  a,  then  the  equati(m 
may  be  expressed  under  the  form 

c(^  -  aY  =  0. 

The  differential  coefficients  of  this  will  =  0,  for  a?  =  fl  as 
far  as  the  differential  coefficient,  whose  order  is  marked  by 
the  integer  next  below  m,  but  no  further  (105). 

(110.)  In  order  that  any  differential  coefficient  should 
become  infinite,  it  is  necessary  that  the  system  of  values  of 
X  and  y  determined  by  the  equations 

^{xy)  =  0, 

A  =  0 

should  be  real  and  not  infinite.     If  this  system  of  values  do 
not  satisfy  the  equation  b  =  0,  the  corresponding  value  of 

-j^  will  be  infinite. 
ax 

Any  system  of  values  of  the  variables  xy^  which  renders 

any  differential  coefficient  infinite,  also  renders  all  those  whidi 

succeed  it  infinite.     For  let 

Ad"y  +  Brf^"  =  0 
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differentiated^  the  result  will  be  of  the  ibrm 

The  same  conditions,  therefore,  which  render  -j—  infinite, 

50  render    ,  ^^  infinite. 

(111.)  If  the  value  of  the  first  differential  coefficient  de- 

ved  from  the  equation 

A(b/  4-  Bdx  =  0, 

ssume  the  form  ^  the  oonditionsy 

A  =  0,  B  =  0, 

nust  be  fulfilled,  as  well  as  F(jrj/)  =  0.     In  order,  therefore, 

0  determine  the  possibility  of  this,  let  the  variables  be 

diminated  by  these  equations,  and  the  resulting  equation 

will  only  include  constants,  and  ought  to  be  identically  zero, 

» of  the  form  ^  v 

c  —  c  =  0. 

Having  determined  whether  there  be  any  such  systems  of 

values  of  the  variables,  it  is  necessary  next  to  determine  the 

corresponding  value  of  the  differential  coefficient  ■^:     Let 

Ap  +  B  =  0. 

fhis  being  differentiated,  gives 

Adp  +  pdA  +  dfi  =  0. 
Since  a  and  b  are  functions  of  x  and  y^  it  follows  that 
n  and  dB  must  be  of  the  form 

cdy  4-  J>dx^ 
ddy  +  D^dx. 
Making  these  substitutions,  dividing  by  dx^  and  putting 

or  -r-%  the  result  will  be  of  the  form 
d3P 


A  •  -£  +  a'p^  +  b'p  +  c'  =  0. 


h3 
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Now  by  the  original  conditions  a  =  0,  •/  the  value  of  ^ 
is  to  be  determined  by  the  equation 

K^  -h  -sip  +  c'  =  0. 
The  roots  of  this  equation  are  subject  to  all  the  varieties  in- 
cident on  the  roots  of  equations  of  the  second  degree.  Thej 
may  be  real  or  impossible,  equal  or  unequal,  nothing  or  in- 
finite,  under  the  usual  conditions. 

If,  however,  this  equation,  like  the  first,  be  fulfilled  by  its 
coefficients ;  that  is,  if  the  system  of  values  of  xy  determined 
by  the  first  three  equations  satisfy  the  equations, 

a'  =  0,  b'  =  6,  c'  =  0, 
then  this  equation  cannot  determine  the  value  oi  p.    In 
this  case  it  will  be  necessary  to  differentiate  it,  considering 
a:,  y^  and  p  as  variables.     The  result  of  this  will  have  the 
form 

{2a!p  +  bO  .  'J^-  +  Ay  +  bY  +  d^p  +  d"  =  0. 

But  the  conditions  a'  =  0,  b'  =  0,  render  this 

jjhpi  +  By-  +  cV  +  d"  =  0, 
which  determines  the  values  of  p.  The  same  observations 
may  be  made  here,  as  before,  as  to  the  nature  of  the  roots* 
Also,  if  this  be  fulfilled  by  its  coefficients,  it  is  necessary  ^ 
differentiate  again,  which  will  give  an  equation  of  the  fourth 
dt»gree  for  p. 

These  conclusions  will  equally  apply  to  any  differentia*    \ 

coefficient  of  an  higher  order  by  supposing  p  =  -r^. 

(112.)  It  appears,  therefore,  that  when  any  system  ^* 
values  of  the  variables  renders  a  differential  coefficient  «> 
that  coefficient  may  have  several  real  values  correspondi^^S 
to  the  same  system  of  values  of  the  variables. 

(lis.)  The  converse  of  this  also  follows.  If  for  Sl^Y 
system  of  values  of  the  variables,  any  differential  cC^^ 
efficient  have  more  values   than  one,  then  that  coeflSciei**' 
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derived  from  the  differential  equation  of  the  corresponding 
order  must  assume  the  form  ^.     Since  the  original  equation 
F{4y)  =  0  is  supposed  to  be  rational  with  respect  to  the 
variables,  and  since  the  process  of  differentiation  never  in- 
troduces radicals^  the  differential  equations  must  be  all  ra- 
tional.   Let  two  values  of  the  differential  coefficient  of  the 
n\h  order  be  p,  p\     These  being  substituted  in  the  dif- 
ferential equation ;  give 

A/>  +  B  =  0, 

A^  +  B  =  0. 
Since  a  and  b  are  rational  functions  of  the  variables,  they 
cannot  have  more  values  than  one  for  a  given  system  of 
values  of  the  variables.  Therefore,  the  values  of  a  and  b 
in  these  two  equations  must  be  necessarily  the  same.  Sub* 
tracting,  we  find 

••  A  =  0, 

•.•  b  =  0, 

(lU.)  As  the  state  of  the  function  corresponding  to  such 
4  system  of  values  of  the  variables  as  that  we  have  just  been 
conridering  is  attended  with  circumstances  of  some  import- 
ance in  Geometry,  we  shall  examine  it  somewhat  more 
particularly, 

Lety  be  whaty  becomes  when  x  becomes  x  ■\-  h.     By 

Taylor's  series,  we  find 

h  ¥  h} 

^here  a^,  a^  •  •  •  •  are  the  differential  coefficients. 
.  Now,  if  for  the  same  values  of  y  and  .r,  A^have  two  unequal 
values,  there  will  necessarily  be  two  corresponding  unequal 
values  of  y,  whether  h  be  affirmative  or  negative ;  but  when 
^  =  0,  the  value  of  t/  becomes  single,  and  equal  to  y* 
Hence  it  appears  that  this  circumstance  must  arise  from  the 
particular  values  of  the  variables  which  render  A;  =  o> 
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making  a  i*adical  vanish  in  the  value  of  y  derivable  ftom  tl 
oiiginal  equation,  and  yet  not  making  the  same  radic 
vanish  in  a^.  This  follows  from  the  principle,  that  the  rooi 
of  an  equation  can  only  become  equal  by  a  radical  disaf 
pearing.  The  possibility  of  a  radical  disappearing  in  i 
function,  and  yet  reappearing  in  its  differential  coefficients 
may  easily  be  shown. 

Let  

w  =  (a;  —  a)  ^6*  +  ar«  +  e. 
When  X  =  a,  u  =  Cf  and  the  radical  disappears.     But 

du      a:{X'-a) 


When  X  z=  a, 

du 


+   V6*  +  ^*. 


in  which  the  radical  appears.     See  Geometry  Art.  (368 

tiotS. 

It  appears,  therefore,  that  if  the  first  diiferential  c 

efficient  becomes  |^,  and  its  values  be  determined  by  i 

equation  of  the  second  degree,  whose  roots  are  real  ar 

unequal,  Taylor's  series  divides  itself  into  two  at  the  secor 

term;  thus, 

h  7t^ 

^'  =  ^+1        h  7t^ 

^'-  T  +  ""^'U  +  •  •  •  • 

In  like  manner,  if  the.value  of  the  differential  coefficie 
Were  determined  by  an  equation  of  the  third  degree,  it  wou 
divide  itself  into  three,  and  so  on. 

If  the  differential  coefficient  of  the  nth  order  assume  * 
form  ^f  the  series  divides  itself  at  the  (n  +  l)th  terra;  thi 
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And  in  general  the  series  divides  itself  into  as  many  dif- 
ferent series  as  there  are  unequal  finite  and  real  values  of 
the  differential  coefficient. 


SECTION  XI. 


Of  maxima  and  minima. 


(115.)  Let  w  be  a  function  of  the  variable  a*,  and  let  three 
raJues  of  u  corresponding  to  x  =  a  '—  h^  x  ss  n^  and 
r  =  a  +  A,  be 


2^' 


=  r(a  —  h), 


u'^  =  F(a), 

u'"  =  F(a  +  h). 
D^,  If  a  be  such  a  value  of  x,  that  for  any  finite  value 
of  A  however  small,  the  quantities  w"— rf  and  u'^  —  u"'  have  the 
same  sign^  and  continue  to  have  that  sign  for  all  values  of  Ji 
between  that  finite  value  and  0,  then  the  value  u"  is  called  a 
vummum  or  minimum  value  of  the  function  according  as 
the  common  sign  of  the  quantities  «"  —  i/  and  w"  —  w"'  is  -f 

(116.)  From  this^  which  is  a  rigorous  definition  of  maxima 
9nd  oninima,  it  will  be  perceived  that  these  terms  do  not 
Necessarily  signify  the  greatest  or  least  value  of  the  func- 
tion. It  is  true,  that  if  the  function  is  incapable  of  un- 
limited increase  or  decrease,  and  therefore  has  a  greatest 
ot*  least  value,  this  value  must  be  a  maximum  or  minimum, 
^od  this  case  will  be  found  to  come  within  the  preceding 
•Jefiniuon.  But  on  the  other  hand,  the  function  may  have 
Maxima  and  minima  values  which  are  not  its  greatest  or 
least  values,  and  may  even  have  several  maxima  and  several 
^^inima  of  different  values.  This  will  bQ  easily  conceived, 
if>  while  the  variable  x  is  supposed  continually  to  increase 
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horn  0  to  infinity,  the  function  be  supposed  to  vary,  and  in 
Its  variation,  alternately  to  increase  and  decrease,  the  value 
of  the  function,  which  stands  exactly  between  its  increase 
and  decrease,  or  at  which  it  changes  from  its  increaang 
state  to  its  decreasing  state,  is  a  maximum ;  and  that  valoe 
at  which  it  changes  from  a  decreasing  state  to  an  increasbg 
state  is  a  minimum.     Upon  examining  the  definition  al- 
ready given,  it  will  be  found  that  these  principles  are  in- 
volved in  it.     An  example  will  probably  put  the  matter  in  i»- 
clearer  point  of  view. 

Let  w  =  J  -  (^  -  af.     liof  =  0,  «^  =  i  -  a«;  if  Jbe^ 
supposed  >  fl^  this  value  oUu  is  positive.     As  x  increased" 
from  X  =  0  to  j:  =  cr,   the  quantity  {x  —  d)^  diminishei^ 
from  a'  to  0,  and  therefore  u  increases  from  w  =  6  —  a*  to 
u  =  h.    When  x  becomes  >  tf,  the  quantity  [x  ^  a)*  agmn 
increases^   and  therefore  u  diminishes,  and  therefore  the 
value  u  =  b  stands  between  the  increase  and  decrease  of  thd 
function,  and  is  therefore  a  maximum. 

Again,  let  w  =  6  +  (*r  —  ay.  In  this  case,  when  j:  =  0, 
w  =  i  +  a^,  the  quantity  (.r  —  a)*  decreases  from  ^  =  0  to 
a*  =  a,  for  which  u  ==  b.  When  ^  becomes  greater  than  a, 
t(  begins  to  increase ;  hence  in  this  case  u  zz  bis  a.  minimttm 
value  of  the  function. 

(117.)  From  the  definition  of  maxima  and  minima^  it 
follows  that  the  essential  characteristic  of  a  maximum  is, 
that  it  exceeds  those  values  of  the  function  which  imme- 
diately precede  and  follow  it,  while  a  minimum  is  less  than 
both  these  values. 

(118.)  The  general  method  of  determining  maxima  and 
minima  of  functions  of  a  single  variable  is  derived  from 
Taylor's  series,  except  when  the  values  of  x  come  under  its 
exceptions.  We  shall  first  consider  the  cases  which  do  not 
fall  within  the  exceptions.  Let  ?/'-  i'(^),  and  w'=F(ir  — A), 
i»w  x=:  y(x  +  h) ;  hence 
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y,  p^^  p"'.  • . .  expressing  the  successive  differential  coefficients 
of  the  function. 

Let  these  series  be  expressed  thus, 

Such  a  value  may  be  assigned  to  h  as  will  render  the  sum 

of  all  the  terms  of  these  series  which  succeed  the  first  less 

than  the  first,  and  therefore  the  signs  of  the  entire  series  will 

be  those  of  their  first  terms.     If  the  quantity  pi  be  not  =  0, 

the  value  of  ti'  cannot  be  either  a  maximum  or  minimum ; 

for  by  assigning  a  sufficiently  small  value  to  A,  the  sign  of 

tt"  -  w'  will  be  that  of  +  jpf,  and  w"  —  ^  will  be  that  of 

— y,  these  signs  being  different,  the  value  «"  does  not  come 

under  the  definition.    In  order  that  u^  should  be  a  maximum 

ot  minimum,  it  is  therefore  necessary  that  jt/  =  0,  and  as  pf 

is  a  function  of  a*,  it  follows  that  no  value  of  a:  but  such  as 

are  roots  of  the  equation  p'  =  0,  can  render  the  function 

either  a  maximum  or  minimum. 

Let  it  therefore  be  supposed  that  a  value  of  or,  which  is  a 
root  of  this  equation,  be  substituted  for  x  in  the  functions 
w",  p,  jpf',  &c.  We  shall  first  suppose  that  this  value  of  x 
is  not  a  root  of  the  equation  pi'  =  0.  The  series  by  this 
substitution  become 

Itt  this  case,  as  before,  such  a  value  may  be  assigned  to  h 


w" 


V! 
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as  wiU  render  the  first  term  greater  than  the  remainder  of 
each  series.     Hence  the  quantities  w"  —  vl  and  ^  --  t/^  wSL 
both  have  the  sigo  of  —  p^,  and  will  have  the  same  sign  fir 
every  value  of  h  between  that  and  0.     The  correspondiogf 
value  of  the  function  will  therefore  be  a  maximum  if  j^<Q, 
and  a  minimum  \f  p^  >  0. 

If,  however,  the  root  of  the  equation  p^  =  0,  which  us 
substituted  for  x^  be  also  a  root  of  the  equation  /}"  =  0,  but 
not  a  root  of  j^''  =  0,  the  series  become 

In  this  case,  as  in  the  first,  a  value  may  be  as^gned  to  & 
such,  that  tt"  —  m'  shall  have  the  sign  of  +  p'",  and  t/  —  ^ 
the  sign  of  —  p''',  and  therefore  the  correspond'mg  value  of 
the  function  is  not  either  a  maximum  or  minimum. 

If,  however,  the  value  of  ^  be  also  a  root  of  jp"'  =  0>  10^ 
not  of  y'  =  0,  the  function  is  a  maximum  or  minimum^  a^ 
cording  as  y"  <  0,  or  >  0,  and  so  on. 

Hence  we  conclude,  that  in  order  to  determine  the  maxinc** 
and  minima  values  of  a  function,  it  is  necessary  first  to  find  tl>^ 
first  differential  coefficient  (jj/).  This  being,  in  general^  ^ 
function  of  a:,  determines  those  values  of  x  which  rendeir  ^* 
=  0,  or  the  roots  of  the  equation  p'  =  0.  No  values  of  tX^^ 
variable  x^  which  are  not  exceptions  to  Taylor's  series,  c5^^ 
render  the  function  u  a  maximum  or  minimum,  but  such  ^' 
are  found  amongst  the  real  roots  of  this  equation.  Substitt*  ^^ 
these  roots  successively  for  x  in  the  second  differential  o^^ 
efficient  flK  Such  of  them  as  render  p''  <  0,  being  substitut^^ 
for  X  in  the  function  w,  give  maximum  values ;  such  as  rend^^ 
i^'  >  0,  give  minimum  values.  If,  however,  any  of  them  rend^^ 
p^^  =  0,  they  must  be  substituted  in  y ;  and  if  they  rendei^ 
it   >  or  <  0,  they  will  not  render  the  function  u  cither 
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matdmam  or  minimum ;  but  if  they  also  render  p*^  =  0, 
they  must  be  substituted  in  y',  and  so  on ;  and  if  the  first 
differential  coefficient,  which  they  render  >  or  <  0,  be 
cf  an  odd  order,  they  do  not  give  either  maxima  or  minima 
values  of  the  function ;  but  if  it  be  of  an  even  order,  they 
,  determine  maxima  or  minima  according  as  they  render  that 
differential  coefficient  negative  or  positive. 

(119.)  We  shall  now  consider  the  maxima  and  minima 
values  of  the  function  u,  which  are  found  among  those 
values  which  form  exceptions  to  Taylor^s  series.  , 

Let  the  values  of  x  which  are  roots  of  the  equation 

1 

—  =  0  be  determined.     In   this   case  the   developments 

become 

tt»  —  m'  =  a(-  hy  +  b(-  hy  +  c(-  ?iy 

iJf  -  u!"  =  aA«  +  bA^  +  cA*^ 

if  any  of  the  exponents  have  an  even  denominator,  the 
oonsideration  of  maxima  and  minima  becomes  inapplicable ; 
for,  the  fraction  being  in  its  least  teims,  the  nume)rator  must 
Ije  odd,  therefore  one  series  will  be  real,  and  the  other  ima- 
ginary, since  the  corresponding  term  is  the  even  root  of  an 
odd  power ;  and  therefore  the  value  of  the  function  does  not 
come  under  the  definition  (115.). 

If  all  the  denominators  be  odd,  the  numerator  of  the  ex- 
ponent a  may  either  be  odd  or  even.  If  it  be  odd,  (+  A)" 
and  (—  A)''  will  have  different  signs,  and  •.*  u'^  will  be  neither 
A  maximum  nor  minimum. 

But  if  the  numerator  of  a  be  even,  (+  A)*  and  (—  A)" 
^ill  be  both  positive,  being  the  odd  root  of  an  even  power ; 
*^d  •.•  in  this  case  w"  will  be  a  maximum  when  a  is  positive, 
^^d  a  minimum  when  a  is  negative. 

If  a  value  of  x  which  renders  /?'  =  0,  render  ^  infinite, 
the  developments  assume  the  same  forms  as  in  the  last  case. 
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and  the  same  observations  exactly  will  apply;  and  will  in 
general  apply  if  a  value  of  x^  which  renders  the  difierentiil 
coefficients  from  the  first  to  the  nth  inclusive  =  0,  render 
the  (n  +  l)th  infinite. 

(120.)  Before  the  more  general  investigation  of  the 
maxima  and  minima  of  functions  of  several  variables,  it 
may  be  useful  to  give  some  examples  of  the  determinatioii 
of  those  of  functions  of  a  single  variable. 

Ex.  1.  Let  w  =  ao:^  —  6x-  +  a:  +  9.    Hence 

du      ^     ^      ^:, 

3-  =  ^ax^  -  9bx  +  1. 

das 

The  values  of  or,  which  render  this  =  0,  are 


■ : 


^= 3^—- 

If  6^  <  3a f  these  values  are  both  impossible^  and  therefore 
the  function  in  this  case  is  not  capable  of  a  maximum  or 
minimum.  But  if  b^  be  not  <  3a,  let  the  function  be  dif- 
ferentiated again,  and  the  result  is 

Substituting  in  this  the  values  of  <r  already  found, 

d*w  

-  =  +2Vb^-Sa. 

dhi 
If  6-  >  3a,  one  value  of  x  renders  y-^  >0,  and  the  other 

<  0,     Hence  in  this  case,  if 

b-  Vb^'^Sa 
Sa 
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be  substituted  for  x  in  the  function  w,  the  corresponding 
value  will  be  a  maximum ;  and  if 

3a 
be  substituted,  the  corresponding  value  is  a  minimum. 
If,  however,  5«  =  3a,  and  •.•  i«  -  3a  =  0;  in  this  case 

the  value  of  ^  determined  by  ^  =  0  iso:  =  -r-,  which  being 
substituted  for  x  in  * 

^  =  &ZX  -  26, 

renders  -5-^=0.  It  will  therefore  be  necessary  to  differentiate 

again,  which  gives 

/»^ 

This  not  depending  on  ^,  and  not  being  =  0,  the  function 
admits  of  no  maximum  or  minimum  in  this  case^ 


Ex.  %  To  divide  a  number  a  mto  two  parts  such,  thai 
the  prodiLct  of  the  mih  power  of  one^  and  the  nih  power  of 
the  other  J  shall  he  a  maximum  or  minimum. 

If  X  be  one  of  the  parts,  and  \'  a  ^  x  the  other,  the  pro- 
duct is 

u  =  x'^^a  -  x)\ 

,•-=—=  (a  —  xy-^ ,  a:"*-^ .  [ma  —  (m  +  7i)x], 
-— ^= (a — xY^^Jt"*^.  \  (77/a—  (m  -f-  w)ar)«— m(a — x)*  —  nx^]. 

The  values  of  «r,  which  render  ^  =  0,  are  determined  by 
he  equations 
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which  give 


a 

MM* 

^  =  0, 
^  =  0, 

ma 

— 

(W2 

.  +  n>r 

zs 

0, 

jp 

r= 

a, 

•VM 

0, 
ma 

The  value  ^  =  a  renders  the  second  differential  coefficklit, 
=  0 ;  and  it  is  evident  that  since  every  differential  coefficieilt 
of  an  order  inferior  to  the  nth  will  have  ^  —  cr,  or  some 
power  of  it  as  a  factor,  the  same  value  of  x  will  render  all 
these  =  0.  The  nth  differential  coefficient  will  not  have 
the  factor  a?  —  a,  and  therefore,  in  it  changing  x  into  a,  the 
result  will  not  be  found  =0.  If  w  be  odd,  therefore,  this 
value  of  cc  does  not  correspond  to  either  a  maximum  oc 
minimum ;  and  if  n  be  even,  it  will  be  found  that  the  value 
X  :=i  a  renders  the  nth  differential  coefficient  >  0,  and  that 
therefore  the  function  is  a  minimum. 

Similar  observations  apply  to  the  value  ^  =  0,  by  con- 
sidering a;  •—  0  as  a  factor  of  the  differential  coefficients. 

The  value  x  =  being  substituted  for  x  in  j--,reii- 

ders  it  negative,  and   therefore   renders    the    function  a 
maximum. 

X 

Ex.  3.  Let  u  =  r— - — r.    In  this  case  let  W  =  1 ;  when  %i 

\-\-x^ 

is  a  maximum,  t^  is  a  minimum,   and  vice  versa.     But 
1 

U  z=:  X  A ,    '.• 

X 

dr  ""  ^«* 

dx'^  ~  x^' 
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Ihe  condition  j-  =  0,  gives  a:  =  ±  1,  '-'^j-^  =  +  2. 

Hence  if  ;r  =  1,  '.*  w'  =  2,  a  minimum,  and  w  =  ^,  a 
maximum.     If  a?  =  —  1 ,  •.•  w  =  —  2,  a  maximum,  and 

« 

tt  =  ^  i^SL  minimum. 

The  principle  used  here  frequently  abridges  the  process, 
sell,  by  investigating  the  maximum  or  minimum  of  the  re- 
ciprocal of  the  function  in  place  of  the  function  itself. 

(1^1.)  The  maxima  and  miniipa  values  of  functions  of 

several  variables  are  determined  upon  principles  similar  to 

tboee  which  have  been   already  applied   to  functions  of 

a  angle  variable.     If  w  ==  F(a:',  a:!\  a/" . . . .)  and  ti = F(a/ ±  A', 

a/  +  Wy  j(^  +  W ....);  let   such  a  system  of  values  be 

suppDsed  to  be  assigned  to  the  variables  or',  x^j  or''' ....  as 

renders  the  sign  of  u  —  u!  independent  of  the  signs  of  the 

quantities  A',  A",  Jt"' ....  these  quantities  having  any  system 

of  finite  values,  however  small,  and  such,  that  the  quantity 

«  -  t/  will  preserve  the  same  sign  for  all  systems  of  values 

of  i',  A",  A"" . .  • ,  between  the  assumed  system  and  tf  =  0, 

f     A"  =  0,  A'"  =  0 . . . .  the  value  of  w,  which  corresponds  to 

■>     the  system  of  values  of  the  variables  thus  assumed,  is  a 

maximum  if  the  sign  o(  u  —  u!  be  positive,  and  a  minimum 

if  its  sign  be  negative. 

(122.)  We  shall  first  consider  the  case  where  w  is  a  func- 
tion of  two  variables.     In  this  case 

c  _  du      JJ  _  du     ¥  7       c  dhi      h!^ 

d'u     HW      d^    !!lI  ^  rn 

db^'-T'^  dJ^-  -1.25  +    •    •    •    •     LM- 

In  order  that  the  sign  oiu  —  vJ  may  be  independent  of 
JJ  and  A",  it  is  necessary  that  such  values  be  assigned  to  the 
variables  as  will  render 

du  ^       du  ^  rrki 
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These  equations  will  in  general  give  determinate  values 
of  a^  and  «t/'.  In  order,  however,  to  find  whether  this  system 
of  values  of  the  variables  gives  a  maximum  or  minimum 
value  of  the  function^  it  will  be  necessary  to  substitute  them 
in  the  differential  coefficients  of  the  second  order^  and  to  de^ 
termine  whether  the  sign  of  the  quantity 

dr'^  •  1.J2  -  dx'daf'  '     1    "*■  di^^*  •  1.2  '    •     •    '  '•  * 
is  independent  of  the  signs  of  h!  and  ¥.    For  this  purpose, 

let  —  =  it,  and  the  preceding  formula  becomes 

T)  d?^  ±^d?d7^;'^*'di^^-*  5' 

If  the  sign  of  this  be  independent  of  i,  the  values  of  i", 
which  render  it  =  0,  must  be  imaginary.  This  gives  the 
condition 

d^«  •  djc''^'^  Wd^j  >  0    .....     .  L4J. 

That  thife  condition  may  be  fulfilled,  it  is  necessary  that 
,  ."  and  -5-jj-  should  have  the  same  sign. 

d^u  W" 
Kh''  =  0,  the  quantity  [3]  becomes   ,  ,g .  ^ ,  and  the 

sign  of  this  quantity  must  therefore  be  the  sign  of  [8], 
since  it  always  retains  the  same  sign.  Hence  it  follows, 
that 

P.  If  any  system  of  values  of  a^  and  oc^\  determined  by 

r^-i        •         ^^        ^*^        T/«.  .  1        />  •         1 

[»J,  give  -T-j^,   -j-jj^  different  signs,  the  function  has  no  cor- 
responding maximum  or  minimum. 

2°.  If  any  such  system  of  values  of  a^  and  ^^  give     , 

d^u  .  .  , 

-,-^thc  same  sign,  and  yet  render 
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the  function  has  no  corresponding  maximum  or  minimum. 

dlHt 
y.  If  such  a  system  of  values  of  4/,  ^,  give  -rir  ^"^ 

'  ^11^,  a  negative  sign,  and  also  fulfil  the  condition  [4],  the 

corresponding  value  of  the  function  is  a  maximum. 

4®.  If  such  a  system  render -7-^,    -r-^,  both  positive,  and 

also  fulfil  the  condition  [4],  the  corresponding  value  of  the 
function  is  a  minimum. 

(123.)  It  may  happen  that  the  system  of' values  of  y,  ^, 
determined  by  [2],  also  fulfil  the  conditions 

^^        ^    d*M       ^     d*w 


dx'*  '  da/'«        '  dr'da/' 

In  this  case  it  will  be  necessary  to  substitute  them  in  the 
partial  differential  coefficients  of  the  third  order. 

If  they  do  not  render  these  =  0,  the  function  admits  of 
no  corresponding  maximum  or  minimum ;  but  if  they  do,  it 
is  necessary  to  examine  the  effect  of  the  same  substitution  on 
the  differential  coefficients  of  the  fourth  order.  The  terms 
rfthe  development  involving  h!yK',  in  four  dimensions,  being 
treated  as  those  involving  two,  and  the  conditions  of  ima- 
^nary  roots  determined,  similar  conclusions  follow,  and  so 
the  investigation  may  be  continued  as  in  functions  of  a  single 
variable. 

(124.)  Similar  reasoning  may  easily  be  applied  to  functions 
of  any  number  of  variables.  The  conditions  which  determine 
the  system  of  values  of  the  variables  which  may  give  a 
maximum  or  minimum,  are 

But  to  determine  if  any  and  what  system  of  values  of  the 
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variables  derived  from  these  equations  must  give  a  maximimi 
or  minimum^  it  will  be  necessary  to  examine  their  effects  upon 
the  successive  partial  differential  coefficients. 

It  frequently  happens  that  some  one  or  more  of  the 
equations  [5]  can  be  inferred  from  the  others.  In  this  case 
the  number  of  independent  equations  being  less  than  Ae 
number  of  quantities  to  be  determined,  it  follows  that  tfadi 
are  an  infinite  number  of  systems  of  values  which  m^  Jk 
determine  maxima  or  minima. 

In  this  case^  if  the  question  be  geometrical,  the  solutioii  it 
a  lociig. 

(1S5.)  We  shall  now  give  some  examples  of  the  nfr- 
vestigation  of  maxima  and  minima  of  functions  of  seiKaral 
variables. 

Ex.  1.  To  divide  a  quantity  a  into  three  parts,  x,  y,  and 
o  —  ^  —  y,  such  that  the  product  u  =  «*».y".(a  —  ;p  —  ^y 
is  a  maximum  or  minimum. 

The  differential  coefficients  of  the  first  order  are 

du 

—  =  irw-i . ^» ,  (fit  _  ^  —  2/y^^ .  {ma  —  mx  —  my  —  px] . 

du 

The  factors  within  the  latter  parenthesis  of  each  b^ng 

put  =  0,  and  solved,  give 

ma  na  pa 

X  = •     V  =  • ,     a  —  *p  —  2/  =  — ^ " 

OT+w+p     ^       m'\-n-\-p*  ^      ni+n'\'p 

In  order  to  discover  whether  these  correspond  to  a  nuoct 

mum  or  a  minimum,  we  must  substitute  them  in  the  genera 

expres»ons  for 

d*tt    d*w     d^u 

dx^^    dy"-^   dxdy 

And  if  w  +  w  +  jp  be  called  y,  we  find 

dH$  ./maV^^     /nay    /pay-^ 


mtiKt. 
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lis 


^  t     .     ^^«»^"    /»a\"~*    fp*v* 


The  quantities  -j-j,   -tt*  are  both  negative,  and  fulfil  the 

eondition  [4],  and  therefore  the  corre^nding  value  of  the 
fimction  IS  a  maximum. 

We  shall  not  pursue  here  the  investigation  of  the  coa- 
mfOBmiOk  of  the  other  factors  of  the  above  equations  being 
=  0,  as  the  student  can  readily  do  it  himself* 


Ex.  S.  To  find,  the  grec^test  triangle  which  can  be  included 
lASm  a  given  perimeter , 


Let  the  perimeter  be  Sa,  the  sides  Xj  y^  and  ^ 
9Qd  the  area  u.    By  a  well  known  principle, 

u  =  ^/a{a  —  x){fL  '^y){oB  +  y  —  a). 
-Assuming  the  logarithms, 

2/tt  =  fa  +  /(a  —  ^)  +  l{a  "^  y)  +  /(a?  +  ^ 
Differ^tiating  for  x  and^,  we  find 


x^y. 


—  a). 


du 


dx 


+ 


dx 


u 


9a 


9y-x 


du 
TIh^  ecmditions  uodier  which  these  3=  0  are 

2a  -^  %  -»  A7  s  0. 


Hence 


i2 
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Hence  the  triangle  is  equilateral.  It  is  evident  firom  d 
nature  of  the  question,  that  this  result  determines  a  mai 
mum.  However,  this  may  be  proved  by  examining  ti 
partial  differential  coefficients  of  the  second  order  by  tl 
criterion  which  has  been  already  established. 

Ex.  8.  Let 

tt»  =  (l  +  Yd?  —  x^)*  +  (m  +  xz  —  zxf  +  (n  +  zy— Y2 
This  being  di£Perentiated  for  x^  y^  and  %^  and  the  parti 
differential  coefficients  being  made  =  0,  the  results,  aA 
reduction,  and  putting  e*  for  x*  +  y*  +  z*,  are 

x(Xir  +  Yy  +  zz)  +  mz  —  ly  —  E-a?  =  0, 
Y(xa7  +  Yy  +  zz)  +  LX  —  NZ  —  R*^  =  0, 
z(xa7  +  Yy  +  zz)  +  ny  —  mx—  e*»  =  0. 

If  these  equations  were  independent,  they  would  give 
determinate  system  of  values  of  xy%.  But  they  are  not  i 
dependent ;  for  if  the  first  be  multiplied  by  x,  the  second  I 
Y,  and  the  third  by  z,  an  equation  will  result  independent 
xyz^  whose  terms  will  destroy  one  another.  If  the  quanti 
within  the  parenthesis  be  eliminated,  the  equations  w 
become 

z(lz+my+nx) 
YO?  -  Xj^  +  L  = ^, 

x(lz+my+nx) 

Zy  -  YZ  +  N  = , 


XZ  --  ZX  +  M 


E" 

y(lz+my+nx) 


r2 

This  question  comes  under  the  observation  in  (1S4.),  a 
it  follows,  that  there  are  an  infinite  number  of  systems 
values  which  determine  the  maximum  or  minimum  value 
the  function.  If  in  this  case  ocyz  be  the  co-ordinates  o 
point  in  space,  the  locus  of  that  point  is  a  straight  line 
presented  by  the  above  equations,  and  the  value  of  u  for 
values  of  xyz  is 
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u  = 


LZ.+  MY+NX 


(x«+y2+Z«)^ 

This  question  is  connected  with  the  theory  of  statical 
moments,  and  the  right  line  thus  determined  is  the  locus  of 
the  points  of  minimum  principal  moment.  (See  Poisson, 
Trake  de  Meca/niguef  livre  i.  chap.  3). 


SECTION  XII. 

Applicaiion  of  (lie  Differential  Calcuhis  to  the  Geometry 
(jf  Plane  Curves.  Arcs  and  Arecbs,  Principles  Qf^  Contact. 

OF  ARCS  AND  AREAS. 
PROP.  LVI. 

(126.)  To  determine  the  differential  qfthe  arc  qfa  curve 
fonsidered  as  a  Junction  qfthe  co-ordinates  of  its  extremities. 


By  the  equation  of  the  ciurve, 
;    Jf  is  a  function  of  x. 

Let  AM  =  0?,  PM  =  ^,  mm'=  a, 
p^'=y'=F(a?  +  A).   ByTay- 
series, 


A 

/p- 

-^ 

——^ 

y 

M      jyp 


du     h      dhj     h* 


The  co-ordinates  being  rectangular^  pp'  =  a/A*  +  {^pYf 
V  the  value  of  pp'  must  have  the  form 


pp' 


^\/h^  + 


+  A/i'  +  bA* 


•  .  •  • 


us 
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ner. 


The  limit  of  the  ratio  of  the  arc  pp'  =  5,  and  its  c 
being  a  ratio  of  equality,  it  is  evident  that  when  h  -. 

h       dx' 
But 

pp[ 
A 


When  A  =  0,  this  becomes 


1  +  Js  +  aA  +  bA«  + 


\'ds=  Vdy"  +  dx^. 


PROP.  tvii. 

(127.)  To  express  the  differential  of  the  area  incl 
by  a  curvey  and  the  ordinates  of  any  two  points  upon  it^ 
Jimction  qfthe  co-ordinates. 

Since  the  arc  and  chord  p: 

incide  when  A  or  mm'  is  indefii 

diminished^  the  limit  of  the 

of  the  area  included  by  th 

dinates  and  the  arc  pp',  to 

included  by  the  ordinates  am 

chord  pp',  is  a  ratio  of  equ 

Let  da  be  the  differential  of  the  area.    It  is  evident 

when  A  =  0, 

pp'm'm^^  da 

h     ^  dx' 

pp'm'm  =  mm'  X  i(pM  +  p'm')  =  |A(y  +  tf), 
,  d^    h     d^y    A* 


M    M* 


But 


dx 


dr«   1.2 


> ' ' 


1 

...         ^  dy     h    ^d^y     h^ 
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fp'M'M_    ,   %     A      ^      A' 

"  A  -^+ ^  *  1.3 +^  •  i:^' • 


AVhei  A  =  0  therefore  we  obtain 


-=y,  •.■da=:  ifdx. 
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OF  CONTACT. 


y 


(1S8.)  Let  the  equations  of 
threeplane  curves  passing  through 
the  same  point  p  be 

■ml  let  these  equations  be  related 
to  ibe  same  axes  of  co-ordinates 
iv,  AX.    Let  the  co-ordinates  of 
Ibe  common  point  f  be  i/x,  and  let  y,  y,  j/"*,  be  wbat^ 
beiwnes  in  each  of  the  equations  when  x  becomes  :r  +  A. 
tet  Hn'  =  h,  and  p'm'  =y,  p"m'  =  y,  p^m'  =  y.     These 
niues  being  severally  expressed  by  Taylor's  series,  are 
h  *«  *' 


-  +  A, 


1.3" 


A    .        A« 


•  1.3.3 
1.3.3 ' 


Wlere  Ap  a„  -  ■  ■  ■  Bp  b»  •  •  •  •  c#  c,,  ■  •  •  •  express  the  soc- 
<!'SBive  differential  coefficients. 

Kue  the  first  terms  of  the  three  series  are  the  same,  ■h' 
OBJ  be  assumed  so  small,  that  the  order  of  the  magnitudes 
>f  the  t&ree  ordinates  y,  y,  y,  will  be  that  of  the  three  co- 
tffitisits  ^g  Bp  Cf  if  these  three  be  supposed  unequal  (9£.). 
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Thus  the  figure  is  represented  as  if  Aj  were  the  kyist,  aadcj 
the  greatest. 

If  the  same  negative  value  mm"  be  as«gned  to  hj  then^M^ 
order  of  the  magmtudes  of  y,  t/^,  j/^\  must  be  the  opposite 
of  that  of  A;,  B^  C;,  therefore,  of  the  three  pc»nts  p',  f",  if, 
where  the  curves  meet  the  parallel  to  the  axes  of  ^  throu|^ 
m'',  p'"  is  the  lowest,  and  f'  the  highest.  This  bdng  op^- 
posite  to  their  order  on  the  other  side  of  the  point  F,  it  is 
plain  that  the  curves  cross  each  other  at  the  point  f. 

(1^.)  It  therefore  follows,  that  the  position  of  the  curves 
in  the  immediate  vicinity  of  their  common  point  p  is  to.be 
determined  by  the  relation  between  the  magnitudes  of  the 
first  differential  coefiicients. 

If  two  (A;  and  b^)  of  the  three  coefficients  be  rendered 
equal  by  the  co-ordinates  of  the  point  p;  then  the  relative 
magnitudes  of  the  ordinates  y  and  y  are  to  be  determined 
by  As  and  B29  and  by  assuming  h  or  mm'  sufficiently  small, 
y  will  be  greater  or  less  than  y\  according  as  A3  is  >  or 
<  Bj.  In  this  case,  also,  jj^  is  at  the  same  time  greater  or 
less  than  bothy  and  y,  according  as  c/is  greater  or  leas 
than  the  common  value  of  Ay  and  b^.  These  conclusions  are 
evident  from  (92.)- 

Hence,  it  follows  that  if  c^  have  not  the  common  value  of 
Aj  and  B/,  the  curve  pp'"  cannot  pass  between  the  curves  fp* 
and  pp",  but  must  pass  either  above  both  or  below  both,  ac- 
cording as  Q^  is  >  or  <  the  common  value  of  Ay  and  By. 

The  curves  pp'  and  pp"  in  the  vicinity  of  the  point  i 
therefore  approach  each  other  more  closely  than  the  curve 
pp'''  can  to  either  of  them.  These  curves  are  said  in  thL 
case  to  have  contact  of  the  first  degree, 

(130.)  Let  us  now  suppose  that  the  point  p  as  such  tha 
its  co-ordinates  render  the  three  coefficients  Ay,  By,  and  Cy 
equal.  Then  by  diminishing  mm'  or  h  sufficiently,  the  ordei 
of  the  magnitudes  of  y,  y,  y,  will  be  determined  by  thai 
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of  the  coefficients  a^,  Bz,  C2,  and  the  three  curves  will  have 
ooDtact  of  the  first  degree.  In  this  case  the  change  in  the 
i^of  %  not  affecting  its  square,  produces  no  effect  upon 
ihe  order  of  the  magnitudes  of  y,  y,  y";  therefore  the 
prints  p',  p",  p"',  are  in  the  same  order  on  both  sides  of  the 
pmnt  p,  and  therefore  the  curves  do  tiot  cross  each  other  at 
diat  point. 

If  the  co-ordinates  of  p  render  Aj  =  Bai  the  order  of  the 
magnitudes  of  y,  y",  must  be  determined  by  that  of  A,,  b,. 
In  this  case  y  must  be  greater  or  less  than  both  t/  and  y, 
according  as  c^  is  greater  or  less  than  the  common  value  of 
i2  and  Bj.  Hence  as  before,  it  follows  that  no  curve  for 
irfaich  c,  is  not  equal  to  the  common  value  of  A,  and  B3  can 
pass  between  the  carves  pp'  and  pp"  in  the  immediate 
mnity  of  the  point  p.  The  two  curves  pp'  and  pp"  are  in 
this  case  said  to  have  contact  of  the  second  degree. 

If  the  co-ordinates  of  the  point  p  render  the  three  quan- 
tities A2)  B39  C29  equal,  then  the  three  curves  have  contact  of 
the  second  degree.  In  this  case^  as  the  sign  of  the  third 
torn  of  the  series  changes  with  that  of  7t,  since  it  involves  h\ 
Ae  order  of  the  magnitudes  of  y',  y\  y%  for  -I-  h  and  —  h 
are  opposite,  and  therefore  the  points  p'p"p'"  on  different 
ffldes  of  the  point  are  in  opposite  orders.  Hence  the  three 
cwves  cross  each  other  at  the  point  p.  Thus  contact  of  the 
Koond  degree  is  both  contact  and  intersection. 

(181.)  By  pursuing  this  reasoning,  we  may  conclude  in 
general,  that  if  the  co-ordinates  of  the  point  p  render  the  suc- 
cessive differential  coefficients  from  the  first  to  the  nth  in- 
dnave,  equal,  each  to  each,  no  curve  which  agrees  with  these 
^  a  less  number  of  differential  coefficients  can  pass  between 
™ena.     The  two  curves  are  said  in  this  case  to  have  contact 
^f  the  »th  degree.     If  the  contact  be  of  an  even  degree,  the 
"^  terms  of  the  two  series,  which  do  not  agree,  involve  an 
^^  power-  of  A,  the  sign  of  which  changes  with  that  of  Jt, 
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and,  therefore,  contact  of  on  even  degree  is  both  eontibt 
and  intersection ;  but  if  the  contact  be  of  an  odd  d^ree,  Ae 
fipst  unequal  terms  involve  an  even  power  of  h,  of  which  th* 
sign  does  not  change  with  that  of  h,  and,  therefore,  contact 
of  an  odd  degree  is  contact  without  intersection. 

(132.)  If  the  equatbns  I'ixy)  =  0  and  ^(ay)  ::£  0  be 
those  of  right  lines,  being  equations  of  the  first  degree  whii 
respect  to  the  variables,  all  the  differential  coeffidentft  after 
the  first  are  =  0 ;  therefore  the  series  end  at  the  seeoni 
t^ms.  It  follows  from  what  has  been  already  proved^ 
that  if  Ay  =  By,  and  Cy  be  not  equal  to  Ay,  that  the  second 
ri^t  line  cannot  pass  between  the  curve  and  the  first,  and 
if  Cy  becomes  equal  to  the  common  value  of  Ay  and  B^ 
the  two  right  lines  become  identical,  ^nce  the  tWo  series 
end  at  these  terms. «  Substituting  jzr'  —  ;r  for  A,  it  appears 
that  the  right  line  represented  by  the  equation  (Geoai« 

(26.)), 

meets  the  curve  at  p'  in  such  a  manner,  that  no  other  right 
line  passing  through  the  point  p  can  pass  between  it  and  the 
curve.  This  right  line  is  therefore  a  tangent  to  the  curvtf 
at  the  point. 

If  the  co-ordinates  be  rectangular,  -^is  the  tangent  of  tlie 

angle  under  the  tangent  line  and  the  axis  of  x,  Gebm. 
(15.) 

If -^  =  0;  the  tangent  will  be  parallel  to  the  axis  of  4?f 

and  if  ^  be  infinite,  the  tangent  is  parallel  to  the  axis  of  j<. 

For  the  values  of  the  subtangent,  and  subnormal,  and  ths 
equation  ol  the  normal,  see  Geom,  (323.),  ei  seq. 
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(183.)  For  a  curve,  whose  equation  is  of  the  fonn, 

y  =:  a  +  bx  ^  cx\ 
The  3erie8  fory  terminates  at  the  third  tetm,  and 

By  ==  i  +  ^4?, 

If  m  such  a  curve  the  coefficients  b^  and  B3  be  equal  to 
those  of  the  curve  T{xy)  =  0,  it  will  touch  this  curve  with 
contact  of  the  second  degree,  while  no  curve  of  the  same 
kind,  that  is,  whose  equation  is  of  the  same  form,  can  touch 
the  curve  F(j?y)  with  so  intimate  a  contact.  The  curve  is  in 
this  case  said  to  osculate.  The  nature  and  principles  of 
osculation  are  so  fully  explained  in  my  Geometry  {S5SJ), 
that  it  would  be  needless  repetition  to  enter  upon  the  sub- 
ject here. 

(134.)  The  curve  represented  by  the  above  equation  is  a 
parabola  (Geom.  Sect.  VII.)«  By  analogy  to  this,  a  class 
of  curves  represented  by  equations  of  the  form 

y  =z  a  +  bx  +  cjr*  +  da^. 


y  =:  a  +  bx  +  CX'^  ....  gX*^y 

are  called  parabolic  curves,  and  the  series  for  y  for  each  of 
them  terminates  at  the  (m  +  l)th  term,  all  the  differential 
coefficients  after  the  mth  being  =  0.  When  such  ciurves 
ha^  a  common  point  p  with  any  proposed  curve,  and  all 
Ae  terms  of  the  expandons  of  y  agree  with  the  correspond- 
ing terms  in  the  expansion  of  t/  for  the  proposed  curve, 
^y  are  called  osculating  parabolas.  In  this  sense  the 
<^Iatiiig  pairabda  of  the  first  order  is  the  rectilinear  tan- 
px^  The  osculating  parabola  of  the  second  order  is  the 
eommon  parabola.  The  osculating  parabola  of  the  third 
^iet  is  the  cubical  parabola,  and  so  on.  It  follows,  also, 
&om  what  has  been  $aid  (131*)»  ^h^^  osculating  parabolas  of 
even  orders  both  touch  and  intersect,  while  those  c^  odd 
orders  touch  without  intersecting. 
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(135.)  The  osculating  parabolas  furnish  means  of  n 
senting  geometncally  the  successive  terms  of  Taylor's  s( 
or  the  differential  coefficients. 

^^^  tfa  y-j^  ^3'  ^^*  ^  ^^^  ordinates  of  the  several  ( 
lating  parabolas  corresponding  to  <r  +  ^^  so  that 

h 


dy 
dy 


\' 


n^ 


1'^  dx^'  1.2' 


h      d^y 
\^  dx^ 


A«  ^d^y 


V 


1.2  ^  da?    1.2.3* 


'••yi-y  = 


y^-y\- 


yz  —  y%- 


dy    A 
'dx'\' 

dhj    h^ 


dx^     1.2.3* 


V 


dx^    1.2.3.  .  ..7j' 

Let  mm'  =  A,  and  p//  bein 
tangent,  let  pp",  pp'",  p//"',  & 
the  successive    osculating    ] 
bolas,  then  m'w,  w//,  jp'p", 
jpy  ,  &c.  are  the  successive  t 
of  Taylor's  series ;  and  if  d 
assumed  =  hy  then 
M'm  =  y,     mj/  =  d^, 
1.2(p'/)  =  d«2^,    1.2.3(iyy'0  =  d'i^. 
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(136.)  The  order  of  osculation  of  a  curve  of  any  proposed 
degree  depends  on  the  number  of  constants  which  enter  its 
equation  (Geometry,  353).  The  curve  of  the  second  degree, 
which  osculates  any  proposed  curve,  touches  it  therefore 
with  contact  of  the  fourth  order,  and  the  coefficients  of  the 
equation  of  this  osculating  curve  are  functions  of  the  con- 
stants in  the  equation  of  the  proposed  curve  and  the  co- 
ordinates of  the  point  of  contact.  Let  the  equation  of  the 
osculating  curve  be 

Ay*  +  Bxy  +  cx^  +  Dy  +  Eo?  +  F  =  0 ; 
the  species  of  this  curve  is  to  be  determined  by  the  quantity 
B*  —  4ac,  which  being  a  function  of  the  co-ordinates  of  the 
point  of  contact,  varies  from  point  to  point  of  the  proposed 
curve.  Suppose  y  eliminated  by  means  of  the  equation  of 
the  curve,  then  b*  —  4ac  becomes  a  function  of  x  alone. 
i'Ct  the  roots  of  the  equation 

B*  —  4ac  =  0 
*^  x/y  aP^  x'^'  •  •  •  •  At  the  points  of  the  curve,  which  cbr- 
^^pond  to  the  real  roots  of  this  equation,  the  osculating 
^^rve  is  a  parabola.  And  since  b*  —  4ac  changes  its  rign 
^passing  through  0,  it  follows  that  the  osculating  curve  on 
'^^e  dde  of  such  a  point  is  an  ellipse,  and  on  the  other  side 
^^  hyperbola ;  the  species  changing  as  often  as  there  are 
^^al  values  of  ^  corresponding  to  the  real  root  of  the  above 
^uation. 

If  the  roots  of  the  equation  be  all  ima^nary,  the  quantity 
^^  —  4ac  always  retains  the  same  sign,  and  therefore  the 
^^ficulating  curve  always  remains  of  the  same  species. 

If  the  condition  b*  —  4ac  =  0  be  fulfilled  independently 
of  ajj;  by  the  constants  of  the  given  equation,  then  the  oscu- 
lating curve  for  all  points  is  a  parabola. 

Similar  observations  may  be  applied  to  osculating  curves 
of  any  proposed  degree. 
Although  the  degree  of  contact  of  an  osculating  curve  of 
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$nj  iqpecieg  d^nds  on  the  noooiber  of  coii#lii|it9l0i]fdl  utta 
it&  equAtioo,  yet  it  mny  haj^ieil  at  parHctJar  poiulto  nf  tho 
gLYen  curye,  that  the  contact  i$  of  a  higher  dfgf^ee  tbili  flttl 
which  marks  iu  general  the  order  of  its  osculatkm*  Tbii 
^drcumstanpe  arises  from  an  additional  cBfferential  oodfidfnt 
of  the  given  curve  being  rendered  equal  to  the  cortespmtflimg 
differeatial  coefficient  of  the  curve  which  osculatea  it,  bj  dM 
pociiliar  values  of  the  co-ordinates  of  the  point  q£  coBtact- 
We  shall  soon  nwet  an  example  of  this. 


SECTION  XIII. 

Of  osculating  circles  cmd  evolutes. 

(137.)  The  most  remarkable  osculating  curve  is  the 
drcle. 

The  equation  of  the  circle,  involving  three  constant  quan< 
tides,  the  order  of  its  osculation  is  the  second. 

Let 

be  the  equation  of  a  circle,  whose  radius  is  r,  and  the  oo* 
ordinates  of  whose  centre  are  a't/.  The  first  and  seomd 
diffisrential  coefficients  are 


B^=  - 


Bo  =    - 


r2 


yx  being  the  co-ordinates  of  the  point  of  contact,  it  is 
sary  that  the  quantities  x\  y,  and  n,  should  recdve  sudi 
values  (130.),  that 

^/  ^  ^/J      Aj  =:  B2. 


W!f9^  JUmf        T9IS  DtFJPERSNTIAti  GAItOlfiillf  • 


unr 


To  idetemiuie  the  valuies  of  y,  ^^  and  s^  which  fulfil  them 
omditioiis,  let  the  values  of  b,  and  b,,  already  found,  be  buIk 
fl^tilted  for  them,  and  the  equations 

J^iiy  -  y)  +  (^  -  ^  =  0, 


give 


^  =y  + 


1  +  A/ 


A, 


[1]. 

[2], 
[3], 


or  siihstituting  for  Ay  and  Aj  their  values 

dy*+^     dy 
d^y         dx* 


a:'  =  or  — 


_        {dy''-\-dx'-Y 
"  d'^y.dx 

(1 38.)  The  equality  Ay  =  By,  which  ^ves 

sho^Ws  that  the  centre  of  a  circle  having  a  common  rectilinear 

toJ^gent  with  the  curve,  must  be  upon  the  normal  (Greom. 
825). 

1*he  radius  of  the  osculating  circle  is  generally  called  the 
fodita  qfcurvatwre.     (Geom.  335). 

(139.)  Since  y^  Ay,  and  As,  are  functions  of  x  by  the 
equation  of  the  given  curve  and  its  differentials,  it  is 
^9^t  thUt  y  and  ^  are  implicit  functions  of  x.  If,  there- 
fore, X  varies  by  assuming  the  values  corresponding  to  the 
^er^t  points  of  the  curve,  the  quantities  f/af  suffa*  con- 
sequent variations,  and  the  centre  of  the  osculating  ciscle 


128  THB  BIf  FKRBNTIAL  CALCULW*  8JMHK  MUh 

assumes  different  positions  accordingly.  The  locos  of  tins 
centre  is  called  the  eooltde  of  the  curve^  and  its  equatioik 
may  be  found  by  eliminating  x  by  the  equations  whidi  |^ 
^y  as  functions  of  or.     (Geom.  337,  338,  and  nptes). 

(140.)  Since  &*  =  dy"-  +  da?*  (126),  da  being  the  dif- 
ferential of  the  arc  of  the  curve,  ••• 

~^       d^ydx 

The  expressions  already  found  for  the  radius  of  curvature 

are  determined  on  the  supposition  that  x  is  the  independent 

variable.     To  obtain  its  value,  independently  of  this  hypp- 

d^y 
thetds,  it  is  only  necessary  to  substitute  for  -j^  (38), 

dxd?y  —  dyd^x 
d?         ' 
which  Vill  give 


or  E  =  — 


dxd'y  —  dyd^x^ 
d^ 


dxd^y  —  dyd^x 

If  s  be  considered  as  the  independent  variable  d(ds*)  =0^ 

•.•  dyd^y  +  dxd^x  =  0, 

Squaring  this,  and  adding  it  to  the  denominator  of  the 
above  value  squared,  we  find 

d^ 


a*  = 


[{d^yy  +  id^xy](dy^  +  di*) ' 
or  since  ds*  =  dy^  +  dx^y  \- 

ds' 


R  = 


V(d2j/)«+(d2a7)« 

This  expression  is  used  by  Laplace.  See  MecaniqU/t 
Celeste^  liv.  i.  chap.  2. 

Another  expression,  frequently  used  by  physical  authors 
for  the  radius  of  curvature,  is 
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da 

i^  being  the  angle  under  the  normals  through  the  ex- 
tremities of  ds.  As  ds  may  be  considered  coincident  with 
the  arc  of  the  osculating  circle^  it  is  evident  that  since  d(p  is 
the  angle  under  the  two  radii  through  the  extremities  olds, 
we  have  Rdf  =  ds, 

PEOP.  LVIlI, 

(141.)  To  determine  the  position  of  the  tangent  to  the 
eooitste  at  aw/ point  y'x'  corresponding  to  xy  upon  the  given 
cwriye. 

Let  the  values  t/x',  already  found,  be  differentiated  as 
functions  ota,  and  the  results  are 

dy  =  %  +  d — — ^, 

(W  =  dr  —  (1  +  Ay*)dir  -  Afil 

^Multiplying  the  first  by  a^  and  adding 

A/d^  +  dt'  =  Afily  —  A^dx ; 
but  c^  =  A|dLr,  •/ 

A,di/  +  da/  =  0, 

df/  1    _      da? 

da^ ""       A^   ""      dy' 

Hence  the  equation  of  the  tangent  at  the  point  t/a:^  is 

(y  ""  2/)^y  +  (^  —  a:^)dx  =  0. 
H^nce  the  normal  to  the  curve  is  tangent  to  the  evolute. 
^i  (fleom.  341). 


1+A,« 


190  THB  mVKB&SVTIAIi  QMJQXJhVI^         S^f*  IfWi 


PROP.  LIX. 


(142.)  To  determiiie  the  change  in  the  arc  qf  Af 
evolute  correspondmg  to  amy  proposed  change  in  the  nuKitf 
qfcy/rvature. 

In  the  equation 

»*  =  (y  -  y)*  +  (^'  -  ^)% 
y^  y,  and  xf^  being  functions  of  <r  already  detennined,  R  may 

be  differentiated  as  a  function  of  o?^  *.* 

RdR  =  (3/  -  y)(%  — dy)  +  (^  -  af){dx  —  (|«0> 

Substituting  for 7?  its  value  —  -^j  the  result  is 


j^-y  -^       dx 

du  dotj 

but  —■  =—  -T-7.    Making  this  substitution,  and  squaring' 

we  find 

or  dE*  =  iy*  +  dii^% 

•■•  dR  =  (dy»  +  da:'*)*, 
obsarving  that 

Hence  it  follows,  that  the  increment  of  the  arc  of  ^ 
evolute  is  equal  to  the  simultaneous  increment  of  the  xadjiai 
of  curvature,  and  the  property  from  whence  the  evolute 
has  derived  its  name  may  be  thence  deduced.  (Geometry^ 
342). 
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PROP.  LX. 

(143.)  To  determine  the  point  upon  any  curve  at  which 
\e  radius  (^curvature  is  a  nmximum  or  minimum. 

By  (137.), 

d$^ 


R  =  — 


d^dx' 

Differentiating  and  equating  the  result  with  zero^   we 
and 

(y  -  y)^y  -  3%#y  =  0. 

Substituting  in  this  equation  fory,  y^  and  the  differentials, 
their  values  as  functions  of  x^  the  roots  will  determine  the 
sought  p(Hntd. 

PROP.  LXI. 

(144.)  To  determine  the  points  of  a  curve  at  which  the 
WfUact  of  the  osculating  circle  is  of  the  third  degree. 

The  third  differential  coeiBcient  derived  from  the  equation 
<>f  the  osculating  circle  is 

^' "  ""  (3^-y)^*  ♦ 

Equating  this  with  -r^  derived  from  the  curve,  the  re- 

'■  sttltis 

^^^hk  equation  being  identical  yrith  that  found  in  the  last 
pix^3ition,  it  fpJ^ow$  that  the  contact  is  of  the  third  order 
U  ike  points  of  greatest  and  least  curvature. 


k2 
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SECTION  XIV. 

Of  asymptotes* 

{145.)  Let  the  equations  of  two  plane  curves  which 
infinite  branches  be 

F(^)  =  0,  F'(ipy)  =  0, 
y  and  f/  being  the  values  of  y  in  the  two  curves  corresp 
ing  to  the  same  value  of  x.  The  distance  betweer 
curves  measured  in  a  direction  parallel  to  the  axis  oi 
y  ~  y .  If,  as  X  increases  without  limit,  either  posit 
or  negatively,  the  distance  y  --  j/  diminishes  without  1 
but  vanishes  only  when  x  becomes  infinite,  the  infinite  br 
of  the  one  curve  is  said  to  be  an  asymptote  to  theo 
(Geom.  346). 

In  order  that  this  should  occur,  it  is  necessary  tha 
quantity  J/  —  y*  developed  according  to  the  powers  c 
should  contain  only  negative  powers  of  x.  For  if  it 
t^ned  a  positive  power,  y  ^  j/  would  be  rendered  in! 
by  X  becoming  infinite,  and  if  it  contained  a  term  i 
pendent  of  x^  it  would  be  finite  when  x  is  infinite. 

Hence  the  development  of  ^  —  y  must  have  the  fom 
^  —  y  =  Aor^  +  Br~*  +   .  .  .  . 

the  exponents  being  supposed  to  descend. 

It  follows,  therefore,  that  if  the  development  of  y  bj 
descending  powers  of  x  contain  any  positive  powers 
term  independent  of  Xy  all  these  must  also  occur  in  the 
velopment  of  y,  in  order  that  they  may  disappear  by 
tracUon.     Hence,  if  the  development  of  j/  be 

y  =  i>laf'  -f  s'a?^'  ••••»!  +  Ax"^  +  Bo?"^  •  •  .  • 
the  development  of  y  must  be 
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*  •  •  • 


y  =  A'jr"'  +  n^a:^ M  -f 

the  terms  which  succeed  m^  or  those  which  involve  negative 
powers  of  a?,  being  unrestricted. 

(146.)  Since  the  terms  of  the  development  which  succeed 
M  are  arbitrary,  it  follows  that  there  may  be  an  infinite 
number  of  asymptotes  to  the  same  curve,  and  that  each  of 
these  will  be  asymptotes  to  each  other.  The  most  simple 
asymptote  which  the  curve  admits,  at  least  that  whose  de- 
velopment is  simplest,  is  the  curve  represented  by  the 
equation 

y  =  A^X^  +  B^a^  +  •  •  •  •  M. 

The  curve  represented  by 

y  =  A'af^  +  B^a^'  +  •  •  •  •  M  -f  Aar« 
is  also  an  asymptote,  and  approaches  closer  to  the  curve 
than  the  former,  since,  by  increasing  /r,  it  is  manifest  that  t/' 
approaches  nearer  to  equality  with  y  than  y  does. 
In  like  manner,  the  curve  represented  by 

y  =  A^X^'  +  b'j;^'  +'•••»!+  Aa?"*  +  Bxr^ 

bas  asymptotism  of  a  still  higher  order  with  the  ^ven 
curve. 

(147.)  Thus  it  appears  that  there  are  orders  of  asym- 
ptotbm  in  some  de^ee  analogous  to  the  orders  of  contact. 
Curves  which  admit  asymptotes  are  sometimes  divided  into 
ij/perbolic  and  parabolic.  Hyperbolic  are  those  which  admit 
a  rectilinear  asymptote ;  parabolic  those  which  do  not. 

All  hyperbolic  curves  must  therefore  be  involved  in  the 


y  =  a'j?  +  b'  +  Aor^  +  Bar*  .... 
The  equation  of  the  rectilinear  asymptote  being 

y  =  a'j?  +  b'. 
If  a  =  1  and  b,  8U5.  =  0,  this  curve  is  the  common  hyper- 
bola. 

If  a'  =  0,  the  asymptote  is  parallel  to  the  axis  of  ^,  and 
tf  a'  =  0,  b'  =  0,  the  asymptote  is  the  axis  of  a;  itself. 
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(148.)  We  shall  now  give  some  examples  illustrative 
the  preceding  theory. 

Ex.  1.  Lety  =  ±  — («?«  —  a«)  .  Expanding  by  the 
nomiai  theorem 

y  =  ±  — X  +  ^ajT"^ 

Hence  the  curve  has  two  rectilinear  asymptotes  re| 
sented  by  the  equations 

^'  =  ±  — ar. 

See  Geometry  (282.). 
Ex.  2.  Let  yx  =  cS  \- 

Hence  the  asymptotes  are  the  axes  of  co-ordinates  tb 
selves. 

Ex.  8.  y\x^  —  a^)  =  ft*.     By  developing,  we  find 
y  =  ±  h^xr^  _f-  .  .  .  . 

X  =  ±  a  ±  T— J/"^  + 

Hence  the  axis  of  x  is  an  asymptote,  and  there  are 
other  rectilinear  asymptotes  parallel  to  the  axis  of  jf  i^ 
sented  by  the  equations 

^  =  ±  o. 
Inhere  are  also  two  hypetbolae,  yx  =  ft*,  and  yi*  =  - 
which  are  asymptotes. 

Ex.  4.  Let  y^  —  ^axy  +  a?*  =  0,  •/ 

^  =  —  a?  —  a  —  a^jT^  —  .  .  .  . 
There  is  a  rectilinear  asymptote  represented  by 

y  =  — .  tf  —  a;. 

Ex.  5.  j/*a?  —  /?a7*  —  a?  =  0.     Hence 

y^  •=z  px  +  a^x"^. 
Therefore  the  asymptote  to  this  cutve  is  a  common  {laral 
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(149«)  Tb&rt  %  however,  another  method  of  deterttthiitig 
wheth€fr  a  curve  admits  a  rectilinear  aslymptote,  which  is 
frequently  more  easily  applied  than  the  ^neral  ntothod 
already  given.  Let  the  equation  of  the  tangent  through 
any  point  ^ot'  on  the  curve  be 

(J/ -^')  - -^(^  -  ^)  =  0- 

Let  X  be  the  intercept  of  the  axis  of  x  between  the  origin 
and  the  point  where  the  tangent  meets  the  axis  of  x ;  and 
^t  Y  be  the  corresponding  intercept  on  the  axis  of  y.    It  is 
^ident  that  these  are  obtained  by  supposing  y  and  x  suc- 
cessively =  0  in  the  equation  of  the  tangent. 
Hence  we  find 

x^diZ—t/dxl 

j/Aaf  —  oidjf 
^=  J^       • 

In  these  quantities  let  oi  be  supposed  to  be  idcrcfased 
without  limit.  If  the  limits  df  x  and  y  be  finite,  they  will 
determine  a  rectilinear  asymptote. 

If  X  have  a  limit,  but  Y  none,  then  the  asymptote  is 
parallel  to  the  axis  of  ^  at  the  distance  x. 

If  Y  have  a  limit,  but  x  ncme;;  then  the  asymptote  is 
parallel  to  the  axis  of  x  at  the  distance  y. 

If  neither  have  a  limit,  or  if  their  values  arc  rendered 
unposdble  by  increasing  Xy  then  the  curve  has  no  rectilinear 
asymptote. 

If  in  the  limit  x  =  0  and  y  =  6  the  asymptote  passes 
through  the  origin,  and  its  direction  is  found  by  determining 

the  value  of  -r-  when  x   is   indefinitely  increased.      (See 

Geom.  346). 

These  concluaons  are  founded  upon  the  principle,  that 
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the  tangent  becomes  an  asymptote  when  the  point  of  contaet 
is  indefinitely  removed. 

(150.)   Ex.  1.   Let  yx  -\-  by  +  cx=i  0.    By  difiereo. 
tiating 

Hence 

y+c  y+c 


y=y + 


a^+b  af+b 


M  t/xf  — 

By  solving  the  equation  for  y^  we  find 

ex    _^  c 

^-"6+^ — T7T- 

X 

Hence,  when  x  is  infinite,  ^  =  —  c.    Also, 

which,  when  x  becomes  infinite,  ^ves 

Y  =  —  £?. 

In  a  similar  way,  we  find 

X  =  —  6. 

Hence  there  are  two  asymptotes  parallel  to  the  axes  of  oo- 
pr^nates.    G«om.  (1^.). 


/.  / 
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SECTION  XV. 

f 

Of  the  direction  of  curvature — Of  the  singular  points  at 
which  a  differential  coefficie^it  assumes  the  form  ^. 

(161.)  The  development  of  the  value  of  y  corresponding 
to  a?  -|-  A  by  Taylor's  series,  conducts  us  to  a  method  of 
determining  the  direction  of  the  curvature  of  a  curve.     Let 
y"  be  the  value  of  y  in  the  equation  of  the  tangent  cor- 
responding to  iT  +  A.     Hence 

_         dy     h       d^y     A«       d^y       h^ 

^  '^y^Tx'T^d^^'Tk^ix^'T^^ 

^     ^      dr*    1.2^di^    1.2.3 

Hence  y  —  y"  has  the  same  sign  with  t^. 

dhi 
Therefore,  if  y  andy  be  >  0, y  >y'  when  j;^>0,  and 

<   y    when    T^  <  0,  •.'  if  -t^  >  0,  the  curve  is  convex 

towards  the  axis  of  x^  and  if  -r—  <  0,  it  is  concave  towards 

the  axis  of  x.    In  like  manner,  if  y  and  y  be  negative,  it  is 
ooDvex.  or  concave  towards  the  axis  of  a?,  according  as 

g  <  0,  or  >  0. 

In  general,  therefore,  if  y  and  t~  have  the  same  sign,  the 

curve  is  convex  toward  the  axis  of  x ;  and  if  they  have  dif- 
ferent signs,  it  is  concave  in  that  direction. 
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(152.)  We  shall  now  consider  the  elFect  produced  upm 
the  curve  by  the  differential  coefficients  becoming  =£  0, 
or  =  ^. 

If  the  first  differential  coefficient  be  =  0,  it  has  been 
already  shown  that  the  tangent  is  parallel  to  the  axis  off. 
Such  points  are  therefore  thus  determined.  Let  the  dif- 
ferential of  the  proposed  equation  be 

Ap  +  B  =  0, 
p  being  the  first  differential  coefficient.    Let  the  values  of  ^ 
and  y  which  satisfy  the  equations 

B  =  0,     F(a^)  =  0, 
be  determined^  and  let  such  systems  of  values  be  selected  ^^ 
do  not  also  satisfy  a  =  0.     Such  systems  of  values,  if  real} 
determine  the  points  of  the  curve  where  the  tangoit    is 
parallel  to  the  axis  of  x. 

(153*)  If  the  second  differential  coefficient  =  0.  $iift<? 
in  the  equation  of  the  tangent  the  second  differential  c?^ 
efficient  also  =  0,  the  tangent  must  have  contact  of  tt* 
second  degree  with  the  curve.  Now,  since  contact  of  tl"* 
second  degree  is  accompanied  by  intersection  (131.),  it  Scpi 
lows  that,  at  the  point  thus  determined,  the  curve  pass^ 
from  one  side  of  its  tangent  to  the  other,  as  in  the  annex^ 
figure. 

Such  a  point  of  a  curve  i^ 
called  a  point  of  iriflexiony  and 
sometimes   a  point  of  coMrari/ 
jkxure. 

At  such  a  point  it  is  evident 
that  the  radius  of  curvature  be- 
comes infinite,  since  .the  seconi 
differential  coefficient  is  a  factor  of  its  denominator  (137.). 

(154.)  If  the  third  differential  coefficient  be  =  0,  the 
cutve  at  the  corresponding  point  hds  contact  of  the  third 
order  with  the  osculating  parabola  (134»)  of  the  jseeond  HFder; 
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And  in  like  manner^  if  the  nth  differential  coeffident  =  O5 
the  curve  at  the  corresponding  point  has  contact  of  the  nth 
degree  with  the  (n  —  l)th  osculating  parabola. 

(15d«)  If  several  successive  differential  coefficients  from 
the  nth  to  the  (n  +  p)th  inclusive  =  0,  the  curve  has 
flmtact  of  the  (n  +  p)th  order  with  its  oseulatiDg  parabda 
of  the  (n  —  l)th  order* 

The  efiect,  therefore,  of  any  combinations  whatever  of  the 
differential  coefficients  becoming  =  0  will  be*  easily  per« 
oeived. 

(156.)  Let  us  next  examine  the  curve  at  those  pdnts 
where  a  differential  coefficient  assumes  the  form  ^. 
If  the  first  differential  equation  be 

Ap  +  B  =  0, 
let  systems  of  values  of  the  variables  xy  be  selected,  which 
at:  the  same  time  fulfil  the  equations 

A  =  0^     B  =  0, 
F(ary)  =  0. 
Such  values  render  the  first  differential  coefficient  =  •^. 

In  this  case,  in  order  to  determine  the  true  value  of  p^ 
^t  will  be  necessary  to  proceed  to  the  second  differential 
^nation  (111.),  which  will  give  an  equation  of  the  form 

a'p«  +  b'p  +  c'  =  0 
to  determine  p* 

If  this  equation  be  not  fulfilled  by  its  coefficients,  its  roMs 
ffltlst  either  be  real  and  unequal,  real  and  equal,  ima^nary 
oriiifinite. 

'  JPirgi.  If  they  be  real  and  unequal,  there  being  two  un- 
equal values  of  the  first  differential  coefSdent  corresponding 
to  the  i^me  values  of  x  and  ^,  there  will  be  consequently 
two  tangents  to  the  curve  at  the  cofresponding  point  i  th^re- 
ibfe  two  branches  mui^  intersect  at  that  points  Such  a 
j^int  is  called  a  double  pomt, 

Secmdbf4  If  tiheTOOts  b^  real  and  equal,  there  is  but  one 
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value  of  the  differential  coefficient,  and  this  presents  no  pi^ 
ticular  circumstance  in  the  course  of  the  curve.  .   .  . 

Thirdly.  If  the  roots  be  imaginary,  the^  development  rh 
pi;esentingy  becomes  imaginary  for  both  +  A  and  —A,  and 
therefore  the  point  whose  co-ordinates  produce  this  effiad 
stands  alone,  insulated,  and  not  continuously  connected  witl^. 
any  part  of  the  curve.     Such  is  called  a  conjugate  point. 

The  case  where  a  root  is  infinite  will  be  investigated  in  th^^ 
next  section. 

If,  however,  the  equation  of  the  second  degree  for  p 
fulfilled  by  its  coefficients,  it  will  be  necessary  (111.)  to 
ceed  one  step  further  in  the  differentiation,  which  will  givc^ 
for  the  determination  o(p  an  equation  of  the  form 

Ay  +  p"/?«  +  c'i>  -f-  d"  =  0. 

If  the  roots  of  this  equation  be  real  and  unequal,  therms 
will  be  three  tangents  at  the  corresponding  point,  and  there--' 
fore  three  branches  of  the  curve  will  intersect  at  it.  Sudcri 
is  called  a  triple  point. 

If  two  of  the  roots  be  real  and  equal,  there  will  be  bu  V 

two  values  of  /?,  which  will  give  a  double  point >    If  two  bc^ 

imaginary,  or  all  be  equal,  there  will  be  but  one  real  valu^^ 

,  otp ;  in  which  case  the  course  of  the  curve  will  be  marl 

by  no  peculiarity. 

If,  however,  this  equation  also  be  fulfilled  by  its 
efficients  proceeding  to  a  fourth  differentiation,  we  shall 
an  equation  of  the  fourth  degree  to  determine  p  Its  rooi 
if  real  and  unequal,  determine  a  quadruple  point;  if  aUK 
imaginary,  a  conjugate  point;  and,  in  general,  as  many  as0 
are  real  and  unequal,  determine  so  many  tangents  to  branchei^ 
of  the  curve  which  intersect  at  the  corresponding  point. 

It  will  be  necessary,  therefore,  to  continue  the  differen— ^ 

tiation  until  some  equation  is  found,  which,  not  being  satis-^ 

^ficd  by  its  coefficients,  will  give  determinate  values  of/?.    J  3 

it  have  n  real  and  unequal  roots,  it  will  determine  a  mu^^ 
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tiple  point,  at  which  n  branches  of  the  curve  intersect.  K 
it  have  but  one  real  root,  no  peculiarity  marks  the  curve  at 
the  corresponding  point.  If  all  its  roots  be  imaginary,  the 
point  is  a  conj'ugate  point. 

(157.)  Let  us  next  suppose  that  the  co-ordinates  of  the 
pdint  render  the  second  differential  coefficient  =  ^,  In 
this  case  its  value  or  values  may  be  determined  like  those  of 
the  first  (156.). 

First.  If  it  have  several  unequal  real  values,  there  will  be 
as  many  values  for  the  third  term  of  the  development  of  y, 
and  therefore  as  many  different  values  of  y,  and  therefore  as 
many  different  branches  of  the  curve  passing  through  the 
corresponding  point.     Since,  however,  the  several  values  of 
y  agree  as  to  the  second  term  of  the  developments,  they 
will  all  have  a  common  tangent.     Such  a  point  comes  under 
the  class  of  multiple  points^  and  is  characterised  by  the 
number  of  branches  which,  thus  meeting,  touch  with  con- 
tact of  the  first  degree.     This  particular  species  of  multiple 
point  may  be  called  a  point  of  osculation  *. 
'  '  Secondly.  If  the  coefficient  is  found  to  have  but  one  real 
Value,  the  corresponding  point  has  no  particular  character. 

Thirdly,  If  all  its  values  be  imaginary,  it  is  a  conjugate 
pcMnt. 

Similar  conclusions  may  be  applied  to  the  succeeding 
differential  coefficients,  observing  that  the  contact  of  the 
l^ormdies,  which  form  the  point  of  osculation,  is  of  the 
<n  —  l)th  order,  if  it  be  the  nth  differential  coeffident 
^hich  has  the  several  real  values. 

(158.)  In  general,  therefore,  we  find,  that  in  order  to 
^termine  whether  a  curve  admits  a  multiple  point  at 
which  its  branches  intersect,  it  will  be  necessary,  P.  To 


Some  French  authors  call  it  un  embrassement. 
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find  the  valaes  of  ay,  ^vvbich  latiafy  the  eqoatiant  A  ak  €^ 
8  =  0,  f(^)  =  0.  SP.  To  determioe  the  oorvetpondBDg 
values  of  p.  There  will  be  as  many  intersecting  brwachM 
asp  has  real  values.  Ifp  have  no  real  values,  the  point  if 
a  conjugate  point 

In  order  to  determine  wheUier  there  be  a  pomt  of  omdic 
tion,  it  will  be  necessary  to  apply  a  similar  invesdgalioii  lo 
the  superior  differential  coefficients. 

It  is  obvious  from  what  has  been  already  proved  (181.]^ 
that  at  a  point  of  osculation  produced  by  multiple  valnea  ei 
a  differential  coefficient  of  an  odd  order,  the  branches  iota!- 
sect  as  well  as  touch ;  but  at  one  produced  by  a  diffisrentia] 
coefficient  of  an  even  order,  they  touch  without  inters 
section. 

It  may  happen  that  the  value  o(  p  in  any  of  theae  csasa 
may  be  infinite. 

We  shall  con»der  the  consequences  of  this  in  the  nex' 
section. 

(159.)  Ex.  1.  To  determine  whether  the  curve  repre 
sented  by  the  equation  ay^  —  oj^y  —  ba:^  =  0  has  a  multipl- 
point. 

By  differentiating 

(Say^  —  a^)p  -  ^x\y  +  6)  =  0. 
Hence  a  =  ^ay^^a?^  b  =  —  ix\y'\-h).  The  only  valuer 
of  xy  which  render  a  =  0,  8=0,  and  also  satisfy  th* 
equation  of  the  curve  are  a?  =  0,  y  =  0.  To  determine  th» 
value  of  p,  let  the  differentiation  be  continued,  and  w» 
find 

ayp'^  —  ^^i>  —  3D{y  +  J)  =  0, 
ap^  —  %xp  —    (^  4-  i)  =  0. 
The  values  a:  =  0,  3^  =  0,  fulfil   the  former  by  its  co- 
efficients, and  render  the  latter 


flp3 


-»=o.vp=yi, 
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nAMr  ^ving-  but  one  real  value  of  p,  the  pduit  is  not  a 
nmhiple  point. 
Ex.  S.  Let  the  equation  of  the  curve  be 
y  -  af*  +  ar*  +  3^y  =  0. 
By  differentiating,  we  find 

A.  ?=  %(%/*  +  8x*),    »  =  07(40?^  -  5^  +  e/i. 
The  only  values  of  x  and  j^  which  ^ati^fy  the  ^qoiitiwf 
A  =  0,  B  =  0,  as  well  as  that  of  the  curve,  are  J?  =  Q, 

:  Te  determine  p^  let  the  successive  differentiations  be 
tfeeted,  and  it  will  be  found  that  the  secpnd  aijid  third  dif- 
ferential equations  will  be  satisfied  by  their  coefiicients,  and 
that  the  fourth  becomes 

i»*  +  3p*  +  l=0, 
the  ipot^  of  which  being  impossible,  indicates  a  conjugate 
point.  ^ 

Ex.  3.  Let  the  equation  of  the  curve  be 

af^  -  2ay^  -  &aY  "  ^*^*  +  a*  =  0. 
^y  diiferentiating,  we  find 

A  =F  3ay(o  +j/\    B  ==  ^(a*,  —  ^*). 
The  only  values  of  ^  which  fulfil  the  conditions  A  =  0, 
^  =  0,  as  well  as  the  equation  of  the  curve,  are 

4 

X  =  +  ay   0?  =  —  ay   ^=0. 

To  determine  the  corresponding  values  of  /?,  we  proceed 

^o  the  second  differential  equation,  which  gives 

3a{a  +  2y)p*  +  2«*  -  &r*  =  0. 

2 
For  the  first  and  second  points,  therefore,  o  =  ±  — =,and 

for  the  third  ^  =  ±  Vy.     The  three  corresponding  points 
are  therefore  double  points. 
The  condition  b  ==  0,  and  the  equatioo;!  of  the  curve  are 
fulfilled  by  07  ss  0,  j/  =n  ^  which  values  do  not  fulfil 
A  =  0 ;  therefore  they  determine  a  point  at  which  the  tangent 
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is  parallel  to  the  axis  of  or.  The  same  oonditiohs  are  il» 
fulfilled  by  X  =  +  a,  j/  =  —  |a,  which  also  detamiai 
tangents  parallel  to  the  axis  otw,  ... 

The  condition  a  =  0,  and  the  equation  of  the  curve  aie 

fulfilled  by  y  =  —  a  and  x  =  ±  a  ^%  which  do  not  fidfl 
B  =  0,  *•*  they  indicate  two  points  at  which  the  tangents  lie 
parallel  to  the  axis  of  y.  To  construct  this  curve,  let  AX 
and  AY  be  the  axes  of  co-ordinates. 

Assume  af  =  ^a,  ab  =  —  s^ 
AE  =  +  fl,  and  AEf  =  -  flf 
AC  =  —  |a,  CD  =  +  a,  CD^=  -if 

AG  =  +  a  /v/2,  ag'  3=  —  a  V? 
GH  =  —  a  and  gW  =  —  a.  The 

I 

curve  is  placed  as  represented  ift 
the  diagram.     The  tangents  at 

the  double  points  b,  e,  e';  are  determined  by  p  =  ±  ^t 

2 
and  «  =  +  — n. 

It  is  not  necessary  to  multiply  examples^  as  the  student 
may  easily  supply  himself  with  sufficient  to  illustrate  tb^ 
general  theory.     The  following  curves  have  triple  points  - 

iT*  +2aa?*^—  fly  =  0, 

y  —  axjf'  +  ^*  =0, 

y  +  a:*  -  3(zy^  +  2fta?*y  =  0. 


SECTION  XVI. 

Of  the  singular  points  at  which  y  or  any  of  its  differenii^ 
coefficients  become  infinite. 


(160.)  We  shall  now  proceed  to  investigate  the  figiS^ 
of  a  curve  at  a  point  whose  co-ordinates  render  the  fimit  ^ 
any  subsequent  differential  coeflicients  infinite. 
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e  value  assigned  to  x  render  y  infinite,  the  first  ex- 
of  A  in  the  development  of  y  must  be  negative. (55.). 
case,  as  h  is  continually  diminished,  y  is  continually 
jd ;  and  when  A  =  0,  y  becomes  infinite.  Thus  it 
I  that  a  parallel  to  the  axis  of  ^  corres{)onding  to  this 
P  X  must  be  an  asymptote. 

e  origin  of  co-ordinates  be  removed  to  the  point  in 
n,  then  h  becomes  x^  and  the  result  immediately  fol- 
>m  Section  XIV. 

)  If  the  value  of  x  render  any  of  the  differential  co- 
;s  infinite,  rules  have  been  already  given  for  deter- 
the  successive  exponents  of  h  in  the  development  of 
.  We  shall  not  here,  therefore,  enter  into  any  re- 
I  of  these  methods,  but  assume  the  development  of 
n 

y  =  y  +  aA**  +  bA*   +  cA*  •  •  •  . 

me  of  the  exponents  a,  i,  c,  •  •  •  •  be  a  fraction  with 
I  denominator,  the  value  of  y  is  real,  whether  h  be 
-'.     Hence  the  curve  extends  on  both  sides  of  the 

•e  are  then  two  cases  to  examine,  1°.  Where  the 
tor  of  the  first  exponent  is  odd,  and  2^.  Where  it  is 

f  the  numerator  of  a  be  odd,  the  sign  of  a/***  changes 
at  of  hy  and  consequently  at  different  sides  of  the 
r,  the  curve  lies  at  different  sides  of  a  parallel  to  the 
r?  passing  through  the  point. 

iscasea>l^=0,v(132.) 

Tent  is  parallel  to  the  axis 
lence  there  is  an  inflexion 
is  represented  as  in  the 
1  figures,  the  first  when 
and  the  second  when  a  <  0. 


t  .      2 
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\ 

If  a  <  1,  •••  ^  is  infinite,  and 
ax 

the  tangent  is  parallel  to  the  ixk 

of  ^  (13^.).     Since  the  curveex* 

tends  on  both  sides  of  y,  nd 

crosses  the  parallel  to  the  axudf 

x^  the  point  must  bean  infienoOf 

as  represented  in  the  first  figure  when  a  >  0,  and  in  the 

second  when  A  <  0. 

2^.  Let  the  numerator  of  the  first  exponent  be  eveiu    In 

this  case  the  sign  of  kk*^  does  not  change  with  that  of  A}  and 

since  the  denominator  is  supposed  to  be  odd,  there  is  to 

one  real  value;  and  since  by  diminishing  A,  the  term  lit 

predominates  over  those  which  follow  it  (88.)^  if  '^  y  ^  ^ 

same  sign  for  a;  +  ^  ^nd  x  —  h.     Therefore,  if  a  parelUi 

to  the  axis  of  ^  be  drawn  through  the  point  xy,  the  curve 

lies  either  above  or  below  this  parallel  at  both  sides  of  the 

point  according  as  a  is  >  0  or  <  0. 

In  this  case,  if  a  >  1,  •.•  ^^=0, 

ax 

'.*  the  parallel  to  the  axis  of  xis 

a  tangent,  and  the  curve  is  tf 

represented  in  the    first  or  ie» 

cond    figure,   according  as  A  is 

>  0  or  <  0. 

If  a  <  0,  •••  —  is  infinite,  V 

the  tangent  is  parallel  to  the  axis 

of  y.     Hence  the  figure  of  the 

curve  at  the  point  in  questaonis 

as  represented  in  the  first  figiU< 

if  A  >  0,  and  in  the  seccmd  ^ 
A  <  0. 

If  the  first  exponent  a  =  1,  and  the  second  exponent  ht^ 
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iQ  odd  numerator,  then  the  position  of  the  tangent  pt  is  de- 
termined by  the  value  of  A;  and  since  the  sign  of  the 
neoad  term  of  the  development 
changes  with  the  sign  of  A,  it  fol- 
lows that  at  different  sides  of  the 
point  p  the  curve  lies  at  different 
aides  of  the  tangent,  as  represented 
iatbis  figure.  Hence,  in  this  case 
the  point  p  is  a  point  of  inflexion. 

The  second  differential  coefficient  in  this  case  =5  0,  if  the 
exponent  b  >  ^,  and  is  infinite  if  b  <  2,  Thus  at  a  point 
of  inflexion  the  second  differential  coefficient  may  be  either 
nothbg  or  infinite. 

If  a  =  1,  and  the  numerator  of  b  be  even,  the  succeeding 
exponents  not  having  any  even  denominator,  the  point  is 
Bmrked  by  no  peculiarity. 

(162.)  If  amongst  the  exponents  a,  6,  c,  •  •  •  •  is  found 
a  fraction  with  an  even  denominator,  then  a  change  in  the 
wgn  of  A  changes  1/  from  real  to  imaginary,  or  vice  versa 
If  +  A  render  all  the  terms  of  the  development  which  are 
sffected  by  such  exponents  real,  and  —A  imaginary,  the  curve 
extends  only  on  the  positive  side  of  ^,  and  is  excluded  from 
the  negative  side ;  and  if  —  A  render  them  real,  and  +  A 
ifflaginary,  it  is  excluded  from  the  positive,  and  only  extends 
upon  the  negative  side. 

If  +  A  render  some  terms  which  are  affected  by  such  ex- 
ponmts  imaginary,  and  —  A  others,  then  the  curve  is  ex- 
duded  from  both  sides,  and  the  point  is  a  conjugate  point. 

If  +  A  or  —  /a  render  all  the  terms  whose  exponents 
have  even  denominators  real^  each  of  such  terms  will  have 
two  real  values  for  every  value  of  A,  and  therefore  the 
iJumber  of  branches  of  the  curve  emerging  from  the  point 
ui  question  will  be  double  the  number  of  combinations  of 
^  powers.     The  tangent  to  these  branches  will  be  de- 

l2 
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termined  by  the  value  of  the  lowest  exponent  of  h.  If  it  be 
>  1,  the  tangent  is  parallel  to  the  axis  of  jr,  if  <  1,  it  k 
paraUel  to  the  axis  of  i/j  and  if  =  1,  its  position  b  deter* 
mined  by  the  coefficient  (132.). 

(163.)  Some  particular  cases  will  make  this  general  prb* 
ciple  more  apparent. 

1^.  Let  the  lowest  exponent  of  A  be  a  fraction  with  eii 
even  denominator  and  *.*  with  an  odd  numerator,  and  sufK 
pose  this  the  only  even  denominator  which  occurs  in  die 
series.     Then 


<? .  . 


y  -  ^  =  aA"  -f-  bK"  +  ch 
where  n  is  by  hyp.  even.  , 

In  this  case  +  A  renders  A**  real,  and  —  A  imaginary. 
First  If  A  be  real,  for  every  positive  value  of  A,  there  arc 


m 


two  real  values  of  aA"  with  different  signs ;  and  for  every 

m 

negative  value  of  A,  aA"  is  imaginary. 

Also,  if  —  >  1^  -^  =:  0,  •.•  the  tangent  is  parallel  to  the 

axis  of  J,  and  if  —  <  1,  ^^  is  infinite,  and  *.•  the  tangent   ; 

71  CUV 

is  parallel  to  the  axis  of  ?/. 

The  first  figure  represents  the 
curve  at    the   point   in    questkHi 

when  —  >  1,  and  the  second  whett  . 
n 

m 

—  <  1. 
n 

If  A   be   such   an   imaginary   quantity,   that   the  terfl^ 

m 

aA"  is  real  for  -  A,  it  will  be  imaginary  for  +  A,    Hence, 
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n  this  case  the  first  figure  is 

the  case  where —    >    1,   and 

n 

the  second  where  —  <  1. 

n 

If  A  be  any  other  species  of 


imaginary  quantity,  Ah*"  is  ima- 
ginary for  both  4-  h  and  —A,  •.*  the  point  is  conjugate. 

(164.)  If  the  first  exponent  be  an  integer  or  a  fraction 
whose  denominator  is  odd,  and  the  second  exponent  be  a 

,711 

fraction  — ,  whose  denominator  n  is  even,  and  that  no  other 
n 

even  denominator  occurs  in  the  series  but  n,  then 


m 


•    *    •    . 


^  -^  y  =z  aA«  +  bA'»  +  ch' 
The  position  of  the  tangent  is  to  be  determined  by  the  value 
of  fl  as  before. 


m 


If  B  be  real,  +  h  renders  A* 
«8l,  and  -  A  imaginary. 

Let  PT  be  the  tangent  as  deter- 
inined  by  the  term  aA^     Since 


m 


there  are  two  real  values  of  bA" 
^th  different  signs,  the  figure  of 
the  curve  at  the  point  p  is  this. 
If  B   be  such    an    imaginary 


m 


quantity,  that  bA*  is  real  for  -  A, 
«nd  •.•  ima^nary  for  +  A,  the 
figure  is  this* 

Such  points  where  two  branches 
^  at  opposite  sides  of  the  com- 
"''on  tangent  are  called  cusps  of  the  first  kind. 

If  B  be  an  imaginary  quantity  of  any  other  species,  the 
puint  is  conjugate. 
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(165.)  If  the  only  even  denominator  first  occurs  in  the 
third  term;  the  series  is 


m 


•    •    •    • 


■ 


y  -  y  =  aA*  +  bA*  +  cA"  +  dA" 
The  position  of  the  tangent  being  as  before  detovuned 
by  hh^f  let  the  curve  represented  by 

be  vi.  The  branches  of 
the  curve  evid^itly  lie  at 
difi^erent  »des  of  this  dure 
and  at  the  same  ^de  of 
the  tangent* 

Hence  if  c  be  real,  Ac 
curve  is  represented  as  in 
the  first  figure ;  and  if  ^ 


m 


be  an  Imaginary  quantity  which  renders  cA**  real  fiw  —  fh 
as  in  the  second. 

These  are  called  cusps  of  the  second  kind. 

It  is  evident  that  the  branches  in  this  case  touch  "V^th 
contact  of  the  second  order. 

If  c  be  an  imaginary  quantity  of  any  other  species  the 
point  is  conjtigate. 

In  general,  if  the  first  term  of  the  series  which  has  an  evC 
denominator  be  the  rth, 


m 


y  —  j/  =  aA«  +  bA*  •  •  •  •  qA«  +  Rft». 

Let  p^  be  the  curve  whose  equation  is 

2/'  —  ^  =  aA"  +  bA*  •  •  •  •  qA^. 

It  is  evident,  that  if  * 
be  not  an  imaginary  quaa* 

m 

tity  which  renders  rA*  in** 

ginary,  that  the  curve  wiB 

have  two  branches  emergio? . 

from  p,  which  will  lie  attb® 

same  side  of  the  tangent^  and  at  different  sides  of  the  curve  f^* 
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mce  the  point  p  will  be  a  cusp  of  the  second  Idnd,  and  the 

ure  will  be  as  represented   in  either  of  the  annexed 

Lgrams. 

En  this  case  the  two  branches  will  have  contact  of  the  rth 

ler. 


m 


If  B  be  an  imaginary  quantity,  which  renders  R(  ±  A)** 
aginary^  the  point  will  be  conjugate. 
It  is  unnecessary  to  pursue  the  examination  of  the  par- 
alar  cases  further.  The  student  will  easily  perceive  the 
isequences  of  a  combination  of  different  even  denominators 
the  exponents  of  the  series  in  multiplying  the  branches  of 
I  curve  passing  through  the  given  point,  as  well  as  the 
lers  of  their  contact  under  different  circumstances. 
(166.)  We  shall  conclude  this  investigation  of  singular 
ints,  which  the  importance  and  difficulty  of  the  subject,  as 
U  as  the  obscurity  of  most  elementary  writers  upon  it, 
ve  induced  us  to  render  somewhat  protracted,  by  giving 
e  student  some  general  directions  for  the  discussion  of  a 
rve  and  the  discovery  of  its  figure  and  peculiarities.  Let 
i  equation  be  F(xy)  =  0. 

I.  Solve,  if  possible,  the  equation  f(^)  =  0  for  either  or 
)th  of  the  variables,  and  determine  the  limits  of  the  real 
id  imaginary  values  of  each.  This  will  frequently  de- 
rmine  the  extent  of  the  curve  or  its  limits  in  the  directions 

the  axes  of  co-ordinates. 

II.  By  differentiating  the  equation,  having  previously 
ndered  it  rational,  if  necessary,  find  the  first  differential 
[uation 

Ap  +  B  =  0, 

which  the  quantities  a  and  b  will  be  rational  functions  of 
e  variables. 

III.  Find  the  values  of  ory  which  satisfy  the  equations 

F(ay)  =  0,     B  =  0, 
It  which  do  not  satisfy  a  =s  0.     These  will  determine 
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points  at  which  the  tangent  is  parallel  to  the  axis  of  x^  pKh 
Tided  that  the  substitution  of  a?  +  k,  for  w  does  not  remhr 
y  imaginary  when  k  is  assumed  indefinitely  small^  x  having 
the  particular  value  determined  by  these  equations.  If  this 
be  the  case,  however,  the  point  is  conjugate. 

IV.  Find  the  values  of  xt/  which  satisfy  the  equations 

T{an/)  =  0,     A  =  0, 
but  which  do  not  satisfy  b  =  0.     These  will  determine  the 
points  at  which  the  tangent  is  parallel  to  the  axis  of  Jf9 
subject  however  to  an  exception   similar  to  that  in  tli© 
former  case,  in  which  also  the  point  is  conjugate. 

V.  Find  the  values  of  a^,  which  satisfy  the  three  equa- 
tions 

f(j:^)  =  0,     A  =  0,     B  =  0, 
and  let  the  value  or  values  of  p  be  determined  as  in  (111*)' 
and  the  species  of  the  point  will  depend  upon  the  number 
and  nature  of  these  values. 

VI.  Apply  a  similar  investigation  to  the  second  and  suc- 
ceeding differential  coefficients,  and  in  these  cases  examine 
the  exponents  of  h  in  the  development  of  y,  and  singula*" 
points  will  be  found  by  the  principles  established  in  this 
section. 

VII.  Examine  the  sign  of  the  second  differential  co- 
efficient, which  will  show  the  direction  of  curvature. 

VIII.  Find  the  points  where  the  curve  meets  the  axes  of 
co-ordinates  by  determining  the  values  of  each  variable 
when  the  other  =  0. 

IX.  Let  each  variable  be  developed  in  a  series  of  cJe* 
Bcending  powers  of  the  other.  This  will  determine  the 
species  of  the  infinite  branches,  if  the  curve  have  any,  aO^ 
will  show  the  asymptotes,  curvilinear  as  well  as  rectilinear. 

X.  The  evolute  may  be  found,  which  frequently  indicate 
remarkable  properties  in  the  curve  itself. 

(167.)  Ex.  1.  To  determine  the  point  of  the  curve  who^e 
equation  is 


VI. 
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(y  -  a\^  =  (a;  -  V)\ 

he  tangent  is  parallel  to  the  axis  of  ^. 
ifPerentiating 

S(^  -  aydy  =  3(a?  —  hfdx. 


=  a,  this  becomes  infinite.     The  corresponding  value 
evidently  x  =  6.     Substituting  J  +  A  for  ^,  we 


(y  -  a)*  =  A', 

3 

L  numerator  and  denomi- 
re  odd,  and  |^  <  1,  the 
lose  co-ordinates  are  ^  =  a 
:  6  is  a  point  of  inflexion 
ted  thus. 


.  The  curve  represented 

-  yf  =  (^  -  af^ 
like  manner  be  shown  to 
point  of  inflexion  when 
md   iT  =  a,    represented 


.  To  determine  the  point  of  the  curve  represented 
quation 

iy  -  6)3  =  (^  -  d)\ 

the  tangent  is  parallel  to  the  axis  of  y. 
BPerentiating, 


dx      3     {y—by 
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y  =  b  renders  this  infinite,  and  the  corresponding 
of  X  \sx  =:  a.    Let  x  +  h  he  substituted  for  «,  an 
result  is 

y  =  ft  +  AT 

Since  the  numerator  of  tl 
ponent  is  even,  and  the  de 
nator  odd,  and  y  <  I9  the 
sponding  point  is  a  cusp  c 
first  kind  represented  thus. 


-V 


L- 


) 


Ex.  4  In  like  manner  it 
be  shown  that  the  curve  : 
sented  by  the  equation 
^  (J  -  y)»  =  («  -  a)« 

has  a  cusp  where  ^  =  ft  and  . 
«_     thus  represented. 


Ex>  5.  To  determine  the  point  of  the  curve 

(^  —  a  -  »r)*  =  (^  -  by, 
at  which  the  tangent  is  parallel  to  the  axis  of  ^. 
By  difierentiating 

|  =  i+Kx-6)-*, 

X  =  b  renders  this  infinite.     Substituting  ft  +  A  for 

the  original  equation,  we  find 

3 
j^  =  (a  +  ft)  -f  A^  +  A. 


Now  since  the  numerator  < 
first  exponent  is  odd,  and  tli 
nominator  even,  and  J  <  1 
point  is  as  in  this  figure. 
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Ex.  6.  Let  the  equation  be 

If  a?  =  a.  -T^  =  1,  and  -7^  is  infinite.     In  this  case  let 

ax         ^         ax* 

«  -I-  A  be  substituted  for  x  in  the  equation,  and  we  find 

5 

dy 
Since  -£,  =  1^  the  tangent  is 

inclined  to  the  axis  of  x  at  an 
angle  of  45°;  and  since  the  nu- 
merator and  denominator  of  the 
second  exponent  are  both  odd,  the 
point  is  a  point  of  inflexion. 

Ex.  7.  Let  the  equation  be 

1  3 

y  —  a  =  (j?  —  bY  +  ("^  —  J>Y' 

In  this  case  x  =  b  renders  all  the  difierential  coefficients 

infinite,   and  renders  y  =  a.     Let  6  +  ^  be   substituted 

for 


M',         • 


y  =  a+hJ  +  h^. 
Since  j-  <  1,  the  tangent  Is  pa- 
rallel to  the  axis  of  y ;  and  since 
the  denominator  of  the  second  ex- 
ponent is  even,  the  point  is  a  cusp 
of  the  second  kind. 
Ex.  8.  Let  the  equation  be 
(S^  +  a?  + 1)«  =  2(  1  -•  a:y. 
In  this  case  x  :=  1  renders  the  third  diiGerential  coefiident 
U)£nite.     Substituting  I  +  h{orXiWe  find 


I. 


y  =  -  1  -  4:^^  -I-  (-  Ay 
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In  thb  case  it  is  DeoesBaij  to 
take  h  negative,  in  order  thaif/ 
may  be  real;  and  dnee  the  ex- 
ponent of  the  first  power  of  itf 
unity,  the  tangent  is  inclined  fo 
the  axis  of  X  at  an  angle  wkie 
tangent  is  — ^.   Also,dncetheex- 

ponent  4  has  an  even  denominator,  the  cusp  is  of  the  fint 

kind. 

Ex.  9.  Let  the  equation  be 

5 

y  —  a  =  ^  +  ij7*  +  cj?^; 

the  third  differential  coefficient  becomes  infinite  when  d?  ss  0 
and  y=^  a. 


Substituting  0  +  A  f<Hr  d?, 
find 


by  the  principles  established,  tl*^ 
is  a  cusp  of  the  second  kind. 


SECTION  XVII. 

On  the  application  of  the  differential  caJcuitis  to  iJie  geO" 
metry  of  curved  surfaces. 


(168.)  A  complete  investigation  of  those  properties  o* 
surfaces,  which  are  discoverable  by  the  aid  of  the  differential 
calculus,  would  lead  us  into  details  inconsistent  with  th^ 
objects  of  the  present  treatise.  We  shall  therefore  in  this 
section  confine  ourselves  to  a  few  of  the  most  striking  and- 
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useful  applications  of  the  calculus  to  geometry  of  three  di- 
mensions. Students  who  are  desirous  of  prosecuting  the 
subject  further  will  find  it  in  its  fullest  details  in  the  second 
volume  of  my  Geometry. 

(169.)  An  equation  between  three  variables  represents  in 
general  a  surface.  Any  one  of  the  variables  (z)^  being  con- 
adered  as  a  function  of  the  other  two,  and  a  point  being  as- 
sumed upon  the  plane  xy^  the  corresponding  point  of  the 
surface  will  be  determined  by  the  equation  ^{xy^  =z  0. 

If  any  value  a:*  be  given  to  Xj  the  equation  f{x'i/z)  =  0, 

represents  the  section  of  the  surface  by  a  plane  parallel 

to   the  plane  (i/z)y  at  the  distance  (^).     In  like  manner 

}r(^acj/z)  =  0  and  ^{xy:!)  =  0  represent  sections  parallel  to 

the  planes  xz  and  yx  respectively. 

JSip{xyz)  =  t^  =  0,  the  partial  differential  equations  of  the 
first  order, 

du  ^         du  ^ 
du        ,    du 

are  those  of  the  sections  parallel  to  the  co-ordinate  planes  at 
the  distances  Zy  x,  and  y  respectively.  This  is  plain  from 
die  meaning  of  the  notation  (95),  and  from  the  preceding 
observations.  From  these  equations  the  equations  of  tan- 
gents to  those  sections  may  be  easily  determined. 

(170.)  If  z  be  considered  as  a  function  of  x  and  y,  and  jJ 
^  what  z  becomes  when  x  and  y  become  x  -{•  h  and  y  +  Jc, 
ktr'be  developed  by  Taylor's  theorem  in  powers  of  A  and 
h  the  result  will  be 

h'k         hk'  k* 
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Let  the  equatioa  of  another  surface  having  a  eoonti 
point  xyz  with  the  proposed  one  be  Tf{xyz^  35  0^  and  left 
be  the  value  of  z  corresponding  Xjq  x  ^  h  and  y  ^le,  *.* 
h  h  A2  AAr       ,  fc*  W 


1.2  '   ^1.2   '   ''M.^.S 

The  coefficients  of  these  series  respectively  b^g  the  si 
cessive  differential  coefficients  (96) . 

By  the  reasoning  used  in  (129),  it  follows  that  if 

A^  =  ttp       3j  ^  Of, 

no  surface  of  which  the  first  differential  coefficients  hs 
values  different  from  these  can  pass  between  them. 

Hence,  if  the  surface  F{xyz)  =  0  be  supposed  giveUy  a 
the  constants  of  the  equation  Y\xyz)  =  0  be  so  assumed 
to  fulfil  the  above  condition,  no  other  surface  y(a:^;s)  :s 
of  which  the  constants  do  not  fulfil  this  condition,  can  pi 
between  them.  The  surfaces  are  said  in  this  case  to  tou 
with  contact  of  the  first  order. 

Again,  if  the  constants  of  ^{xyz)  =  0  be  so  assumed  tJ 

A/  =  %     B^  =  6^, 

Aa  =  a^      Ci  =  Cp      B2  =  02* 

The  two  surfaces  touch  with  contact  of  the  second  ord< 
and  so  on. 

(171.)  It  is  obvious  that  in  order  that  the  surface  ^'{x^ 
having  a  common  point  with  the  given  surface,  may  at  tl 
point  have  contact  of  the  first  order,  it  is  necessary  tl 
there  should  be  at  least  two  independent  constants  in 
equation ;  in  order  to  have  contact  of  the  second  order,  th< 
must  be  five  independent  constants ;  and  in  order  to  ha 

contact  of  the  nth  order,  there  must  be  — ^ —   disposal 

constants. 
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(17S.)  The  equation  of  a  plane  through  a  given  point 
)eing  of  the  fprm 

(z  -  ^)  -^^(a:  -  ^')  —  q{y  — y)  =  0. 

[t  is  plain  that  for  it 

«i  =  p,    ft;  =  g. 
Hence  the  equation  of  the  tangent  plane  to  a  surface  at  the 
point  xy's/  is 

dz^  dJ 

(.-«')-^(x-x')-^(^-y)  =  o. 

,      dd     dz^  ... 

where  -rj,   -rr,  are  the  values  of  the  partial  differential  co- 
efficient corresponding  to  the  point  of  contact. 

(173.)  The  equations  of  a  right  line  perpendicular  to  this 
through  .the  point  x'y^z^  are 

d^ 

d^ 

which  are,  therefore,  the  equations  of  the  normal. 
Let  nx^  ny^  nz^  be  the  angles  under  the  normal  and  the 

axes  of  co-ordinates,  and  let  k  a=  \/ 1  +  ( -^J  +( Ji  1 

P  ?  1 

cos.  nx  =  -^— ,    COS.  nv=  -^-,    cos. ««  =  — . 

These  are  sometimes  expressed  otherwise. 
Iff*  =  F(a?y«)  =  0, 

du       du       dz 
dx   '    d«  ^  dx* 

du       du        dz 

'  _        •      ^^^ 

dff    '    dz  "^  dy* 
H^Doe  by  these  substitutions,  we  find 
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chJ  dti  M. 

1^  1^  lU 

COS. no:  =  — p,    cos.wy  =  -  ,-,    co^.nz  =  "-p, 

'-— (^'+ (^^  &)•• 

(174.)  Every  line  drawn  in  the  tangent  plane  through 
the  point  of  contact  is  a  tangent  to  the  curve ;  it  is  some- 
times useful  to  know  which  of  these  lines  is  most  incHned  to 
the  plane  ay.  This  is  evidently  that  which  is  drawn  per- 
pendicularly to  the  intersection  of  the  tangent  plane  with 
the  plane  ocy.  The  equation  of  this  line  may  be  found 
thus.  Let  s;  =  0  in  the  equation  of  the  tangent  plane,  and 
the  result 

^  +p{po  -  or')  -f-  q[y  -  y)  =  0 
is  the  equation  of  the  intersection  of  the  tangent  plane  with 
the  plane  xi/.  The  equation  of  a  line  through  ifj/  perpeu- 
dicular  to  this  is 

This  is  the  projection  of  the  sought  line  upon  the  plane  sgj 
and,  therefore,  with  the  equation  of  the  tangent  plane  repre- 
sents that  line. 


PROP.  LXII. 

(175.)  Tojind  the  equation  of  a  curve  described  upon  a 
given  surface  J  such,  that  the  tangent  to  every  point  qfti 
shall  he  the  tangent  of  greatest  inclination  to  the  plane  xy. 

By  differentiating  the  equation  of  the  projection  of  the 
tangent  of  greatest  inclination  upon  the  plane  ay^  we  find 

pdy  —  qdx  =  0. 
The  quantities  p  and  q  are  functions  of  xyz.     The  variable 
z  being  eliminated  by  means  of  the  equation  '^{icyz)  s=:  0  of 
the  surface,  the  quantities  p  and  q  will  becomie  functions  6i 
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and  y  alone.  This,  therefore,  will  be  the  differential 
uation  of  the  sought  curve.  To  find  the  primitive  equa<* 
n  will  require  the  aid  of  the  integral  calculus. 


PROP.  LXIII. 

( 176.)  To  determine  the  sphere  which  touches  a  turfbee 
^intimately  at  any  given  point, 

Liet  the  equation  of  the  sphere  be 

{x  -  afy  +  (y  -  i/^y  4-  (JS  -  s^^Y  =  R% 
fz  being  the  point  of  contact,  ^'[yV  be^ng  the  centre  of  the 
ihere,  and  therefore  r  its  radius. 

Since  this  equation  involves  but  four  disposable  constants, 
le  co-ordinates  of  the  centre  and  the  radius,  it  follows 
171.),  that  the  sphere  does  not  allow  of  contact  of  the 
econd  degree. 

The  differential  coefficients  of  z  considered  successively 
ts  a  function  of  x  and  y^  are 

x—af^  y'^y'^ 

in  order  that  it  may  have  contact  of  the  first  order,  it  is  ne- 
cessary that  these  should  be  equal  to  the  difierential  co- 
efficients p  and  q  derived  from  the  surface,  ••• 

(X  -  0^')  +  p{z  -  5/')  =  0, 

These  conditions  are  fulfilled  by  assuming  the  centre  of  the 
jphere  upon  the  normal  (173.),  which  is  therefore  the  locus 
if  die  centres  of  all  spheres  which  touch  the  surface  at  the 
)roposed  point. 

The  radius  of  the  sphere  is  still  undetermined,  and  there* 
}ire  may  be  so  assumed,  that  the  sphere  shall  touch  the 
irface  in  any  proposed  direction  round  the  point  with  con- 
ct  of  the  second  degree.    That  is  to  say,  if  a  section  of  the 
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surface  be  made  by  a  plane  pasnng  through  the  nomii 
any  given  direction,  a  sphere  may  be  found  which 
touch  this  section  with  contact  of  the  second  d^ree. 

Let  the  projection  of  this  section  upon  the  plane  j? 
found,  and  let  its  differential  equation  be 

dy  =  nidx, 

m  is  therefore  the  tangent  of  the  angle  which  the  tangei 
the  projection  of  the  curve  on  the  plane  a:y  makes  with 
axis  of  x\ 

As  our  inquiry  is  now  limited  to  the  points  upon 
plane  xy^  which  are  determined  by  the  above  equatioi 
and  y  cease  to  be  independent  variables,  and  their  in 
ments  are  connected  by  the  relation 

k  =  mJt. 

Substituting  this  value  of  k  in  the  development  of  z 
becomes 

2/  =  2  -f  (ai  +  rriBi)  y  +  (Ag  +  J^mci  +  m%)r-5+  • 

Let  the  value  of  z,  corresponding  to  a:  +  A  in  the  e( 
tion  of  the  sphere,  be 

h  h^ 

That  these  may  have  contact  of  the  second  order,  : 
necessary  that 

A|  =  A],       Bi  =  61, 

A2  +  2CiW  +  B^m^  =  fla  +  ^c^rn  +  h.^m* 

Of  these  equations,  the  first  two  have  been  already  shov 
be  those  of  the  normal  to  the  surface  of  the  point.  The  q 
tities  fl2>  Ci9  ^29  are  the  three  differential  coefficients  o: 
second  order  derived  from  the  equation  of  the  spl 
Hence 

_^  1  x  —  a:"       dz 
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^    x—af^      dz  _(j/—y)     dz 

'^^  -  ""  ^iri?/+  {z--2i^Y '  W 

where  a?'yj8f''  is  the  centra  of  the  sphere.    And  since 

x-^j^^  _  dz  ^ 


We  find 


1+;? 


f 


;«:• 


^'* 


Substituting  these  values  in  [1],  the  result  is 

^his  equation  determines  the  co-ordinate  z"  of  the  centre  of 
Ae  sphere,  which  being  known,  the  equations 

a?  —  x"  =  —  p{z  —  z''), 

^termine  jr'Jy". 
The  equation  of  the  sphere  being 

B*  =  (^  -  4^')2  +  (y  -yo'  +  (« -  z»)s 

by  substituting  for  (x  —  j/'),  (^  — -y)*  their  values,  we 
iiod 

B  =  (2  -  ;?")  •  vTTp*T^. 

The  ;spher9  thus  determined  has  contact  of  the  second 

order  with  any  curve  traced  upon  the  given  surface  through 

the  given  poini,  provided  that  the  projection  of  that  curve 

upon  the  plane  opy  has  its  tangent  itbrough  the  projection  of 

the  given  point  inclined  to  the  axis  of  x  at  an  angle  whose 

tangent  is  m. 

m2 
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PROP.  LXIV. 

(177.)  At  a  given  point  upon  a  curved  surface,  to  (fc- 
termine  upon  the  normal  the  limits  between  which  Ac 
centres  of  oil  osculating  spheres  lie. 

This  problem  may  be  solved  by  finding  the  values  of  »> 
which  render  r  a  maximum  and  minimum. 

To  simplify  the  investigation,  let  the  given  point  be  as- 
sumed as  origin,  and  the  axes  of  x  and  y  in  the  tangent 
plane,  the  normal  being  axis  of  z.     In  this  position  of  th^ 
co-ordinate  axes, 

4^  =  0,  j/  =  o,  z  =  o,   R  =  —  z\  p  =  0,  J  =  a 

Hence 

_  l-f/n«      ^ 

which  being  differentiated,  and  its  differential  =  0,  gives 

m^  +  -^ ?7»  —1=0. 

The  roots  of  which  determine  the  values  of  m,  which  giv^ 
the  greatest  and  least  values  of  r. 

Since  the  product  of  these  roots  =  1,  the  directions  of 
greatest  and  least  curvature  are   always  at  right   angles. 
Geometry,  vol.  i.  (34.). 

The  formulae  will  be  still  further  simplified  by  talung 
right  lines  in  the  directions  of  greatest  and  least  curvature  as 
axes  of  j/  and  «r.  In  this  case,  one  value  of  m  in  the  above 
equation  becomes  infinite,  and  the  other  =  0.  Hence 
Ci  =  0,  which  reduces  the  formula  for  the  radius  of  cur* 
vature  corresponding  to  other  values  of  m  to 


1+771 


2 


B  =     —  . 

A',  +  BaTW' 
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Let  r',  R'',  be  the  radii  of  the  greatest  and  least  oscu- 
lating  spheres.    Their  values  are  found  by  supposing  m  and 

—  successively  =  0,  ••• 
m  ■' 

r'  = ,      r'^  = . 

Hence  it  appears  that  the  radii  of  the  greatest  and  least 
osculating  spheres  are  the  reciprocals  of  the  partial  dif- 
ferential coefScients  of  the  second  order. 


prop.  lxv. 


(178.)  To  express  the  radius  of  any  osculating  sphere  as 
afmction  of  the  radii  of  the  greatest  and  least  osculating 
spheres,  and  of  the  angles  under  the  directions  in  which  they 

osculate. 

By  the  last  proposition, 


R  =  — 


Let  p',  p",  be  the  angles  under  the  directions  in  which  the 
sphere  whose  radius  is  r,  osculates,  and  the  directions  of 
the  osculation  of  those  whose  radii  are  r',  r".     Hence 
cos.*^'  _         1  _         1 

"^^  ="  SS^'      ""*-""  V      ^'  -  ""  I?' ' 
Making  these  substitutions  in  the  value  of  r,  it  becomes^ 
after  reduction. 


r'r" 


R  = 


r'  COS.«(p'+R"  COS.*(p"* 

Heiice,  if  the  radii  of  the  greatest  and  least  osculating  spheres 
and  the  directions  of  their  osculations  be  ^ven,  the  radius 
)f  a  sphere  which  osculates  in  any  given  direction  may  be 
bund. 
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PROP.  LXVI. 

(179.)  To  express  the  differential  qf  the  arc  of  a  curve 
related  to  three  rectangular  axes. 

By  reasoning  exactly  similar  to  that  used  in  (196)^  we 
find 

ds  =  ^dy^  +  dx'^  +  dz-. 


PAOP.  LXVIL 


(180.)  To  determine  the   eqyntions  of  a  tangent  to 
curve  related  to  three  rectangular  co-ordinates. 

It  is  evident  that  the  projections  of  the  tangent  upon  tl^ 
co-ordinate  planes  are  the  tangents  to  the  projections  of  tfa^ 
curve  upon   these   planes.      Hence  the  equations  of  iIk 
tangent  to  a  curve  passing  through  the  point  x^y's^^  are 

dz' 
^^  ""  ^'^  ■"  1^^^  -  ^)  =  0, 

^2/       dz! 
By  substituting  for  the  functions  -p-,    --p-,  their  values  de- 

rived  from  the  equations  of  the  curve,  the  equations  of  a 

tangent  through  any  given  point  may  be  found. 

(181.)  Cor.  1.  Let  tx^  ty,  tZy  be  the  angles  under  the 

tangent  and  the  axes  of  co-ordinates.     It  is  evident  that 

da^  dy  dz 

cos.ta  =  -j-^     ixts.ty  =  -v-5     cos.tz  ==  -p, 

where  ds  =  Vdy^  +  dx^  -f  dz^. 

(182.)  Cor*  %  Hence  the  equation  of  the  normal  plajr- 
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I  rough  o/y'jg',  or  a  plane  perpendicular  to  the  tangent,  is 

or  dt/ii^'-t/y  +  djif{x  —  ar')  +  d^(z  -  «')  =  0. 

(183.)  If  the  curve  be  not  a  plane  curve,  the  successive 
ngents  will  not  all  lie  in  the  same  plane.  The  plane  of 
ree  points  of  the  curve,  assumed  indefinitely  close  to  one 
lother,  is  called  the  osculaiing  plane, 

Bef,  A  curve,  which  is  not  all  in  the  same  plane,  is  called 
€rurve  of  double  curvature. 


PROP.  LXVIII. 

(184.)  To  determine  the  eqtiation  qftJie  osculating  plane 
a  given  point  upon  a  curve  of  double  curvature. 

Let  two  points  of  the  curve,  indefinitely  near  to  each 
Aier,  be  xyz  and  x^i/z!.  The  equation  of  a  plane  through 
icse  is 

a(^  -  y)  +  B(a^  -  .y')  +  c(z  -  z')  =  0, 
ie  point  ayz  being  considered  as  variable,  and  x'^^  given. 
In  order  that  this  may  be  the  osculating  plane,  it  should 
iss  through  two  points  contiguous  to  x^t/2^ ;  it  is  necessary, 
so,  that  its  first  and  second  differentials  should  equal 
lose  of  the  curve.  Let  the  equation  be  twice  differentiated 
ithout  assuming  any  independent  variable,  the  results 
ill  be 

Ady  +  hdx  +  ccbi  =  0, 
Ad*y  +  B#x  +  cd^z  —  0. 

A  B 

lence  eliminating  —  and  — ,  we  find 

h'lf^x  -  da/c^^)  {y  -  }/)  +  {dy'd'J  -  djdh/)  (x  -  x)  -f 

(dx-yy  -'  dyd'x')  (2  —  s^)  =  0, 
liich  is  the  equation  of  the  sought  plane. 


168  THE  DIFFERENTIAL  CALCVL17C.  SfiCT^  XVIt.' 

(186.)  Cor.  Since  the  condition  under  which  two  planes 
intersect  perpendicularly  is,  that  the  sum  of  the  products  of 
their  corresponding  coefficients  =  0,  the  osculating  voA 
normal  planes  are  at  right  angles;  for  (18^.)» 

dzWdy  -  dydV)  =  0. 


PROP.  LXIX. 

(186.)  To  determine  the  radius  of  curvature  to  a  gvoent 

point  in  a  cuive  related  to  three  rectangular  co-ordinates. 

ft 

This  problem  is  most  easily  solved  by  considering  the 
osculating  circle  as  one  passing  through  three  consecutive 
points  of  the  curve.  Under  this  point  of  view,  its  plane 
must  be  the  osculating  plane;  and  as  its  radius  passing 
through  the  given  point  must  be  normal  to  the  curve,  its 
centre  must  be  in  the  intersection  of  the  osculating  and 
normal  planes.  If,  therefore,  ^^/V  be  the  co-ordinates  of  its 
centre,  they  must  satisfy  the  equations 

dj/(y  -  y)  +  dx(x  -  ^)  +  dz{z  —  ;2')  =  0, 
y(«/  -  y)  +  x{x  -  ^)  +  z{z   -  ;^)  =  0, 
where 

Y = dzd^x — dxd^z^     x  =  dt/d^z — dzd^y^     z  =  dxd-y — dyd^x* 

All  circles  passing  through  the  given  point,  and  having 
their  centres  upon  this  right  line,  touch  the  curve.  In  order 
to  determine  that  of  most  intimate  contact,  let  the  inter- 
section of  two  consecutive  normal  planes  be  founds  and  the 
point  where  this  intersection  meets  the  right  line  thus  de- 
termined will  be  the  centre  of  the  osculating  circle.  To 
effect  this,  let  the  equation  of  the  normal  plane  be  dif" 
ferentiated.     Considering  .r'yV  as  constant,  which  gives 
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^y^y  —  y)  +  d'^[^  -  J)  +  dH(z  —  «')-.  ds*  =  0, 

rhere  ds«  =  dy^  +  d.r«  +  dz\ 
From  this  and  the  former  equations^  we  find 

,       (vdz — zdu)ds^ 

a  —  X  =^ , 

,        {zdx  —  xdz)ds'^ 

y-i/  = . 

(xdy—Ydx)ds^ 

X  —  z  =  — • 

D 

vhere 

D=(Ydz  —  zdy)d^a!  +  {zdx  —  xdz)d^t/  +  (xdy  —  Yda;)(fiz. 
Substituting  these  values  in 

R^  =  (x-^  xy  +  (2/  -  2/y  +  (2  -  ^os 
we  obtain 

^  _  [(xdy---Ydxy+(zdx  -  xdzY  +  (YdZ'-zdi/Y]ds* 

But  by  the  conditions 

xdx  +  Ydy  +  zdz  =  0, 

this  gives 

ds' 

R   =   — ===r. 


^hich  is  the  value  of  the  radius  of  curvature  for  a  curve  of 
double  curvature. 

If  ds  be  taken  as  the  independent  variable,  by  differen- 
tiating the  equation 

ds^  =  cfo/^  +  dx''  +  dz^y 
we  find 

dyd^y  +  dxd^x  +  dzd^z  =  0. 
This  being  squared  and  added  to  the  value  of  d,  gives 

D  =  ds^[{d^yy  +  (d^xY  +  (d^zy]. 
Hence  we  find 
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K   = 


See  Mecanique  Celeste,  liv.  i.  chap.  S. 

From  the  preceding  formulse^  those  of  plane  curves  may 
easily  be  deduced. 


PART  11. 


THE  INTEGRAL  CALCULUS. 


PART  II. 


THE  INTEGRAL  CALCULUS. 


SECTION  I. 

Fundamental  Principles. 

17.)  The  object  of  the  Integral  Calculus  is  the  deter- 
ion  of  the  primitive  function  or  equation  from  which  a 
differential^  or  differential  equation,  may  have  been 
id. 

e  primitive  function  is  in  this  ckse  called  the  integral 
i  proposed  differential,  arid  the  process  by  which  it  is 
nined  is  called  integration. 

ese  terms  "  integraP  and  "  integration'^  are  taken  from 
ifinitesimal  calculus,  and  have  their  ori^n  in  notions  of 
cience  not  consistent  with  the  rigour  and  purity  of 
smatical  reasoning.  As,  in  the  infancy  of  the  science, 
sntials  were  considered  as  infinitely  small  quantities; 
;  original  functions  from  which  these  differentials  were 
led,  were  taken  as  the  sums  of  the  infinitely  minute 
nts ;  and  the  process  by  which  these  primitive  quan- 
were  found  from  their  differentials,  was  looked  upon 
e  summation  or  integration  of  the  small  component 
,  and  the  operation  was  expressed  by  the  character  y 
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prefixed  to  the  differential,  thus,  Ja^dx,  as  the  imtial  d 
the  word  ^^  sum^  or  ^^  summation.^  Modem  mathematioiiBl 
have  reduced  the  science  to  more  rigorous  prindplesi  but 
they  have  retained  its  former  phraseology  and  symbols. 
Lagrange  alone  had  the  boldness  to  attempt  a  revolatkn, 
not  only  in  the  principles^  but  in  the  language  and  algorithm, 
or  notation  of  the  science ;  but  he  can  scarcely  be  conwiwifl 
to  have  succeeded,  at  least  in  the  latter,  since  all  mathe- 
maticians, almost  without  an  exception,  adhere  to  the  old 
symbols,  though  some  of  them  use  the  principles  and  rea- 
soning of  Lagrange. 

(188.)  According  to  the  language  of  Lagrange,  the  ob- 
ject of  the  integral  calculus  is  to  determine  the  primiHoi 
from  the  derived  function ;  or,  if  applied  to  equations,  tc 
determine  the  primitive  equation  to  a  given  derived  equa- 
tion. 

According  to  the  more  commonly  received  pfarasecibgy; 
this  branch  of  the  science  consists  in  the  determinatkn:  ol 
the  function,  of  which  a  given  function  is  the  differentia: 
coefficient,  or  the  equation,  which  differentiated,  would  pro- 
duce a  given  equation.  As  this  process  is  exactly  the  re 
verse  of  that  which  forms  the  subject  of  the  differanUa 
calculus,  so  the  rules  and  methods  to  be  used  in  it  mus 
be  discovered  by  retracing  our  steps  in  that  part  of.-lh 
science.  .       '.  • 

(189*)  We  shall,  in  the  first  instance,  confine  otir  attttt 
tion  to  those  differential  coefficients  which  are  functiont  o 
a  single  variable;  and,  as  in  the  Differential  Caleuln^  «n 
shall  successively  consider  the  cases  where  they  are  algcteai 
and  transcendental  functions,  algebraic  functions  beingf  di 
vided  into,  1^.  ration&l  and  integral,  ^,  rational  andjrac 
tional^  and  3®.  irrational ;  and  transcendental  intoi,  !**•  €tt 
pcnential,  2^.  logarithmic^  and  3°.  circular. 

Before  we  enter  upon  the  methods  of  integrating  thesi 
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functions,  it  will  be  necessary  to  lay  down  a  few  principles 
immediately  deriYnble  from  the  differential  calculus^  and 
which  may  be  considered  among  the  fundamental  principles 
of  the  integral  calculus. 

(190.)  L  As  an  independent  constant  connected  with 
any  function  disappears  by  differentiation,  so  it  should  re- 
appear by  integration.  Thus,  if  f'(x)  be  the  differential 
coefficient  of  f(x),  it  is  also  the  differential  coefficient  of 
f(x)  +  c,  c  being  a  quantity  independent  of  x.  It  is 
necessary,  therefore,  to  add  to  every  integral  a  constant* 
which  is  generally  called  the  arbitrary  constant,  because  its 
value  cannot  be  derived  from,  and  does  not  depend  on,  the 
differential  coefficient,  but  must,  if  discoverable  at  all,  be 
determined  by  other  means. 

(191.)  II.  If  the  value  of  the  integral  corresponding  to 

any  particular  value  of  the  variable  happen  to  be  known, 

the  value  of  the  arbitrary  constant  may  be  found.     For,  let 

Ae  integral  with  the  arbitrary  constant  be  f(^)  +  c,  arid 

suppose  that  it  is  known  that  the  value  of  the  integral  is  a 

'^hen  the  variable  x  is  =  at,  •••  a  =  F(a)  +  c.     Hence 

^  ^  A  —  F(a),  •.•  the  integral  is  Y{ac)  —  v(a)  +  a. 

If  the  value  (a)  of  the  variable  which  renders  the  integral 
^^^^^  0  be  known,  the  integral  is  F(jr)  —  F(a). 

(192*)  III'  As  a  constant  factor  of  a  function  is  not  af- 
*Wcted  by  differentiation  (18,),  so  neither  is  it  affected  by 
^'^^tegration.  Thus,  if  f'{^)  be  the  differential  coefficient  of 
•^^x),  ksf{x)  will  be  the  differential  coefficient  of  AF(a'),  or, 
^cxording  to  the  symbols  of  the  integral  calculus, 

jA.-v'{x)dx  St  Afo\x)dx^ 
-^  being  a  quantity  independent  of  x, 

(196.)  IV.  As  the  differential  of  b  function,  which  is  the 

^dgebrucid  sum  of  several  functions  of  the  same  variable,  is 

'^Vie  sam  of  the  differentials  of  these  functions  (17.),  so  the 

^x^tegral  of  the  sum  of  several  differentials  of  functions  of  the 

^same  variable  is  the  sum  of  the  integrals  of  these  differentials. 
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Thus, 

f¥^\x)dx. 

(194«.)  V,  As  the  differential  of  the  product  of  twofiin^ 
tions  of  the  same  variable  is  the  sum  of  the  alternate  prc:^ 
ducts  of  each  function  into  the  differential  of  the  other,  s^ 
the  product  of  two  functions  is  equal  to  the  sum  of  the  in- 
tegrals of  each  function  into  the  differential  of  the  other." 
From  this  principle  an  important  method  of  integrftticM 
is  deduced.  Let  xx'  be  two  functions  of  jr.  Hence 

xx'  =yxdx'  +yxWx, 
'.'jxdji'  =    xx'   --Jx'dx. 

By  this  equation  the  determination  of  one  integral  ykdx'  is  • 
made  to  depend  on  another,  viz,  J*x'dx,  -  Numerous  in-  - 
stances  of  the  efficacy  of  this  method  will  appear  hereafter. 
It  is  called  integration  by  parts. 

(195.)  VI.  A  similar  method  may  be  deduced  from  the 
form  for  the  differential  of  a  fraction  (23.). 

x        dx       xdyJ 


d- 


x!        x!        x'* 


X    ^     dx  xdx! 

xdx'  __     dx        X 

This,  as  in  the  former  case,  makes  the  integration  of  one 
differential  depend  on  that  of  another ;  but  it  is  not  so  ge- 
nerally useful  a  formula. 

(196.)  VII.  As  the  differential  coefficient  of  a  power  is 
found  by  diminishing  the  exponent  by  unity,  and  multiply- 
ing by  the  first  exponent,  so  a  differential,  whose  coefficient 
is  a  power,  is  integrated  by  increasing  the  exponent  bj^ 
unity,  and  dividing   by  the  increased   exponent.     Thus— 

fKX^dx  =  r  +  c,  c  being  the  arbitrary  constant. 
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This  rule  extends  to  the  integration  of  all  differentials 
wHich  can  be  reduced  to  the  form  Ax^dx, 

Such  is  Ajr'*"-'(B  -f  c;r*)"'rfr ;  for  since  x^'-^dx  =  — dti""), 

n         ^ 

if  -r"  =  2,  •.•  x'^^dx  =  — dz.  •.•  Aa:*'-'(B  +  cx*Ydx  = 

-  (b  +  czydz, 
n 

Again,  let  b  +  C2  =  «/,  •/  cdz  =  dy.     Hence  we  find 
a^i:'*-'(b  +  cx^Ydx  =  — y'^dy^ 

A         7/'"+l 

•^  ^      *         '  wo    w+1 

1^   being  an  arbitrary  constant. 

(197.)  VIII,  The  preceding  rule  is  subject^to  the  ex- 

dx 
oeptionTor^dr,  or^^ — ;  the  value  of  this  being  fx  +  c, 

X 

c   l)eing,  as  usual,  an  arbitrary  constant  (190.),     Under  this 
also  come  all  those  differentials  which  can  be  reduced 


•■  .  dx      -,  dx 

^y  any  transformations  to  the  form  — .     Such  as 


X  x-l-a 

dlx-i-d)  dx 

A^ain, 

5x^_  5   .^^dx_  ^     d(&x^+l)_  ,  ;(3^  .  7)  .  ^ 

Here  it  may  be  remarked  in  generaJ,  that  when  an  in- 
^gral  is  a  logarithm,  the  arbitrary  constant  may  always  be 
*^troduced  as  a  factor  of  the  quantity  under  the  logarithm, 
^orin 

fY'{x)dx  =  l[f{x)]  +  c, 
*^t  the  constant  c  =  Za,  ••• 

/i^(x)dx  =  lf{x)  +  /a  =  2[a/(^)]. 
<198.)  IX.  From  the  differentials  of  an  arc,  considered 

N 
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successively  as  a  function  of  its  sine,  cosine,  ton 
tangent,  secant,  cosecant,  versed  sine,  and  coversec 
deduce  the  following  results. 

die 

■    =  COS.""*^?  +  c, 

dx 

/— ===  =  sec-^or  +  c, 

a?^/ir^  — 1 

da: 
— y^ — =  cosec.~'a:  +  c, 

dx 
f — ,     '     ■  =  ver.  ^nr^a  +  c, 

*-y*  ■       — •  =  cover.  sin.~'a7  +  c. 

(199.)  Some  of  the  preceding  integrals  may 
more  general  by  introducing  a  constant  coefficient 
plying  a  radius  different  from  unity.  The  st 
easily  perceive  that  these  modifications  will  give 
the  following  forms  : 

^       Adx  A    .         ,€07 

J  =•  =  — sm.-i —  4-  D, 

"^VB»  — C«^«         C  B  ' 

^      hdx  A  ex 

—  f- =   — COS.""^ 1-  D, 

_    kdx           A           ex 
f—1 r-:;  =  — tan.~^ h  D, 


B«+c*a;2       BC  B 

kdx  A  ex 

—————  z^  — —rot  — ^ — 
B*  +  C^JT"         BC  B 
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-,    Ada  A      ,B^  . 

/ —   •    =  — sec.""^ 1-  D, 

Adx  A        ,  B^   . 

—  /- — =  — cosec."* h  D« 

In  all  of  which  d  is  the  arlHtrary  constant. 


SECTION  II. 

Of  the  integration  of  differentials^  whose  coeffiderUs  are 

rationaijiinctions  of  the  variable. 

(200.)  All  rational  functions  of  x^  and  all  which  can  be 
i^uoed  to  rational  functions,  are  reducible  to  one  or  other 
^f  the  following  forms : 

u  =s  A^  +  B^  +  CJT*     •     •     •     •      [1]> 


•     •    • 


•       •       •       • 


V^-f  b'^'+  c'^ 
A.li  the  exponents  in  these  series  may  be  considered  as  in- 
^gers;  for  if  any  fractional  powers  were  found  amongst 
^tlcTD,  they  might  be  thus  reduced  to  integral  powers.  Let 
^  common  denominator  of  all  the  fractional  exponents  be 

^und,  and  let  it  be  j' ;  and  let  y  =  a:? ,   •,•  y^  =z  x,   and 


m 


^  =  j:!;  making  these  substitutions  for  w  and  its  powers, 
€  quantity  becomes  a  rational  function  of  ^,  and  since 
?  =  qi/^^dy,  it  will  continue  rational  when  multiplied  by 
)  value  of  dr.     This  transformation^  however,  is  not 
^ys  necessary  previously  to  integrating  the  formula. 
201.)    We  shall  first  consider  the  integration  of  ttdr 
m  u  has  the  form  [1],     By  (198.)  and  (196.), 
Aaf+^       Bj;''+^      caf+^ 

N  SJ 
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K  being  an  arbitrary  constant.  If^  however,  any  of  the  ex- 
ponents happen  to  be  —  1,  the  integral  will  .be  of  the  foria 
Mix  (197.).  This  integration  includes  all  cases  of  the  f(Mrm 
[1],  and  is  applicable  whatever  be  the  nature  of  the  ex- 
ponents. They  may  be  positive,  negative,  integral,  or  fiai^ 
tional,  no  previous  transformation  being  necessary. 

(202.)  To  this  class  may  be  referred  all  differentials, 
whose  coefficients  can  be  reduced  to  a  finite  series  of  the 
form  [1],  either  by  expansion,  multiplication,  or  any  other 
process.  If  the  series  [1]  were  supposed  unlimited  as  to  the 
number  of  its  terms,  all  differentials,  whose  coefficients  are 
capable  of  being  developed  in  a  series  of  powers  of  the 
variable,  would  be  included.  But,  as  this  would  not  give 
the  integral  in  a  finite  form,  we  shall  not  consider  it  here. 
It  will  become  the  subject  of  consideration  hereafter. 
(Sect.  VI.). 

All  differentials,  whose  coefficients  have  the  forms, 


^^  '  X^       '  X^ 


See.  &c. 


where  m,  m',  m",  -  -  -  -  are  positive  integers,  and  x,  x',  x*, 
•  •  •  •  functions  of  the  form  [1],  the  exponents  a,  6,  c,  •  •.-  • 
being  any  numbers  whatever,  may  be  integrated  by  the 
above  process.  For  they  may  be  reduced  to  the  form  [1] 
by  development  and  multiplication. 

(203.)  The  integration  of  differentials,  whose  coefficients  ___. 
come  under  the  form  [2],  presents  greater  difficulties.  If 
any  of  the  exponents  be  negative,  they  may  be  removed  by 
multiplying  both  terms  of  the  fraction  by  a  power  of  a?  with 
the  same  positive  exponent,  and  if  any  exponent  b^  frac- 
tional, it  may  be  made  to  disappear  by  the  transformatioa 
explained  in  (200.). 

Let  the  terms  of  the  niimerator  and  denominator  be 
arranged,  so  that  the  exponents  shall  descend.  If  the 
exponent  of  the  numerator  be  greater  than,  or  equal  to, 
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<]£  the  denominator,  the  fraction  may,  by  actual  division,  be 
resolved  into  two  parts,  one  of  the  form  [1],  and  the  other 
M}f  the  form  [2],  the  exponent  a  being  less  than  a',  and  thb-3 
exponents  being  arranged  in  descending  order.  The  dif- 
dferential  being  thus  resolved  into  two,  the  first  is  integrable 
T)y  the  method  already  explained.  The  second  may  be 
^resolved  into  as  many  fractions,  whose  numerators  are  of 
'^e  form  Aof^dx  as  there  are  terms  in  the  numerator,  and 
'^us  the  problem  is  reduced  to  the  integration  of  a  differen- 
ced, whose  coefficient  is  of  the  form 

A'iT^'-fB'a^'  +  c'a:^----' 

ti^  exponents  being  integral  and  positive,  and  a!  >  a, 

■  (204.)  Such  a  fraction  may  always  (see  note,  page  183) 
lie  reduced  to  a  series  of  fractions,  each  of  which  must  come 
UQ<)er  some  one  of  the  following  forms : 

Mdr  Mda:  ^(}iix-\-^)dx  (Mir+N)dlr 

Hence  the  problem  will  be  solved  in  general  when  methods 
or  integrating  these  four  forms  shall  have  been  explained. 

(S06.)  I.  To  integrate  the  first  form,  it  is  only  necessary 
to  observe,  that  dx  =  d^x  +  a) ;  and,  since  m  is  constant, 
by  (192)  and  (197), 

•>fe  =  "^(^+"^' 

Pl:>eing  an  arbitrary  constant. 
-  (S06.)  II.  In  like  manner  the  second  formula  is  integrated 

^y  considering  dx  =  d{x  +  a)  and  ^„  =  (x  +  a)"~*. 

Heiice  by  (196.), 

;  ^{x+ay         (n-l)(a? +«)*-»• 

(SOT.)  III.  In  the  third  formula  the  integral  may  be  re- 
^^Ivcd  into  two ;  thus, 
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'^    Since  Sjrrfjr  =  d(a?*)  =  d(jr«  +  a'),  it  is  obvious  the 
neglecting  the  constant, 


And  by  (199.), 


/-"T"; — s  =  —  tan.~^  — 


Hence  by  combining  these  results^  and  supplying  the^ 
stant; 

/— z-— -cir  =  4M/(jr«  -f  a«)  +  —  tan.-^—  +  c. 

(208.)  IV.  The  fourth  formula  may  be  resolved  into  t^ 
Mjr+N  ■,   ^  p  MjrAr  Nd:r 

«^a:*+a*)       "'•^(^*+a*)"  "*'*^(^+aT' 
The  first  is  easily  integrated  by  considering  that  %cdx 
dipc")  =  d(T*  +  a^).     Hence 

'^(j^'^+fl*)*     l-»^      "^    ' 

To  integrate  the  second  part,  it  will  be  necessary  to  bj 
recourse  to  the  method  of  indeterminate  coefBcieuts*     Lc 

Ndlr      _^        K^  dx 


K  and  L  being  indeterminate  quantities,  whose  values  n 
be  determined  thus.  Let  this  equation  be  differentia 
and  the  result  cleared  of  fractions,  the  factor  dx  hemg  si 
pressed.     Hence  we  find 

N  =  k(^*  +  a")  ~  2k(7i  -  \)x^  +  L(a:»  +  a*). 

Since  these  quantities  must  be  equal,  independently  ol 
we  have 

N  =  (k  +  L)a%     3k  +  L  -  2kw  =c  0. 

Hence  determining  k  and  l,  and  substituting  their  vali 
we  find 


%w. 


>hvi 


vjoiis 


?  thei 


c. 
into  trj 


irdrJ 


u 


c£i 
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(a:*+a*)'»      2(n-.  l)a*(^* +»*) 


+ 


(2n-S)N 


../;- 


dx 


67  repeating  this  process  with  the  latter  integral,  we  obtain 
an  expression  for  it,  depending  on  the  integration  of 

Aad  thus  the  process  may  be  pursued  until  the  exponent  of 
«*  !+  a*  shall  be  reduced  to  unity,  in  which  case  the  in- 
t^ral  is  reduced  to  Case  III. 

The  preceding  principles  contmn  all  that  is  necessary  for 
the  integration  of  differentials,  whose  coefficients  are  ratiomd. 
It  -will  be  perceived  that  their  integration,  when  Jractionalf 
depends  on  our  power  of  resolving  the  denominator  into 
Qmple  or  quadratic  factors. 

Note  on  Art.  (204.). 
(SO9.)  The  resolution  of  a  rational  fraction  of  the  form 


U   ^  A+BX+COJ*' 


^af 


tn— 1 


•   •   •   • 


m'jt'" 


Mito  a  series  of  fractions  of  the  forms  given  in  (204.),  being 
necessary  for  the  integration  of  rational  fractional  functions, 
^e  shall  here  explain  a  method  of  effecting  this  resolution. 

Rrst,  It  is  necessary  to  show  that  the  denominator  is 
d^ys  capable  of  being  resolved  into  real  factors  of  the 

forms, 

I.  (x  -h  a),  II.  (a  +  ay, 

III.  (a?'  +  a%  IV.  (a:«  +  ay. 

I.  If  the  roots  of  the  equation 

V  =  a'  +  b'j?  +  dx*  •  •  •  --Mlaf^  =  0 

^  all  real  and  unequal,  it  may  be  resolved  into  simple  and 

^■^  factors  of  the  form  (x  +  a). 
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II.  If  there  be  any  number  n  of  real  and  equal  hxits,  there 
will  be  a  factor  of  the  form  (x  +  a)*. 

III.  If  there  be  a  pair  of  imaginary  roots,  there  will  be  t 
factor  of  the  form  («*  +  pz  -\-  g),  p^  —  4gr  being  a  Degati?e 

quantity.     By  substituting  a?  —  ~-  for  sr,  the  form  becomes 

J7*  —  -7-  +  y ;  now  smce  p*  —  4^  <  0,  •.•  -  "^  +  J  >  0, 

let  it  be  expressed  by  a* ;  the  form  becomes  a?*  +  a*,  which 
is  the  required  form. 

IV.  If  there  be  n  pairs  of  equal  imaginary  roots,  there 
will  be  a  factor  of  the  form  {z^  -¥  p^  -¥  j)*,  p*  ^  4sq  bdng 
negative.     This,  as  before^  may  be  reduced  to  the  form 

{co^  4-  a^Y. 

(210.)  Let  us  first  suppose,  that  by  the  resolution  of  the 
equation  in  (I.)  its  several  roots  are  obtained.  If  they  be 
real  and  unequal,  let  any  one  of  them  be  —  a,  then  a:  +  a 
is  a  real  simple  factor  of  the  denominator.     Let 

V 

it  is  evident  that  q  is  an  integral  and  rational  quantity,  the 
highest  exponent  of  x  in  it  being  less  than  the  highest  ex- 
ponent in  V.     Hence  let 

u  A  p  ' 

V  ""  x+a       q' 

A  and  p  being  undetermined ;  but  a  being  independent  of  ;p, 
and  p  a  rational  function  of  r. 
Since  v  =  (a?  +  a)Q,  *.• 

u  =  aq  +  v(x  4-  a). 
In  this  equation  let  07  =  --  a,  and  let  the  corresponding 
values  of  the  functions  u  and  q  be  u  and  q.    Hence 


u 
a  =  — 


and 


SJECT«:  II.  THE  IKTECBAL  CALCULUS.  185 

U— Aft 


P  = 


x-\-a* 


w^liich,  since  a  has  been  determined,  is  known  by  actual 
dii^idsion. 

This  method  cannot  fail,  if,  as  has  been  supposed,  the 
eqiiadon  v  =  0  admits  no  other  root  =  —  a,  for  in  that 
ojuse,  ^  =  —  a  cannot  render  a  =  0,  and,  therefore,  renders 
A.  £nite  and  determinate,  except  when  —  a  happens  to  be  a 
rcM)t  of  the  equation  u  =  0,  in  which  case  a  =  0. 

Since  the  exponent  of  the  highest  power  of  a?  in  q  and  u 
is  at  least  one  less  than  in  v,  it  is  evident  that  the  exponent 
of  the  highest  power  in  p  is  at  least  two  less  than  in  v. 

iDce,  another  factor  x  +  d  being  assumed,  wet^an  find  ' 


p  a'  E 


Q       x+aJ       s ' 
pr^ovided  that  x  -\-  a!  is  not  one  of  several  equal  factors.  By 
proceeding  thus,  the  partial  fractions  corresponding  to  all 
the  simple,  real,  and  unequal  factors  of  v  may  be  deter- 
**iined,  so  that  we  shall  have 

u  A  a'  p' 


"^      ir,t  +  ••••  + 


V      x+a     x+a^  a" 

being  a  rational  function  of  ^,  in  which  the  highest  ex- 
tent cannot  exceed  m  —  n^n  being  the  number  of  simple, 
^*^al,  and  uneqiial  factors,  and  p'  being  likewise  a  rational 
*^nction  of  a?,  in  which  the  highest  exponent  of  x  cannot 
^^^^ceed  m  —  n  —  1.  As  all  the  real  and  unequal  factors  of 
have  been  disposed  of,  ol  can  only  admit  factors  of  the 
V>rms  IL,  III.,  and  IV. 

(Sll.)  We  shall  therefore  now  explain  a  method  of  find- 
£  the  partial  fractions  which  correspond  to  real  factors  of 
of  the  form  (x  +  ay.     Let 

A  Ay  A^  A||__]  P 


(x-Vay      {x^ay-^      (x-\'aY^  x'-^a       a 

Bj  reducing  these  to  the  same  denominator,  we  find 


u=Q[A+AXjr+a) A»«i(ar+a)"^*]  +  p(«+a)*, 

_  u->ft[A+AXJ?4-a) '  '  ■  *  A^^(x+a)'^^] 

Since  p  must  be  an  integral  function  of  x^  the  numerator  o 
this  expression  must  be  divisible  by  (x  +  a)*,  and  */  i 
becomes  ss  0  when  a?  =  —  a*  But  it  is  obyiously  redxxm 
ia  this  case  to  u  — -  oa.  Let  u  and  g  be  what  ir  and  a  be 
€ome  when  jr  =  —  a ;  hence  e^  —  a^  =  0, 

•••  A  =  — . 

Hence  the  quantity  u  —  qa  becomes  u a.    Now  sine 

this  is  divi$il)le  by  x  +  a,  let  the  quote  be  u'^  so  that 

By  applying  a  similar  process  to  this  fraction,  a^  may  b 
determined,  and  similarly  all  the  other  numerators,  so  tb£ 
the  partial  fractions  corresponding  to  the  case  of  equa 
factors  become  all  known. 

(S12.)  Methods  nearly  the  same  may  be  applied  to  th 
case  where  the  equation  v  =  0  has  imaginary  roots.  B 
the  transformation  indicated  in  (209.)  III.  and  IV.,  th 
denominator  will  be  divisible  by  a  factor  of  the  form  x^  4-<c- 
or  (x^^  +  a«)^ 

If  it  be  divisible  by  a  factor  of  the  first  kind,  let 

U         AX  +  B         p 

•/  \j  =  ci(ax  +  b)  +  t(x*  +  a^) 
Since  p  must  be  a  rational  function  of  or,  u  —  a(Ax  +  ^ 
must  be  divisible  by  x^  +  a*,  and  therefore  ought  to  becpip 
=  0  when  x  =  a^/  —  1. 


When  a  ^/  -«  1  is  substituted  for  «r  in  u  and  a,  they  mu^ 
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assume  ifae  forms  «  +  m' a/  —  1,  J  +  j' V  —  1.  And  there- 
fore we  have 

u  +  «^v/  -  1  -(y  +  g' vTri)(Aa>/=ri  +  b)  =  0, 

•/  tt  —  Bj  +  Aagf  +  V  —  l(w'  —  Aay  —  b^  =  0. 

And  since  the  real  and  imaginary  parts  must  severally 
=  0, 

t^  —  B  J  +  Aafjf  =  0, 

W'  —  Bg'  —    AflJ  =  0, 

'W'luch  equations  are  sufficient  to  determine  a  and  b, 

(213.)  Finally^  we  shall  examine  the  case  where  v  has 
several  equal  pairs  of  imaginary  roots,  and  therefore,  after 
liransformatioD,  admits  a  factor  of  the  form  («*  +  a^)\ 
Let 

u         Aor  +  B  Ayr+B/  P 

g-a[(Aj!+B)+(A/r+By)(^Hag)»-(A^iar+Bn-.i(jr'.fa^)^^] 

Since  p  is  a  rational  and  integral  function  of  jp,  (a:*  +  «*)" 
xuuBt  divide  the  numerator,  and  therefore  it  becomes  =  0 

''^len  a?  =  a  >/  —  1. 


By  this  substitution,  let  u  become  t^  +  >/  —  1  •  w'>  and 


«*  +v^-—  Iw'—  {y  +  V-l-?'}'  {Aav^-  1  +  b}  =0, 
'^hich  are  sufficient  to  determine  a  and  b  as  before. 

Having  thus  found  the  values  of  A  and  b,  upon  sub- 
stituting them  in  the  numerator  of  p,  the  term  u — a(Aar+B) 
becomes  divisible  by  a*  +  a\     Let  the  quotient  be  u',  ••• 

u'— a[A^+By+(A2a:4-B2)(a:*+a*) ] 


p  = 


The  vaJu^s  of  a^  b^,  may  hence  be  deduced  by  a  prqc^sa 
similar  to  that  by  which  a  and  b  were  obtsjped. 


1    ' 
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SECTION  III. 

Praxis  on  the  integratwn  of  differentials^  whose  coeffi 
are  rational  Junctions  of  the  variable* 


^  Adx                             da. 

(214.)  Ex.1.  Let  udx=  -j--»,  -.'fudx  =  Af-^ 

Let 

1                  M  N 


+ 


x^^a^      X'—a     x  +  a* 
•••  1  =  (m  +  N)a?  +  (m  —  N)a, 

1  1 

•••  M  +  N  =  0,     M  -  N  =  —,-.•  M  =  ^,   N  =- 

*    J?*— a«      ^alx-^a     x^ay 

^  hdx  Ar,,  .        ,,      .x">        A,X- 

Ex.  2.  Let  vdx  =  — — ^.     Since  a?^  —  5a?  + 

a?*  —  OtP-|-t) 


(a?  -  2){x  -  3),  ••• 


1  M  N 


a:*-5ar+6""a?-^  ^-3' 
•••  1  =  (m  +  N)a?  —  3m  -  2n, 
•/  M  +  N  =  0,     8m  +  2n  =  -  1, 

V  M  =    —  1,      N  =  1, 


*  It  is  to  be  understood  that  the  arbitrary  constant  is  o 
in  the  examples.  It  must  of  course  be  supplied  in  par 
cases  where  it  can  be  determined. 
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Adw 


liar  «2)  j, 


,— Ada? 


.aJo? 


■J': 


xdx 


ar*— 5a:+6 


=  .f- 


-3 


^-2 


o* 


^      ^    ^         ,          (2— 4ar)dar      ^^ 
Ex.  8.  Let  wttiT  =  — r 77".     Hence 

-  ^-(x*  —  X  —  2). 
Ex.  4.  Let  wdir  =  At — =••     The  factors  of  the  denomi- 

nator  are  j?  —  1  and  jt*  +  jr  +  1.  By  resolving  the  frac- 
tion into  two  by  the  method  of  indeterminate  coefficients^ 
we  find 

^a^dx    _  ^     dx    ^  ^    {x^\)dx 

^xdx  ,  ,  ^,  Ax—\)dx 

"•*->fcl  =  ^  ^"^  ""  ^)  ""  ^-/^ 


(^  +  i)*  +  f 


\'  dx  =  dz,     iT  —  1  =  ;2  —  I, 


restoring  the  values  of  2  and  a,  we  find 

^■i^^b:T  =  ^v^^*  +  ^+i  -  v^3tan.-i— T=-, 
l^H)  +T  -v/3 

..r^<ir           C        a:— 1  -  ,2/r  +  l7 

•.A5— -  =  '  ;  / r— _=:-.  +  v'S tan.-^  — -  { . 


v;  I  «   »   1 1 1 »  •  •  ♦ 
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E«.5.  Let«dr  =  g^-1^.    The 

this  case  may  be  resolved  into  the  factors  s  +  1  and  a^  + 
and  thence 

dx  xdx  dx 

•••yiMir  =  ^{x  -I-  1)  —  :^/(^  +  1)  —  itan -»jr, 
yittfe  =  ; J-  —  itan.-^a:. 

Ex,  6.  Let  udx  = ^    ^.3 (Zr,  by  (818.), 

__    —  So^dlr  rfd?  9xdx  dx 

\'udx  =  (^"Yji  +  j-^r[^3  +  (^«TT?  "^  (a^+i)«  ■*" 

And  since 

^2xdx  _        1  ^  2a:dr  1 


(^Hl)^""  ^(^^+1)^'  -^(^a+D^         ^+1* 
Also, 

P    dx     ^         X  3  /»    ^ 

•^^2+i)s  ■"  4(^«+i)2  "*■  ^•^(^+Ty*' 

P    dx      ^       X  I  r  ^""^ 


[x'^+iy    2(^«+i)  ^  ""-^^r^+r 

Hence  by  combining  these  results,  we  find 

>^^  =  4(^+1?  +  8(7«Tr)  +  V  tan -.r. 

wdx 
Ex.  7.  Let  W<r  =  — -7- .     By  division,  we  find 

dx       a         dx 
udx  =  -; 


b         b      a+bx^ 
\'Judx  =  -^  —  -jrlia  +  bx). 
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_  xdx 

Ex.  8.  Let  udx  =  , — tttv     Let  js  =9  a  -f  ix, 

•.•  dz  =  bdx. 
Multiplying  both  numerator  and  denominator  by  6% 
^  ,  1    ^  (z^a)dz       \  c        1        a  7 

•juax ^.  i—^- 

x"*dx 

Ex.  9.    Let  udiv  =   ; -r-r-o  i  if  fl  +  64?  =  X, 

(a  +  6x)* 

riie  following  integrations  may  be  easily  effected : 

x«  "      bx' 
^^xdx       a         1    , 

d:'dr      /.r*       2«*\  1        2a  . 

^x^dx      /a^      2ax^      9,a^x''     Aal\  1       405 

^    X*  "\36"  3F"*"     43     ""  65y--'jFlog.  X. 

Ex.  10.   Let  adir  = 


(a  +  bxf 
a  +  6j?  =  X, 

x»  ^ ""  26x^ 
^o^dr  _^       /a?        a  \  1 
x»    ""  ■"  V T  "^  267  X*' 

>a?*djr      /x*     gflj;'     \2a^x    W\  1      6a*  , 
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dx 


Ex.  11.    Let  udx  = 


aria  +  bxf* 
a  +  Ja?  =  X, 


<to     /     1       96  _3ft^^\  1  ^  3ft         ^ 


Ex.  12.    Let  t/dfl?  = 


a  +  ftx  =  X, 


d^     /U     56r     yj  \  1       1  X 

•^a:x*~\6a"^2a*+  a'  /^-^^°^'  x' 

dr      /     1      226    lOft^x     4ft  V\  1       4ft  x^ 

^ x'^^'^\    ax^ ^d""    a^    ""  "a*"A' "*"  «'    ^^'  ^' 

jir      / ^1_  .  ^     ^^'     25ft^x      lOft^jr'N  1 

^x^*~\    2ax*"''^-^"'"3a3  "^    a*    "^     a*    /x^ 


Ex.  13.  Let?^Jr  = 


a 


106* 


a  4"  ^^  +  ^^*  =  X,  4ac  —  b^  =  k, 


f^=f'^ 


X 


da;  _2cx  +  b    2c     dx 
^dx     /   \         7c    ,  36c'  .  35c^,„      ,  ..  ,  70c*  ^ 
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When  X  retains  its  signification  in  these  examples,  we 
ve  in  general 

dr_ 2^ __,     2cx+b 

lie  first  form  is  real  when  4ac  —  6*  is  positive ;  the  second 
so  when  4^ e  —  b^  is  negative.     Hence  there  arises 

I.  If  4ac  —  6*  hepositive  (4ac  —  6*  =  ft). 

T=7ft  "^"S.-^-^TF^^Tt  "°^-   2^^6 


:;7ft  ^^^-  ^:;7r' 


=  -77    cosec.~'r — r7='T7    ^s.^^o"": — 
Vft  2ca;+b     Vk  2^/cx 

_    2       .    _^2cx+b 

■"  VA;   ^'"*      2Vcx' 

1  ,(2c.r+A)Vft      1  ,/*       i\ 

=  —77    sin.""' p: =— r#    cos.""'  1  p^^ 1  h 

Vk  2cx  y/k  V^x       / 

1  ,(2c^+JV 
=  —77  ver.    sin.""* — :?; ^-. 

x/ft  2cx 

1  wheny —  vanishes  by  putting  a?  =  0, 

^ 2_  _^    xjs/k_  2  _j  2fl-h6a? 

•^    -^  v^ft  ^*"^'     g^+l^"-  ;7ft    '^''^-      "TTT 

-  A  -I  ^v^^x 

■~  Vft         '      2a+bx 

2  2Vax      2       .      ,   xVk 
=^  —7-  cosec.-*  — 77-  =-77    sm.-^*  ^-- — 

a/A:  ^rv'ft      \/ft  2y/ax 

2  ,  2a+fta? 

=  "Tj     cos.""*  -tr— , 

vk  2Va%^ 

1       .      ,  {,%ax^-bof^Vk       1  .      ,  fta:* 

^=  -—7    sm.""*  ^ =—77  ver.   sin.""*^^ — . 

Vk  2ax  */k  2ax 

II,  If  4ac  -    i*  be  negative  (6'  —  4ac  =  ft'). 

o 


K 
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and  when  die  integral  vanishes  by  putting  jr  =  0, 
cir_  1  (^4- V<0(2ca?+ft— >v/iSO 

In  both  kinds  of  integrals,  Vk  and  VA:'  may  be  i 
either  podtive  or  negative. 

Ex.  14.  Let  ticZa?  = 


a  +  bx  +  cx^  =r  X, 


dx  dx 

•^      X  "^      X 


Ex.  15.  Let  t<(/jr  = 


a  +  6a?  +  CA'*  =  X,  4ac  —  6*  =  Ar, 
xdx  ^       I         b      dx 

^    x^      \    2c     4cVx*     2c**^    x3' 
x*dx    f     x^     hx^     ax\  1      a*      da; 

Ex.  16.  Let  wdr  = 


af'Xa^bx^cx'-Y 
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dir_    1  1  1         t  .,  .    ^*     ,  b    Jdx 

b'      dx       hdx       b       dx 

dx_  _        1        46    ji^     7c    ^ 
a?*x*         aa7x'"'  a  -^  d?x*     a*^  x* ' 
P^f 1_       56  \1      /106S    ^/^ 

:  85fo     cfc 
56*     8c\  1  "I  1 


p^V L       &  _/56*     8c\  1  "1 


x« 


p3^    —  ^  lb      dx      6^      dr 

-fc-x.  17.  Let  udx  = 


a  +6-2?  +  CiT*  ==  X, 


•«^x5""8ax*"''6Vx»^4ix»x*+2«*x"*'2a«  ^^'  3^  ""^"^  "^ 
6       dlr        b       dx        6        dx       b    ^  dx 
"  2a«*^'x*" "" ^•^  x^      a^'^U"^"'  IT' 

/» ^^  __       1       5b  ^dx     9c     dx 
a?«x*""  ""flxx*     a  "^  ^x* ""  a*^  It*^' 

r^^(_  _L     3^\1      /156'    5c\     dr     «7bc     dx 

f^r L.      76       /76*     llc\l"l  1 

/356^_306c\     &     /636«c    33d«\  :    dr 


/>^>g  1        26      dr     3c      dip 

^^^5"'  "*4aar*x*"  a"-^^""  o"-^^^' 


o2 
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Ex.  18.  Let  ndx  = 


a  +  ba^  =  X, 

dx  _  X       9^    dx 
^  x«  ^4ax"*'ia*^ir' 

xdx  _  x^       1      xdx 
^  "x«"""iax     Sa*^  ~^ 

x^dx  _  x^       1      od^dx 
^    x«  '"4ax'*"ia^    x   ' 
^;r'dlr  1 


x«  4Ax' 

x^dx  x'^       1      d7(ir 

^1F^  ■"46i"^^^'x"* 

/• — J.  —  /^ 

•^     x«  46x     46*^     X    * 

Ex.  19.  Leti/dlr  =  — ^,  a  +  i;r^  =  x^ 

A. 


jT^dlr 


•^x^  ""\l6««"*"l6flyx«"*"8a2^  x  ' 

*^  x^  ~V3^«2+32^yx«"^32a2/ 

jc^dx  1 

-^"x^^^^S^' 
a^dx    f  x^       3^\  1         3       dx 

x'dx     /  sfi       ^^  \  1         1       a^dar 

x^dx     /  3jr7      ^   W       _3_^  ^^j^ 
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Ex.  20.  Let  udx  =  —r r--—, 

a  +  h^  =  X, 

jj?  _log.  ^  log.  X      1  ]     ,  -^  _       1  1        X 

^•x""     a  4ia    "'4ja    ^'  x  """40    ^'  J?*' 

dlar  _      1  6      a^dx 

aT^x ""     a^  a  "^     x  ^ 

da;  ^        1  6     xdr 

^x  "■  ""2a^« ""  "a  •^  IT' 

cir             1  i     <ir 

do;  _        1  *    /.^ 

ir^x  ~"     4flw:*  a  "^  xx' 

do? 1         6        6^      x^da: 

^dhi'^  "Tax^  cN:     c^ ^     x    ' 
cir            1  b         6*  ^dr 

Ex.  21.  Letwdx  =  aria+bjif'Y  ^  "^  ^-^^  =  ^> 
dx  _  1        1      dlr 
a?x*^4ax      a  *^  an/C 

air^x*""  \     oo:      ia^^/  x  '"4a^'^    x    ' 

A^'x*     \""2flw:«      4aVx      2a**^  x  ' 

dr  _/ 1_     76^'\1      76     d^ 

^x2""\     3ar^^l2a«/x      4fl«-^  x  ' 

a?*x '  ""  \    4aj*     2a V  x     a*  '^  a?x ' 

,^_/     _1_     ^    96V  \1     96*^ 
a:^x*'~\     5flw^     Sa^x        4a' /x      4a''^     x  ' 

P_^/ 1_       56       56^0?^  \  1      56«     j:d:r 

a:H''^\6aa/^^Qa^x^'^'W)x  ^^'"^  IT' 


/ 

/ 
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SECTION  IV. 

Oftke  integration  of  differentia^,  qfviifiich  the  coeficifnif 

are  irrational. 

(215.)  The  integration  of  differenti|ds9  of  which  tl^  co- 
efficients are  irrational  functions  of  t^e  variable,  ii,  in  g^ 
neral,  effected  by  a  transformation^  by  y{rhich  the  func^txa  is    : 
rationalised.     Such  transformations  ^ust  be  suggested  1^ 
the  expertness  and  addres3  of  the  anajiyst  rather  thap  by 
any  general  rules.     Our  knowledge  in  this  part  of  the  nt 
tegral  calculus  is  considerably  limited,  and  ihere  are  nu- 
merous classes  of  differential^,  the  in^egral$  of  which  hayp 
never  yet  been  assigned  under  a  finite  form.     In  the  pre- 
sent section  we  shall  attempt  to  reduce  tp  ^  fe>Y  compre- 
hensive  classes  the  principal  irrational  differentials  whLc^^^ 
have  been  integrated  in  finite  terms. 

I.  The  first  class  includes  the  elementary  differentials 

dx  dx  da; 


of  which  the  integrals  have  been  ^^ssigned  in  j[198.). 
XL  All  differentials,  whose  coeflicients  arc  of  the  form 

the   functional  sign  f  denoting  a  rational  function;  L^u' 
«,  by  c^'  '  '  '  being  any Jractions. 

III.  All  differentials,  whose  coefficients  arc  of  the  fbnr^ 

f(^,  :?^«,  x^  x% ). 

Where  f  denotes  as  before  a  rational  function,  and  x  i^  * 
ib action  of  x  of  the  form  a  +  bx,  and  the  exponents 
any  fractions. 
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IV.  Ail  differentials,  whose  coefficients  ooxne  under  the 
preoediDg  fonn>  x  denoting  a  function  of  ;r  of  die  form 

A  +  BX 
A'  +  B'.r' 

V.  All  di£Eerentials,  whose  coefficients  come  under  the 
form 

i^Jr,  (A  4-  Bar  +  cr*)*]. 

VI.  Differentials,  whose  coefficients  have  the  form 

ar*^*(A  +  Bar*)*, 
k  being  a  fraction.    These  are  called  Uiumial  differentials, 

VII.  Differentials,  whose  coefficients  are  of  the  form 

F(jr^%  x%  X*,  x% )  X  x*"*. 

Where  x  =  a  +  bzt",  and  a,  6,  c,  •  •  •  •  are  any  fractions. 

VIII.  Differentials,  whose  coefficients  are  of  the  pre- 
ceding form,  X  denoting  a  function  of  the  form 

A+Bar" 
A'+B'ar"* 

IX.  Differentials,  whose  coefficients  are  of  the  form 

or  X  F[a:",  (a  -h  Bjr**  +  cx^^Y\ 

In  all  these  classes  the  functional  sign  F  denotes  a  rational 
function  of  the  quantities  within  the  parenthesis  which  fol- 
lows it.  We  shall  now  proceed  to  explain  the  methods 
<>f  integration  used  in  these  cases  successively. 

(216.)  I.  The  first  class  needs  no  further  observation,  as 
^he  form  of  the  integrals  are  immediately  determined  by  the 
^differential  calculus.     (See  198.). 

(217.)  IL  The  differentials  of  this  class  are  of  the  form 

F(jr,  or",  a^j  a:*',  •  •  •  •)dx. 

They  may  be  rationalised  by  reducing  the  fractions 
^9  b,  c,  •  *  '  •  to  a  common  denominator.  Let  this  be  d, 
and  let 
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It  is  evident  alscv  that  x^j  x^,  jr^,  •  •  •  •  are  iategnl 
powers  of  z.  These  transfcHrmations  reduce  the  dilferentiil 
to  the  form 

f{)5^,  2f«',  2*',  .  •  .  .  \Dz^^dz, 

where  d,  a',  d',  </,•••  •  are  integers,     lliis  being  iidaiiilf 
may  be  integrated  by  the  rules  in  Section  II. 

(218.)  III.   The  differentials  of  this,  class  are  of  the 
fwm  , 

f(x,  x%  X*,  x%  •  •  •  ')dx. 

This  class  may  be  reduced  to  the  preceding,  thus, . 


X  .—  A 

+  Bjr,  • 

.'  X  = 

X— A 

B     ♦ 

• 

• 

•  dx  = 

• 

B 

Hence  the  diifFerentia 

oecomes 

B            t 

—  A 

X',- 

...] 

— F  ^x,  x%  x^   .  .  .   .    jdx, 


or 

B 

which  is  included  in  class  II. 

(^19.)  IV.  This  class  may  also  be  reduced  to  II.     F( 

A+Bor     ^      ^        A  — a'x 
a'  +  b'^  b  —  b'x 

ba'— b'a  , 

da;  =  7 TTT^x* 

(b — b'x)* 

By.  these  substitutions,  the  differential  assumes  the  fors^ 

f(x,  x%  X*,  .  .  .  .)dxj 

which  comes  under  class  II. 

(220.)  V.  This  class  of  differentials  is  not  rationali^^ 

with  the  same  facility  as  the  former.     It  will  be  necessary  ^ 

consider  two  cases,^  where   c  >  0  or  <  0.     If  c  =  0,  tfcc 

differential  comes  under  class  III. 

1^\   If  c  >  0,  let 

A  +  B.r  +  (\i^  =L  c(x  +  i/)'\ 
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-     A-By+cy* 


By  which  substitutions,  the  differential  becomes  rational. 
2®.  If  c  <  0,  let  a:',  jt",  be  the  roots  of  the  equation 

A  +  bj:  —  ca?^  =  0, 
Hence 

A  +  Ba;  -  cor*  =  —  c(a?  —  af){x  —  a:^).  ^ 

Let 


^  c(.r  -  ^  )(a:^  -  a:)  =i  (x  —  a:')cj/, 

t  is  obvious,  since  c  <  0,  that  the  roots  ^,  x^^  are  real. 

Under  this  class  are  comprehended  differentials  of  the 
>rnis 


f(j:,  ^/A  +  Gr')ir, 
F(a?,  -v/bo;  +  Qx^)dx. 
C'he  former  is  the  case  where  b  =  0,  and  the  latter  where 

(2^1.)  VI.  This  class  of  differentials  cannot  be  always 
■nationalised  by  any  known  methods.     In  some  cases,  how- 
ever, this  can  be  effected.     It  will  not  render  the  results  less 
general  to  cqpsider  the  exponents  m  and  7i  integers,  and 
w  >  0.     For  if  they  were  fractional,  let  d  be  their  common 
denominator.     After  the  transformation,  effected  by  sub- 
stituting z^  for  or,  the  exponents  would  become  integral ; 
and  in  Uke  manner,   if  n  were  negative,  by  substituting 

1  ^      - 

^  for  X,  the  exponent  of  z  under  the  radical  would  become 

>0. 
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If  then  m  and  n  be  con^dered  as  integers,  and  n  >  O^ 

UK 

the  formulA  may  be  raticHialised  whenever  either  —  or 
—  4-  £  is  an  integer,  whether  positive  or  n^ative.  Soce 
A:  is  a  fraction,  let  it  =  — ^p  and  q  being  int^ers. 

1^  If —  be  an  integer,  let  a  +  bx"  =j^^  '.' 

p 

WB    \     B      /  •^ 

By  these  subsdtutiuns,  the  diiSerential  becomes 

WB     -^  \      B     /  '^^ 

which  is  rational,  since  —  is  an  integer. 

2^.  If h  -^  be  an  inteeer,  let  a  +  bo;*  =  x"«'',  •/ 

n        q  °  ^ 


a;"  = 

A 

'2^-b' 

A  +  B^"  = 

(A 

p 

p 

p' 

(i/^-By^ 

x"^  = 

m 
A*^ 

Wl' 

(Z/'-b)" 
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m 


ATA  "2^^  J 

»y  these  substitutions^  the  proposed  differential  becomes 

a     2+L        wP+9-i 

irhich  is  rational,  since 1-  -*-  is  an  int^er. 

'  n        q  ^ 

(222.)  These  are  the  only  cases  in  which  methods  oS 
ationalising  binomial  differentials  have  yet  bee^oi  a^gqed, 
nd  are  therefore  the  only  cases  where  their  integrals  can  be 
obtained  by  the  methods  given  in  Sect.  II.  Integration  by 
»artSy  however,  furnishes  means  of  reducing  the  integration 
f  given  binomial  differentials  to  that  of  other  binomial  dif- 
srentials  with  lower  exponents;  in  which  case  the  final  in- 
Bgration  may  frequently  be  completed  by  analytical  artifice, 
n  general,  thep,  the  integration  of  the  formula 

nay  be  made  to  depend  on  the  integration  of  a  similar 
ormula  in  which  the  exponent  of  either  a;  or  x  is  less  than 
^  —  1  or  At.  It  will  be  necessary  to  consider  separately  the 
ases  where  the  m  and  Tc  are  positive  and  negative.  We 
ball  therefore  establish  the  following  equations : 
I.  Km  >  0. 

^n  which  w—  l,w  —  2,  m  —  3,  •••  •  being  successively 
substituted  for  w,  the  exponent  of  x  will  be  continually  re- 
duced. 

II.  If  k  >  0. 

a;'"x*          kuii 
faf^^yl'dx  =  -J — ; J-  y /i"»-^x'^-^£ii', 
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in  which  t  —  1,  A:  —  2,  &c.  being  successively  substitotod 
for  kj  the  exponent  of  x  is  continually  reduced. 

III.  If  wi<  0. 

'^  WA  l»A  "^ 

where  the  negative  exponent  of  <r  is  diminished. 

IV.  If*  <  0. 

j.mjj—At+1      m-^n — kn 
^  (A  — 1)»A    •(*  — J)aia'^ 

We  shall  consider  these  formulae  successively. 
(223.)  1^  Let 

/r»»-'x*rfx  =/x'dx"  =  x'x"  -yk^dx',  - 

where  x  =  a  +  bx^'. 

The  formula  ^'"""'x^cir,    may  be  put  under  the  form 
Jaf^^n^x^^^dx^  so  that  we  may  suppose 

x'  =  x'"-^,     dx"  =  x*ar"-'(ir, 


•.•  dx'  =  (m  —  n)x""""~^dXf     x"  = 


x*+i 


since  dx  =  «B.r'*""^eif.     Hence  we  find 


^m-n^A+i  W  — « 


"^  (A;-fl)7iB       (A:4-l)7iB*^ 

But 

X^+l  ==  x*X  =   X*(a  +    BX«), 

•.•  x*+'  =  AX*  +  Ba;"x*. 
Hence 

fx^-^^^x^+idx  =  A/x'^'-^-'x^dx  +  B/x"»-ix*fir. 
Making  this  substitution,  and  collecting  the  integrals 

(/i4-l)wB  ' 

•••yo;— ^x*dx  =  .-7— -     ,    -  A— ,— T-/''""""""*x^rf'«'-*-'L- 
•^  (A:n  +  m) b      ( A/i  -|- m ) b'"^  "-^ 
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lus  the  integration  of  the  giv^n  differential  is  made  to 
jend  on  that  of  the  differential 

[t  is  obvious  that  by  a  similar  process  the  integration  of 
$  last  may  be  made  to  depend  on  that  of 

1  by  continuing  the  process,  the  exponent  w  —  1  will  be 
jcessively  reduced  each  step  by  w.  If  w  l)e  a  multiple  of 
the  integration  will  by  this  process  be  completely  effected, 
'  the  coefBcient  of  the  integral  after  each  step  is  m  di- 
nished  by  a  multiple  of  n,  which  must  therefore  ultimately 
nish,  and  ttie  integration  will  be  completed.     This  is  the 

se  already  mentioned,  where  —  is  an  integer, 
his  formula  of  reduction  expressed  in  general  is 

*^  [kn -I- wi -  (r — 1  )n\ b 

(m— rw)A  -  ,   .  _ 

lere  r  is  the  number  of  reductions  which  have  been  made. 
(224.)  2°.  We  may  also,  without  difficulty,  obtain  the 
^ula  for  the  reduction  of  this  integral,  by  which  the  ex- 
tent of  X  is  continually  diminished.  This  may  be  thus 
«ted: 

X*  =  X*~^X  =  AX*~*   +  BX*~*a?", 

•.•7a?^-»x*d-r  =  A/a7«-'x*->fir  +  B/r«+"-ix*-'dar. 
»ut  by  [1],  we  find 


(Jen  +  w)b 
mA 


(kn-\'m)ir 
^tituting  this  in  the  preceding  equation,  we  find 

^F^x^  Jen  A. 

y^'^^ix*^^  =  ' 1-  7 faf^^K^-'cLr [21. 

Jcn+m     Jcn+m*^  "■  -* 

*y  the  successive  application  of  this  principle,  the  ex- 
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pohciit  of  X  may  be  diminished  at  each  step  <if  Ae  ^rdm| 
by  unity. 

(225.)  S**.  If  m  or  *  be  negative,  the  fommk?  [I]  or  pq 
will  not  effect  the  required  reduction,  for  the  exponeki6  lAl 
in  that  case  continually  idcrease.'  They  wiQ,  howe^eiry  bjr'a 
slight  change,  give  formulae  fitted  for  the  purpose. 

By  [1],  we  find 

Shibsdtnting  for  m  in  this  n  —  m,  we  find 

•^  mA  mA       '^ 

By  the  successive  application  of  this  formula,  the  exponent 
—  f?i  —  1  is  continually  diminished. 
(226.)  4P.  Also  from  [2],  we  find 

.     ,  ^x*      kn  +  m.      ,  ._ 

^  huA         knA"^ 

Substituting  1  —  fc  for  /:,  we  find 

rar-'x-^dxz=i  - — -^^ — faf^'xr^-^'dx: [* 

*^  (A;— 1)»A       (A;— l)nA"'  *^ 

by  which  the  exponent  k  is  continually  diminished. 
(227.)  V.  The  integration  of 

F(ar^'» ,  x°,  x^5  .  .  •   ')x*"-Hx, 

where  x  =  a  +  b^'*  is  effected  by  the  transformation 

x  =  2^ 

D  being  the  common  denominator  of  all  the  fractional  ^' 
ponents  a^b^c^  •  •  •  •     For  then 

z^^K         ,  ,         jyz^'^dz 
x^  =  ,  af^^dx  =  ' < 

B       '  7?B 

by  which  the  proposed  formuk  becomes 
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e  rf,  y,  •  •  •  •  are  integers.     This  is  rational  with  re- 
toz. 
28.)  VI.  The  same  formula  when 

A  +  BX" 


X  = 


a'+b'o?* 


be  rationalised  and  integrated  by  the  transformation, 


X  =  2^ 


esult  of  which  will  be  analogous  to  the  former. 
29.)  VII.  The  differential 


be  rationalised  by  putting  x^  =  z,  by  which  it  becomes 

1    2Lti-i 

— 2  "       .  F(;8r,  Va  +  bz  -f  Qz^)dZf 

h  comes  under  the  form  of  (V),  and  may  be  treated  as 
SO.). 


SECTION  V. 

^n  on  the  integration  of  differentials^  wlwse  co- 
efficients  are  irrational, 

L         * 

.  !•  Let  iidco  =  7— dr.     The  common,  deno- 

or  of  the  exponents  is  6,  •••  let  a?  =  js^, 

6z«(l  +  2>-z*)^ 

,  by  effecting  the  division,  gpives 

:  -ej  z^dz-z^dz^s^dz-^^7^dZ'^z^dz-\'dZ'-'  z ^  L 

^  being  integrated,  gives 
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V  2»       z^       /•       r^      z*  1 

fnia:  =-  6^ -g—  y- -g  +  y  - -3  +  «  -  tan.-^j 

Ex.  2.  lidr  =  — .  Let  z^=^a-\-bxy  •.•(iF=--r-,/ 

2 


7«dir  =  -T"  Va  +  ba;. 


dx 
Ex.  3.  wdjr  =  — .     Let  ««  +  6j?  =  2«, 

X  Va^  4-  bx 

9s:dz  =  6(ir,  and  x  =  — 7 — .     Hence 

0 

%dz 
uax  = 


which  has  been  integrated  in  Section  III.  Ex.  1. 

dx 


Ex.  4.  udx  =  - 


>/A+]6a7+c.i« 

1^  Let  c  >  0.     By  the  transformation  in  (^20.),  thi 
becomes 

^tdx  =  2>v/c —-, 

which  being  integrated,  gives 

Judx  = -K^cy  -  b)  =  — -  I 


-v/c  vc   ^qy-B 

After  substituting  for  y  its  value,  and  concinnating,  w< 
find 

fudx  =  -^  /  ]  2c.r  -f  B  +  ^Vcv'a  4-  Bar  +  c^«(. 
2^.  Let  c  <  0.  The  transformation  (220.),  gives 


/wrfa;  =  -/ 


C2/Hr 


2  - 

\'Judx  =  — =  cot."*A/c.^, 

a/C 
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2  ,  ^aP-^x 

\'Judx  =  — =cot.""*  —  . 

^c  ^x^af 

integrals  just  found  may  be  presented  under  di£- 

rms.    The  following  are  among  the  varieties  they 

Lime: 

/"hen  c  >  0, 

±  — ^  /  ^2cj?+b±2V'cv'TTbS?+c^  c [1]. 

•  =  0  rendersy?^  =  0,  then 
,      1     ;  2cX'{-B±9,v'cy/7T^xTco^  .__ 

yc  B±2>/Ac  ^  -■ 

\r  signs  being  taken  together,  and  also  the  lower, 
''hen  c  <  0, 

1  ZcX  •—  B 

Jiidx  =  — =r  sin.""' — .     .     *     .     [g] 


1           ,2\/CA/A+ar-ca?«  r.- 

=  — ^cos.-i —  •  .     [4], 

^/c  \/b«  +  4ac 

1           ,          2cr— b  -^- 

=  — :z  tan.-' — =r— ==  .  .     [6], 
v^c           S-v/c^/A+Ba;— ca:« 

1                ,2v/C\/A+Ba:  — Cd7»  _^_ 


1  ,  V'B^+^'AC 


=  — =  sec.*^ 


Vc  ^A/Cv/A+Ba?— car* 


i% 


1  _v'b»+4ac 

=  — =  ver.  sun.  ' — r-— ; •     •     [91. 

stant  should  be  introduced  when  these  are  applied  to 
ureases. 
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dx 
Ex.  5.  nix  =  —  .    In  the  preoedinff  examde 

c  =  1|  B  s  0,  and  a  =  ±  fl*,  •.• 


fudx  =  lZ{x  +  s^x^  ±  nfi)  =  l{x  +  V^  ±  a«)  +  « 
Ex.  6.  udx  =  — =..    In  Ex.4,  let  c  =  —  1,  b  = 
and  A  =  a»,  •.• 

X 

Judx  =  sin.""*—, 
this  is  one  of  the  elementary  int^raLs  in  (199.). 


Ex.  7.  fidx  =  -v/a*  +  «« •  Jar.    Let  Va*  +  a?*  =y  - 
•••  wdi  =  ffdx  —  a?dir,  \*Judx  ssj^dx  —  ^j:*. 
Substituting  for  dx  its  value,  and  integradng^  we  find 

\'fudx  =  Ja?>v/a«  +  a?«  4  ia*  +  fa«/(jr  +  >/«*  +  ^ 
•  Ex.8,  t^  = .  Thisisoneof theelemen 

integrals  (198.),  and 

Jiidx  =  cos.""^a?  =  ^. 
But  it  may  be  also  put  under  the  form 

,     =-  dx 

d(p^  -1  =     -, 

•••  by  Ex.  4,  putting  a  =  —  1,  b  =  0,  and  c  =  1, 

•••  ±  (Ps/  -I  =  l[x  ±  v^^  -  !]• 
Since  x  =  cos.  ?>,    v^  -  1  =  V  —  1  sin.  ^,  and 
J?  =  1  gives  <f>  =  0,  the  constant  =  0.     Therefore 


+  p  v^  —  1  =  /[cos.  p  ±  a/  —  1  •  sin.^]. 


±<PV— » 


•.•  e  =  cos.  <p  ±  v^  —  1  sin.  (p. 

For  the  important  consequences  resulting  from  this  forfl 
see  Trigonometrtf.  Also  Dif,  Cdlc.  Sect.  III.  Exs 
and  90. 
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Ex.  9.  Let  udx  =  —         ^,  m  being  a  positive  integer. 

By  the  formula  [1]   (^23.),  observing  that  *  =  -  ^, 
=  1,  B  =  —  1,  X  =  1  —  ^S  and  w  =  2. 

Substituting  w  for  w  —  1,  we  find 

-/i^^  ""  w  w        Vl— ^*' 

By  successively  ascribing  to  ni  the  values  1,  3,  5  *  •  •  • 
efind 

xdx  „ 

.    afdx  „ .   ,  _    xdx 

y  ^i=-  =  -  ^vi  -  ^  +  y^ 


VI— a;«  '  '"  Vl-x^ 


From  whence  we  deduce 


y-  =  -   ^/l  -  ;pS 

Vl— a« 

(Zr  /I  .    1.6  ,    1.4.6  .    1.2.4.6\    , 


p» 
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If  the  values  ascribed  to  m  be  the  numbers  of  theieri 
0,  2,  4,  6,  •  •  •  •  we  find,  in  like  manner, 
dx 

x^djc  1       I 

-^Vi^  =  - 1^^  VI  -  a.«  +  gsin -'X,         . 

^    x'dt  \.      1.3  , 1.8  .      , 

a/1— a;«            H     ^  2.4  '  ^                2.4  ' 

^   x«dr  1  .    .1.5  ,    1.8.6  , 1A5  . 


sm.-^ 


ar^dx 
Ex.  10.  uoir  =  — .     This  example  oomes  um 

the  general  formula  [3]  (225.).  In  this  case  x*=(l  — a;*)' 
•/  A  =  1,  B  sa  —  1,  71  =  2,  and  A  =  —  |..     Hence 


Substituting  —  w  for  —  w  —  1,  we  find 
^       dx        _  ^     yl-^g        wi— 2  Ar 


This  formula  is  subject  to  an  exception  when  m  =  I, 
then  the  second  member  of  this  equation  would  be  infini 
The  integration  of  this  case  must  therefore  be  effected  up 
independent  principles.     Let  1  —  .r*  =  z%  •.• 

\    ,  zdz 

dx  dz 


xvl-x^  l-2«' 


*  If  7n  =  0,  the  formula  fails ;  for  the  second  member  becon 
infinite ;  in  this  case>  therefore,  we  must  have  recourse  to  c 
of  the  elementary  integrals. 
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?hich  being  integrated  (Sect.  III.  Ex.  1.),  gives 

'hich,  by  multiplying  its  terms  by  the  nimierator,  ff^^ 
fter  reduction, 

.      dx  14-  v/l-J?« 

fence  by  successively  substituting  for  m,  in  the  proposed 

ifferential,  the  numbers  of  the  series  1,  3,  5, we 

nd 


a^VlZ:^*""""     4z*     ""4     2^*        2.4  0?         ' 


And  by  the  successive  substitution  of  the  numbers  of  the 
lies  2,  4,  •  •  •  •  we  find  * 

dx  Vl—x^ 


J^l/l-x^  ^      ' 


dx  a/1-x*     2a/1— x* 


«*Vl-V  2x^        S      X      ' 


dx  Vl—x^    4  a/1-^*     2.4     Vl-a:* 


i^Vl-^  5ar5        5     3^         3.5         ^ 


The  following  examples  are  added  for  the  exercise  of  the 
dent  in  the  integration  of  irrational  functions. 
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_                      sxf*dsc 
Ex.  11.   Let  udx  = —^ 

{a+bxY 
a  +  bx  =  Xf 

/ --J- ==  (^x«-faxH  2«*x3- y  fl'x^+Sa^x +aOir: 
x"^ 

Ex.  12.    udx  =  


3_> 

a  +  Jo:  =  X, 


£ir  2  1         tZjT 


4     ^a/x     a*^  a7Vx' 

XK^ 


dx /l^    Sb\l        Sb       dx 

dx /     J_      5b^    I^NJl.     }^  rjf_ 

dx / 1_       76       i56^_'2^'\_l 

"^  ^VT~\    3oa:'''"l2aV"~24a'x     SoVv'x 

356-  -  d 


7' 


a  •{-  bx  =  \, 

,  dx  _  2 

X*  ^ 

X*  ^ 

Ex.  16.    tidx  =  a:^drv'(a  +  6^)f 

a  +  6^  =  X| 
2x-v/x 


/cix/x  = 


3fi    ' 


JoDix^yi  =  (|x  -  l^)-^^?^* 
S^ixs/yi  =  (fx*  -  ^x  + 1^*)-^» 


f 
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Ex.  13.   wdar  = ^, 

a  +  £a?  =  X, 

^    ^^"""36xVx' 

xf^dtX 
Ex.  14.    Mctr  =  — — 


^  9 

fl^.     \  '  TBS  nmOKAl  CAMULVf. 


y.4f^=8^+,/. 


a  +  &P  =  X, 


dx 


X  V      -r  Jg^yi^ 

fix^x        i/x     b       dx 


6   \     _    A*Vx  .  ^     j& 


JLty/x    /       1  6   V      _*Vx 

Ex.17.   «dr  =  i2^^, 

a  +  Ad?  =  X, 
jdx'x^  dx 

t  s 

Arx^    / 1 ^_ft_\  ,  Si*  jJCT^ 

^<trx^_/       1  ft      ,     y  \  ,  ,        ft*    ^dt 

•^   *♦  ~  V  ""Soar*  "*"lga««»+24o»«yr '*'*'"  16a*'     i 

dx 
Ex.  18.  iicZr<  = 


(a+bx^)^ 

a  +  i«*  =  X, 
j^dx        dx 

x^        v^* 


^ 


/ 
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(to    /   1  4  1   \  J? 

In  general, 

dx  1 

^       dx  1        .      ,        ^      6 

The  first  expression  is  real  when  h  is  positive ;  the  second 
rlien  h  is  negative.    Both  a  and  h  cannot  be  negative  at  the 
unetime.     Hence,  we  have 
dx  1 

w  y.       ^^  1      .      ,      ^  6       1  ,     a-ftjT* 

=  ;r-7T   cos.*'- =  "7T  tang.""*—; =-t, 

1  .       «        1  .      ,^bx^ 

=  -TL  cosec.""*  v'i~i=s~7i  vers,  sin.""* . 

A/b  Jo?*    ^v'fi  a 

^  these  circular  arcs  vanish  when  «r  =  0. 

Particular  cases  are 

dx 

dot 

fJjWJ 

^VO^^x^)^^^'"^"^  cos.-V(l-^)=4cos-"«(l-.ar«), 

^                    .V(l— ^)  1 

=  tang.-^— 7 Tr=  cot.-*— ^ =  sec.-*— 75 — -r^ 

1 

^  cosea-»  — = Avers,  sin,""* 2a?*. 
X      * 


^-7;r::i)=iog.[a?+^(a7*-i)], 
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The  integral/ ;jj^^^^-j-g^^  can  oiily  wnish  on  A 

I 

poffltion  that  or  =s  0,  when  the  upper  agn  is  taken^  a 
this  case 

dx  1  ,     /        6         a+W 

Ex.  19.    udx  = 


xdx  _  Vx 
,   x'^dx    xVx     a  ^dx 

/i^dxf^    4fl^      8a^\ 
Vx  "\6J""164*"'"156V 

Ex.  20.    luir  = 


a  4-  6a:*  =  x, 
dx  dx 


f 


x]jyi    ^  x^ji^ 

^  dx    ^     s^n 
;r*\/x""      or' 


da?    ^      v^x     ^  f  ^ 


(to       /      1         26  \ 
•^«Vx  "V    8aj:3'^3a«x  A^* 
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In  general, 

dx                \                       /     b\ 
or  / — -- — Tt"^  =  —; —   sec.""*  x^/l 1, 

the  first  of  which  is  real  when  a  is  positive ;  the  second 
when  a  is  negative :  a  and  b  cannot  both  be  negative  at  the 
same  time. 

dx      -    __    1  y^(a+bx")'-'^a 

-^ x^(+a-^bx^)'^%i/a  ^^V(«+**^')  + a/«' 

1    ,      ^{a-\'bx^)''^a 
=  V^^^g- X ' 

"where  ^a  may  be  positive  or  negative.  This  integral  can- 
not vanish  when  jp  =  0. 

--.  ^  dr  1  ^         b 

1                     ba^-a 
-— -  tang.""'  \/ . 

1            ,           a           1               ,      XA/b 
=-— '  cot.-*  y/j-i —  =  -T-  cosec.^*    ■■., -, 


1  ^   s/a         \  ^2a-bx^ 

—  COS.-*  — Ti=7r-r  cos.-*  — T-i — 3 


1       .      ,  Vib^^'-a)       1  .      m^^-^a) 

= ——  sm.-* —•—  =  r— -  vers.  sm.  "*  — r-r — 

All  these  integrals  vanish,  when  x  =  V-j-;  when  a; =0  they 

cannot  vanish. 

Particular  cases  are 

^        dx        ^      ^(l+x')-l 
-^  x^il+a/»)-^°^-  X 

dx  ,       ^(l-j;«)-l       ,       1-V(1-^') 
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^Tvi^F^)  "^  ^  "'  ^  ^  tan.-V(^  -  1)  = 

1 

jp  1  2^^ 

=  sin.     '  =  iver.  sin.~^      ^ — . 


SECTION  VI. 

Integration  by  series. 

(230.)  A  series  representing  the  integral  of  any  dit 
ferential  may  always  be  found  by  developiDg  the  differential 
coefficient  in  a  series  of  powers  of  the  variable,  and  inte- 
grating each  term  of  the  series  after  multiplying  by  dr. 
Thus,  if  X  represent  any  function  of  x,  and 

^  ,  Aa7«+*       Ba;*+*       C^^+> 

•>^^'^  =  :^TT  +  6Tr+7Tr--  • 

Although  such  a  series  is  always  an  analytical  representation 
of  the  integral,  yet  it  is  of  no  use  in  obtaining  a  value,  or 
approximate  value  of  it,  except  when  it  converges.  If  the 
value  assigned ,  to  the  variable  be  very  small,  this  will  be  the 
case  if  the  exponents  continually  increase,  or  if  the  series 
ascends.  But  if  the  value  assigned  to  the  variable  be  very 
great,  it  will  only  be  the  case  when  the  series  descends,  and 
involves  negative  powers  of  the  variable. 

Various  analytical  contrivances  have  therefore  been  used 
for  developing  functions  in  series  of  these  kinds. 

This  method  of  integration  is  also  useful  even  where  the 
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integral  can  be  assigned  by  other  methods  under  a  finite 
form. 

If  the  two  integrals  thus  found  be  equated,  a  develop- 
ment of  the  finite  integral  will  be  obtained,  and,  in  general, 
this  process  is  attended  with  much  greater  facility  than  the 
direct  development  of  the  integral  itself.  We  shall  there- 
fore give  examples  of  this  method  of  development  and  in- 
tegration. 


PBOP.  LXXX.       . 

(S31.)  To  develop  an  arc  <p  in  a  series  of  powers  of  its 
sine, 

dr  — ' 

Xict  sin.^  =  w.  \'  d(p  =     .  Let  (1  —  or*)    ^  be 

deirdoped  by  the  binomial  theorem, 

^        ,-*     ,      1         1.3  ,     1.3.5  .  .  1.3.6.7^ 

Af  ultiplying  by  dx,  and  integrating  both  sides, 

X        1    ar»       1.3  vr*    ,   1  3.6  x'' 
^       1^23^  2.4  5^  2.4.6  7 

^hich  is  the  development  required.    No  constant  is  added, 
*^iice  a?  =  0  renders  p  =  0. 


PBOP.  LXXXI. 


(232.)  To  develop  an  arc  in  a  series  of  powers  of  its 
^^figent. 

Let  f  =  tan.-^x,  •••  d(p  =  rr^*     Developing  r-— i  by 
^^ommon  division,  we  find 
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= 1  =  1  -  a?«  +  J^  —  .t^  •  •  •  • 

lH-jr« 

Multiplying  by  dx  and  integrating^  we  find 

"T 


^  x        a^       x^ 


•  •  •  • 


No  constant  is  added^  since  when  ^  =  0,  a:  =  0. 


PROP.  LXXXII. 


(8S 


(233.)  To  develop  an  arc  in  a  series  of  powers  cfif'^ 
cosine  or  cotangent. 


If  ^  =  cos."'^ur,  •.•  d(p  =  -^ 
dx 


dx 


.    And  if  ^'  =  cot"" 


•.•  d^'  =  —  fT~2*     Hence  thje  developments  in  these  case-- 

differ  only  in  sign  from  the  two  former.     But  since  in 
cases  <p  and  x  do  not  vanish  together,  it  is  necessary  that 
constant  should  be  introduced.     Let  this  be  c,  '.*  in  tb 
first  case 

=  c  —  sin."~^j;, 

In  the  second  case^  also 

cot.""^.r  =  c  —  tan.""*^', 

If 

The  sought  developments  are  therefore 


-s 


•.•  cos.-^o:  +  sin.""^x  =  c,  *.•  c=  -:r. 


It 


X 


^ 


1.3  ^ 


^=  2"T 


1.2.3       2.4  5 


•    •    •    • 


ir        X        x^        x^        x^ 


I  —  _L 1. 


<P  = 


2 


+  "3-" 


+ 
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PROP.  LXXXIII. 


(^4.)  To  develop  the  versed  sine  of  an  arc  in  a  series  of 
oatx>ers  of  the  arc  itself. 

dx  dx 

Let  ^  =  ver.  sin.""^^,  •/  «?<?  = 


Developing  (1  —  4^)       by  the  binomial  theorem^  we 
ind 

1  ,       1    ^      1.3  a:2     1.3.5   ^ 


^\-^x       "^2    2  ^2.4  4  ^2.4.6    8 

dx 
Multiplying  both  sides  by  — =.,  and  integrating,  we  find 

_^Axc         1^  x^    l:§fl     1.3.5   x^  1 

No  constant  is  added,  because  when  x  =  0,  p  =  0. 


PEOP.  LXXXIV. 

(235.)  To  develop  the  logarithm  of  a  given  ivmnber  in  a 

dx 
-^^t  the  given  number  be  /r,  we  have  dl{l  +x)  =  | .    By 

'vision 

1 

S-- =  1  —  J7  +  a?2  —  ^3  +  ^*  •   •   •  • 

l+X 

11111 

x+1       X       x^       x^       a^ 

3\lultiplying  each  of  these  by  djr,  and  integrating,  we 
el 
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,,,  X        X^         C^        X^        a^ 

sr^      a?""*     ar^     x"^ 

Hence  by  subtraction 

Jr  =  — = — 4- 


1  2^3  4 

(236.)  We  shall  now  ^ve  some  examples  of  integmtic^ 
by  conver^ng  series. 

dx 
Ex.  1.  To  integrate  —         ■,  x  being  a  high  number. 

Developing  by  the  binomial  theorem,  and  integrating^  wp*' 
find 

dx  ,  1        1.3  1       1.3.5  1 


/-7=f=5  =  i^- 


•  • .  . 


This  series  converges  rapidly. 

Ex.  2.  To  integrate  the  same  formula  when  x  is  nearly^ 
equal  to  unity.     Let  j:  =  1  4-  w,  •.' 

developing  ( 1  +  ^}     >  and  multiplying  each  term  of  thea 

development  by  u     du,  and  integrating,  we  find 
^       du  —  1    ti       1.3    «•       1.3.5    «»       . 

•^7^+^='^  ^^    2:3-^"^2A5'T-2A6:7-¥ 

Since  m  =  a;  —  1,  this  series  converges  very  rapidly. 

Ex.  3.    To  integrate  — : dx  by  a  series,  e  beicr^ 

very  small.     By  the  binomial  theorem 

V^l  -e^x^  =  1  -  4^^-^^*074-1^^-  . .    •. 
the  series  to  be  integrated  is  therefore 
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^l--r«t         2  2.4  2.4.6  3 

lach  tenn  of  this  development  comes  under  the  form' 

af^dx 

hich  has  been  integrated  in  Sect.  V.  Ex.  d.     Substituting 
lerefore  for 

dx  x^dx  o^dx 


.... 


neir  values  thus  determined,  we  find 
-dj^l-c«x«      .     ,     .  1    rl      i ;     1  •     , 

I«l       ,rxl      •  l-»3    V  ^ o         !•*   •  «     -I 

1.1.3  „  J  ,     1.5  ,      1.3.5  , 1.3.6.      ,  , 

Ex.  4.  To  integrate  the  formula 

dx 


^  {9,cx '"  x%b  -  x) 
developing,  we  find 

-iC         1  _^  ,  1:3^      1.3.5  a^  7 

I^lie  question  will  then  be  resolved  by  the  integration  of  a 
'^ries  of  differentials  of  the  form 

x'^dx  . 
^2ca:— j:*' 
^ich  is  done  by  the  second  case  of  (220.). 
(237.)  The  following  is  a  very  general  method  of  ap- 
^Ximating  to  the  values  of  integrals  by  series. 
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Let  z  =:Judx  +  <?»  c  being  the  arbitrary  constant;  aa4 
let  /  be  what  z  becomes  ivhen  <r  becomes  of  +h.  No?i 
since 

dz  d^z      du 


=  u, 


•  • 


dr         '   *    dx^      dai* 

d^z      cJ'^'m 
and,  in  general,  -^  =  ,      ,.    Hence  by  Taylor's  series 

h       du   A«       d*u    h? 


1  ^  da?  1.2  ^  d^  1.2.8 

h       du   A«       d«w    A' 
•/  «'  -  ;s  =  tt  •  -=-  H-  -J — qrs"  + 


•  •  • 


•  •  •  • 


1  ^  da?  1.2  ^  dr*  1.2.3 

The  arbitrary  constant  disappears  iii  this  series,  becaus 
it  is  united  to  both  si  and  z  by  the  same  sign. 

This  series  only  expresses  the  difference  between  th 
values  of  the  sought  integral,  corresponding  to  the  value 
X  +  A  and  x  of  the  variable.  Therefore^  the  integral  itse 
is  so  far  indeterminate.  But  it  may  be  observed,  that,b 
whatever  process  the  integral  may  be  found,  it  is  in  thb  ri 
spect  equally  indeterminate ;  for  the  arbitrary  constant  bein 
necessary  to  complete  its  value,  all  that  is  in  any  case  ol 
tained  is  the  difference  between  the  whole  integral  and  i 
value  when  it  becomes  equal  to  the  arbitrary  constant.  I 
the  present  instance,  the  integral  is  said  to  be  obtaine 
between  the  limits  x  and  ^  +  A.  For  when  A  =  0  the  seri< 
vanishes,  and  it  gradually  increases  with  Ti  luitil  x  becomi 
a?  +  A,  A  assuming  some  proposed  value. 

(238.)  The  value  of  the  variable  x^  which  makes  the  ii 
tegral  vanish,  is  said  to  be  the  origin  of  the  integral.  Whe 
the  limits  of  an  integral  are  not  assigned  or  known,  it 
called  an  indefinite  integral.  Thus  all  integrals  in  whic 
the  value  of  the  constant  is  not  known,  are  indefinite  m 
tegrals.  But  when  the  limits  are  assigned,  they  are  the 
called  complete  or  definite  integrals • 

(2S9.)  In  the  preceding  case,  if  the  limits  of  the  integc 


f 
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be   supposed  to  be  ^  =  a  and  .r  =  &,  the  value  expressed  in 
a  series  will  be 


1.2.3 


•    •    •    • 


wli^re  A,  a',  a" 


,  du     dHi 

'  are  what  m,  ^-,     7-1 

ax    dx^ 


becsome  when  a:  =  a. 
C^^O.)  The  series 

h       du  ft2 


+ 


d'^u     ¥ 


is    only  convergent  when  A  is  very  small,  and  therefore 

wovild  only  determine  the  approximate  value  of  the  integral 

between  very  narrow  limits.     This  inconvenience,  however, 

is  remedied  by  the  successive  application  of  it.     Let  z^  a, 

du     d^u 
a',  a",  •  •  •  •  be  the  values  of  z^  w,  1-,   -r-;^,    corresponding 

to  JT ;  2j,  Ai,  a/,  a/',  .  .  •  .  those  corresponding  to  x  -^  k; 


2j,    A,,  Aa',   a/,  . 


•  •  those  corresponding  to  ^  +  2A;  and, 
111  general,  2:„,  a„,  a„',  a/,  •  •  •  •  those  corresponding  to 

Hence  we  obtain  the  following  series : 

Z.  —  2  =  A  • 1-   A  •  4-  A '  .  . , .  . 

h  h^  A' 


Z,  —  j?j  =  A 


A 

''"t" 


1.2 


A' 


+     A,'.^     +A/.     ^-g-g 


1.2.3 


•     •     •     • 


I-iet  s(a)  signify  a  4-  Ai  +  Aj  •  •  •  •  a„  ;  and  let  a  similar 
^y^ixTbol  express  the  sums  of  the  other  coefficients.  By  ad- 
ition  we  find 


<i2 
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Z„  -  r  =  S(A)  .  y  +  s(a')—  -f  S(A'^-^-g^ |^ 

This  series  converges  the  more  rapidly  the  smaller  A  is  m^ 

assumed.     By  these  means  we  are  enabled  to  integrate  by  mr 

series  between  any  proposed  limits.     As  before,   let  the  W^ 

limits  he  X  =^  a  and  ^  =  ft.     Divide  6  —  a  by  n,  and  let  Jfe 

=  h.     The  value  of  the  integral  will  be 

n 

s(A)b--a       s{a!)  (b'-ay       s(a")  (b-ay  Mh 

^'^  1       71     ^  1.2      «^       ^   1.2.8       w»  W^u. 

which  may  be  made  to  converge  with  sufficient  rapidity  by     ■  ^^^ 
assuming  n  sufficiently  great. 

It  is  obvious  that  this  method  becomes  inapplicable  if  any 
exception  of  Taylor's  series  lie  between  the  limits  x  =  a  and 
X  =^  b;  which  is  indicated  by  some  of  the  coefficients  be — 
coming  infinite. 


SECTION  VII. 

Of  the  integration  of  differentials  whose  coefficients  are 
exponential  or  logarithmic  fu7ictions  of  the  variable. 


tb£j 


IS 


(241.)  The  integration  of  transcendental  functions  l 
effected  by  the  aid  of  the  several  formulae  already  es 
blished  for  algebraic  functions,  united  with  some  primitive  --«i/e 
formulae  peculiar  to  themselves,  and  derived  immediately  b^^^^ 
inverting  the  rules  for  differentiation.  These  functions  ma^,— ^y 
assume  such  an  infinite  variety  of  forms,  that  no  genera^^^^ 
methods  of  integration  can  be  given ;  and,  indeed,  evei 
were  a  classification  possible,  there  are  many  formulae  whos 
integrals  have  not  hitherto  been  assigned  under  a  finit 


3n 


te 


form.    All,  therefore,  which  an  elementary  work,  such  as  th  ^^  - 
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present  can  effect,  is  to  lay  down  the  elementary  integrals 
peculiar  to  each  kind  of  transcendental  functions,  and  ex- 
pl^n  the  methods  of  integrating  some  of  the  most  general 
formulae  by  the  union  of  these  principles  with  those  of  al- 
gebraic functions.     Every  thing  after   this   must  depend 
upon  the  sagacity  and  expertness  of  the  student  in  discover- 
ing transformations  and  artifices  calculated  to  facilitate  the 
integration  of  such  formulae  as  may  occur,  either  by  re- 
ducing them  to  others  of  a  more  simple  form  or  more  easily 
integrated,  as  we  have  done  in  Sect.  IV.,  or  by  bringing 
them  at  once   to   an   algebraic .  form.     An  approximation 
may  always  be  had  by  the  methocl.  of  series  explained  in 
Sect.  VI. 
(242.)  If  M  =  a%  •.•  du  =  aHadx:    Hence 

>'^  =  — , 

this  is  the  elementary  integral  of  exponential  functions. 

(243.)  A  differential  of  the  form  za'dx^  where  z  is  an 
algebraic  function  of  a^,  may  be  integrated  by   making 

^'  =  M,  •.*  the  differential  becomes  zudx^  but  udx  =  -7— , 

1 

'»' ^zafdx  =  'j-'jF(u)du^  which  may  be  integrated  by  the 

Joules  already  given. 

(244.)  By  differentiating  ze%  we  find 

d(ze')  =  ze'dw  +  e'dz ; 

and  if  IT-  ==  ^^  we  have 
dx 

d(ze')  =  e'iz  +  z')dx. 

So  that  every  differential  of  the  form  e^F{x)da:,  and  in 
^hich  f(j;)  consists  of  two  parts,  of  which  one  (2;')  is  the 
^differential  coefficient  of  the  other  (2),  is  easily  integrated; 
^^J:  in  that  case,  fe'¥{x)dx  =  e'z.  An  example  will  make 
^his  evident.    Let  the  differential  be 
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e'iSa^  +  a^  -  l)dx. 

d(i^-l) 
Now,  since  — -j ~  oj:^^  •/ 

fe'iSx^  +  a:'  —  l)dr  =  (.r*  -  1)^. 

(245.)  In  most  cases^  however,  it  will  be  necessary  to  in- 
tegrate by  parts,  and  to  establish  formulae  of  reduction  b; 
which  the  exponents  of  the  functions  which  are  involved  i 
the  differentials  may  be  continually  reduced. 
(246.)  To  integrate  the  formula 

udx  =  pfx^dx. 
Integrating  by  parts,  we  fiiid 

x^'^a*       n 

By  successively  substituting  w  —  1,  ?i  —  2,  •  •  •  •  fornj  th    -^e 
exponent  of  x  will  be  reduced  to  0,  and  the  final  inl 

win  be/o.*- =  ^.    This  proce..  gi.es 


la 

^'  C    «      ^        »    .    W'W— 1 
^  la  I  la  (lay 


wn-^l'Ti — 2  J 

:s ^"-' J 


(lay 
(247.)  If  the  exponent  n  be  negative,  this  series  will  n< 
attain  the  desired  end.  In  this  case,  however,  by  integratioi 
by  parts,  we  find 

a'dx  of  la       a'dx 

which  produces  a  continual  diminution  in  the  exponent  of. 

Q^dx  1 

The  final  integral  in  this  case  will  bey .    This  integrs^^^^ 

X 

has  never  been  assigned  under  a  finite  form.     It  may, 
ever,  be  developed  in  a  series  thus.     By  M aclaurin'^s  th( 
rem  (63.), 

a"        1  __  ^  ,  (^  Qo^Y       ^ 
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JVIultipIying  by  dr,  and  integrating,  we  find 

^«'dr       ,  la      X        (Idf      x^       (laf      x^ 

^      X        ^^^    \       1   ^   1.2        2  ^  1.2.3      3    ^ 

If  n  be  a  fraction,  it  will  be  also  necessary  to  complete  the 
int^egration  by  a  series. 

-AH  the  preceding  observations,  mutatis  mutandis^  ^pply 
to  the  formula  na'dx^  x  being  any  algebraic  function  of  x. 

dx  dx 

(248.)  Ifw  =  Ix,  \'  du  =  — ,  •.•/—  =  la:.  This  is  the 

elementary  integral  of  logarithmic  functions. 

(249.)    Let  uda;  =  x{lxy'dx.     By  integration  by  parts, 

we  find 

ilxY^~'^dx 
fudx  =  (lxYj\dx  —  nf' 7/xdr. 

Since  x  is  supposed  to  be  an  algebraic  function  of  a:,  the  in- 
tegraiykda?  may  be  considered  as  known. 

Thus,  when  n  is  a  positive  integer,  the  above  formula 
will^  by  continual  substitution  for  n,  reduce  the  exponent  of 
the  logarithm. 

But  if  n  be  negative,  it  will  be  necessary  to  integrate  by 
parts  in  another  way.     Since 

X  w  +  1 

•  1^  the  quantity  x{lx)^dx  be  supposed  to  consist  of  the  fac- 

^r's  XX  and  — —dx.  we  find 

X 
X  XX  1 

By  the  successive  application  of  this  formula,  the  in- 
^gration  will  be  reduced  to  that  of  the  formula  Ixd(xx), 
^^hich  is  of  the  form  xllxdx^  x!  being  an  algebraic  function 
^*  X.  The  integration  of  this  will  altogether  depend  upon 
^^o  form  of  the  function  x'. 


SSS  THB  INTB6RAL  CAI^CULUS.  SECT.  Tlfl:*  - 

■ 

If  n  be  an  improper  fiaction^it  may  be  reduced  to  bl 
proper  one ;  but  the  final  integration  must  be  effecsted  hg^ 
ieries. 


SECTION  VIII. 

Praacis  en  ihe  w^egraJtixm  of  exponential  and  logarUkmkr 

differenHali, 


—     4     -.         ,  a!'dx         _  ,         dfC 

Ex.  1.  Let  udx  =  —===■.    Let  a*  =  x,  \*  dx  =  -i — « 

and  a***  =  x".    Hence  the  integration  is  reduced  to 

which  is  integrated  by  series. 

e'xdx       _ 
Ex.  2.  Let  udx  =  7=— — r^.     Let  1  +  ^  =  »•  •*' 


^«  /dz     dz\ 

udx  =  -— ( r  1. 

e  \z      z* / 

dz  dz 

Since  d  -  =  -  — ,  •/  by  (244.), 


Jhdx  =  — 


xe      1  '\'x' 

Ex.  3.  Let  udx  =  x^(lxydx.    Sincejx^dx  =  r, 

we  find  by  (249.)» 

fudx  =  r'^yf  *  ^  ^JL^  r^Oa.yn-i.dx. 
iSubstituting  for  n  successively  n  —  1,  n  --  2,  &c.  we  fin- 
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a:'»+'    f    ,  v„           w       ,  X  w«(n— 1)„  ^ 

r  =  — —A  (Ixy tt(^^  ""'  *-  /  \^J(i^Y'' 


n^n—l'Ti  -2 


['his  series  is  finite  when  n  is  a  positive  integer. 
Thus,  if  w  =  1,  =2,  =3,  we  find 

Ixdx    =  7  <lx  ^  :-::    \  , 

w  +  li  wi+13 

ar™+'  C  3  2.3 


1.2.3 


\ 


s  is  subject  to  an  exception  when  wi  =  —  1. 

5x.  4.  Let  uix  =  — ^^ir,  n  being  a  positive  integer. 

dx 
lince  —  =  cffiT,  *.• 

X 

udx  =  (Zx)"d(/a:), 

Chis  is  subject  to  an  exception  when  w  =  —  1.     See 
•  6. 

ix.  5.  Let  woii'  =  — ; — .  Let  ^=0?"*+',  •.•  j?*ar= -. 

/iT  w  + 1 

o  Z2:  =  (w  +  1)/^.    Hence 

tidx  =  -5-. 

Let  Iz  =  y,  ".•  z  =  e^  and  dz?  =  e^fdy.    Hence 

&dy 
udx  =  — —, 

y 

lis  is  integrated  by  a  series  (247.).  , 


t 


h^ 
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E3i.  6,  Let  udx  =    .,  >^  ,  «  being  a  positive  integer.  Bj 
<S4!90>  we  find 

By  successively  substituting  n  —  1,  n  —  2,  &c.  for  n,  we 
find 

.^  ^-^^«r(^)^"^  (m+i)(fa)>-     (m+imr 

l)(ii-2)....K  "TT"' 
'when  f7i  ==  —  1,  the  formula  of  reduction  becomes 

^   dx  1^ 

/  xQxY  "  ""  (w-.i)(ter-^  ■*"  ^°®*- 

This  is  liable  to  an  exception,  since  it  becomes  infinite  wh 
^  =  1.  The  integral  in  this  case  is,  however,  easily  c 
tained ;  for  let 

_  dx 

and  let  z  =  te,  •.* 

judx  =  y*  —  =  fo, 

\'Judx  =  /(/a;)  =  l^x. 

x^ 
The  final  integral  on  which  y*-y~£/-r  depends  appears, 

x^dx 
the  series  just  found,  to  be  in  generaiy*— j — .     Ex.  5. 

Ex.  7,  Let  udx  =  Ixdx.    Integrating  by  parts 

Judx  =  xlx  —  ^  =  a?(ir  —  1)  =  xli  —  Y 


Ex.  8.  Let  yjdx  =  -y--.     Let  z  =  Zj?,  •,•  —  =  cfe,  • 

«rkr^  X  ' 
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_         dz 
udx  =  — -, 


sin.7i(p  =  n  cos.7i(pa<p^    a .  sec.w^  =  ^^„  g  ^  ^?> 


SECTION  IX. 

7%^  iw^fgra^itm  of  differentials  whose  coefficients  are 
circular  Junctions  of  the  variable, 

(260.)  The  elementary  integrals  on  which  the  integration 
'  circular  functions  depends,  besides  those  of  algebraic 
motions,  are  derived  from  the  following  differentials : 

n  sin.n^ 
co8.%p 

nd(p 

•  cos.n(p  =  —  n  sm,n(P'd09  d  •  cot.w0  = : — - — , 

^    ^  sm.*n<f> 

nd(p  ncos,n<p 

•  tan.n0  =  — - — ,     d  cosec.n<p  = : — - — d(p. 

^      cos.^np  sm.^n(p 

Pom  which  are  derived  the  following  formulae : 

sin  .71^  sin,n(pd<j>       sec,9t^ 

^  ^  ^  n  *^    cos.%»p  n 

cos.n(p  d(p  cot,n(p 

^  ^  ^  n  ^  ^mM<f>  n     ' 

d<^         tan.7i(p  cos.n^d^  cosec.n^ 

^  cos.*n<f> "~      w      '     "^    sin.^w^    ""  n 

^251.)  When  the  arc  or  angle  enters  the  differential  co- 
cient,  it  is  generally  disengaged  from  it  by  integration  by 
ts,  either  immediately  or  by  the  continual  reduction  of  its 
>onent.     The  following  formula  will  illustrate  this : 

Jyi<fdx  =  (pfjudx  ~'Jd<pJxdx, 
here  x  represents  any  algebraic  function  of  ar,  and  x  re- 
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presents  any  trigonometrical  function  of  the  arc  p.  Since 
d<p  must  be  an  algebraic  function  of  j,  if  ^  be  con»deredas 
a  function  of  Xy  it  follows  that  the  integral^Sc^/xdr  comes 
under  algebraic  functions,  and  may  accordingly  be  obtained 
by  the  rules  already  established.  For  examples  of  integra- 
tions thus  effected,  see  the  next  section. 

(252.)  When  the  differential  coefficient  is  a  function  of 
trigonometrical  lines  only,  the  integration  may  be  effected 
by  various  analytical  contrivances  derived  either  from  alge- 
braic transformations  or  from  trigonometrical  formulae.  The 
following  are  the  principal  methods. 

(253.)  I.  All  functions  whatever  of  trigonometrical  lines 
may  be  reduced  to  functions  of  the  sine  and  cosine.  By 
these  means  the  proposed  formula  may  be  transformed  from 
a  circular  function  to  a  differential  of  another  kind.  Let 
the  proposed  differential,  when  its  coefficient  has  been  re- 
duced to  a  function  of  the  sine  or  cosine,  be  xd<p,  x  being  a 

function  of  the  sine  or  cosine.     If  .r  =  sin.<(>,  •.•  d(p  =  — : — ::=^*  ! 

dx 
and  if  or  =  cos.p,  •/  d(p= ;  in  either  case  the  dit 

ferential  will,  by  the  substitution  thus  suggested,  be  reduced 
to  the  form  yidx,  x  being  a  function  of  Xy  and  may  be  inte- 
grated by  the  rules  already  established. 

(254.)  11.  When  powers  of  the  sine  or  cosine  of  an  a*^ 
occur  in  the  differential  coefficient,  they  may  be  develoj^ 
in  a  series  of  the  simple  dimensions  of  the  sines  or  cosine^ 
multiples  of  that  arc  by  the  following  well  known  trigo'^ 
metrical  series : 

m.  a:  =  q:  ■;^^<^m.nx =-sm.(7i  —  2)x  + 

-jj~sin.(/A  -  4)0;  ....  j;  ; 


sin 
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lis  applies  to  the  case  where  n  is  odd,  and  the  upper  or 
>wer  sign  is  to  be  used  according  as  —5-  is  odd  or  even. 

The  series  when  n  is  even  is 

.    „  _     1     f  n  . 

mrx  =  -f  'q^\  cos.w^  — =-cos.(7i  —  9)x  + 


sm 


1.2 


cos.(w 


—  4)^  •  •  •  •  1 5 


id  —  or  4-  is  used  as  "sr  is  odd  or  even. 

In  general, 

n 
2"""*  •  cos.^a:  =  COS. wo?  +  ■YCos.(n  —  2)*r  + 

—         cos.(n  —  4)j:  ....*. 

(255.)  III.  When  the  sines  and  cosines  are  connected  by 

mitiplication  in  the  differential  coefficient,  they  may  be  dis^ 

ngaged  by  the  formulae, 

2  sin.o?  cos.y  =  sin.(a:  +  y)  +  sin.(x  —  y\ 
9>  sm,y  cos.iT  =  sin.(j7  +  y)  —  sin. (a:  —  y), 
2  cos.o:  cos.y  =  cos.(j:  +  ^)  +  cos. (a:  —  y\ 
2  sin. a;  sin.j/  =  cos.(^  —  y)  —  cos.(a?  +  y), 
(256.)  IV.  Functions  of  the  sine  or  cosine  may  always  he 

onverted  into  exponential  functions  by  the  formulae, 

X  cos.a7  =  e  +  ^  , 


TV— I         —x^—i 


2^/  —  1  sin.x  =  ^  —  e  , 

hich  may  be  established  thus;  by  (33.),  Ex.  20,  if 
ic  =  cos.ir  +  V  —  1  •  sin.^. 


*"  This  series  terminates  with  the  term  in  which  the  coefficient 
^  either  vanishes  or  becomes  =  1 .  In  the  fonner  case,  this 
^  should  be  divided  by  two.     See  Trigonometry. 
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dtt  s=  +  V  —  1  •  Mdr, 

du , 

—  =  -f  v^  -  1  •  (ir, 

\'  u  =  e  +  const. 

But  the  constant  must  =  0,  since,  when  a?  =  0,  u  =  1,  v 

COS.X  ±  \/  —  1  sin.4?  ss  e 
These  two  formulas  being  added  and  subtracted,  give  Ae 
above  mentioned  results;   and  therefore  thdr  intqpitiaii 
may  be  reduced  to  that  of  exponential  functions. 
(257.)  V.  When  the  differential  is  of  the  form 

sin.**9  cos/^dp, 

* 

it  may  be  immediately  reduced  to  a  binomial  diffiefential, 
and  integrated  as  in  (S21.)  et  seq.  by  putting 

sm.^  =  Xf 

cos.(pdp  =  (ir, 


n— 1 


•/  sin.'"^  cos.*^d(p  =  ^*"(1  — -  a;*)  *  dr. 

Or  by  immediate  integration  by  parts  the  three  following 
pmrs  of  formulae  may  be  readily  obtained.  In  the  first  pair, 
one  of  the  exponents  is  continually  increased,  while  the  other 
is  diminished.  In  the  second,  one  of  the  exponents  is  di- 
minished, while  the  other  is  stationary ;  and  in  the  thirdi 
one  is  increased,  while  the  other  is  stationary. 

,    _       sin"*+^(pcos'*'"V     ^— 1  ^.     J.  o  J 

/sin*"^  cos  <pa0  = -= 1 n  /  sin*"+'(pcos*^^pof 

^m"*<pcos  <pa<p=— Yl +  ~^T-Y-ysm"^*^cos"'*"^W 

«    ,         sin'^^^cos^+V     ^—1^.  ,     -\ 

/sin***0cos  <pa(p = 1-  — —  /  sm"*~*0  cos*0rf^    | 

^    _       sin'"''"'<pcos'^V     w  — 1   ^.  { 

/sm~?J  cos"0d^  = -•  ~ +  — — /sm»»^  cos»^*(pd(p 
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a>  cos>d^  = ^-^j +  — j-p/sin«+«  ^cos"?dp 

„    ,         sin*"+^(pcos"+V  .  w+w+2^.  ^     ^ 

"•pcos"pd^ = q-^^ ^ + — ^-Y-ysin'"?cos"+*^dp 

?hese  formulae  are  applicable,  whatever  be  the  values  of 
exponents  m  and  n, 

^8.)  These  methods  united  with  integration  by  parts, 
,  in  most  cases,  eflTect  the  integration  of  trigonometrical 
srentials.  Much  of  the  facility  of  the  process  must,  how- 
r,  depend  on  the  expertness  and  ingenuity  of  the  analyst, 
eh  is  only  to  be  acquired  by  practice,  since  no  general 
hods  can  be  assigned  for  obtaining  the  integrals  of  these 
ctions.  The  processes  for  integrating  several  general  and 
^  useful  formulae  are  given  in  the  following  section. 


SECTION  X. 


Praxis  on  the  integration  of  circular  Junctions, 


_  _         _  dx         - 

Ex.  1.  Let  udx  =  -. \     JLet  Qo^.nx  =  z, 

^\u,nx 

1        dz 


i  sin.nx  =  Vl  —  z^.     Hence 

dx  1    ^    dz         1    ^   dz 

sin.nx 


^    dx        1    _  \/l  — COS.WJ?      1  _ 

\*j = —  /  —  -= — /tan.An^. 

sin.nx      n      y' l-fcos.WiT     ^ 

Ex.  2.  Let  udx  = .     In  a  similar  way  we  find 

cos.w/r  "^ 
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_     _       ,          cos,xdx  >  _.       _,. 

JbiX.  3.  wair  =  — : =  coUxdx,     Since 

dsin..r  =  cosccdjc,  •.• 

d  sin.<r 

fcotwda:  =  /— : =  Zsin.o?. 

*^  '^    sin.a: 

Ex.  4.  udx  =  tan.^^.     Since  sin.iTdfjr  =  —  dcos.jp^ 

^  -  ^sin.xdx  dcos.x 

'.'  fiaii.xdx  =  / =  — / , 

*^  *^    cos.^         '^    cos.o; 

'.'J'tSLH.xdx  =  —  Zcos.iT  =  Zsec.^. 

dx 

Ex.5,  udx  = .  Since2sin.^cos.a7  =  sin.2^,  */ 

sin.a:-cos.a: 

/•-^ =  f-^-TT-  =  Ztan.^  (Ex.  1.). 

•^  sin..r'Cos.;r      "^  sm.^jr 

ivar^x^dx 


Ex.  6.  w(Za7  = 


X 


.     Integrating  by  parts^ 


/ =  sin.~'ar'  Ix  —  / —         -. 


a: 


Let  <p  =  sin.~^^,  •.* 

Ix  '  dx         ...  .       , 

f ^  =  y  ^  sm.<pfi(p, 

this  may  be  integrated  by  a  series. 

Ex.  7.  udx  =  ^"sin.-^jrdo:.     Integrating  by  parts. 


y!r"  sin.~^r(ir  = 


x''-^^  sin.-^jr         1       .  ixT-^^dx 


n^\ 


f 


This  integration  fails  when  ?i  =  —  1.     See  Ex.  6. 

Substituting  successively  0,  1,  2,  3,  •  •  •  •  for  n,  and  re- 
placing sin.~'a:  and  a;  by  <p  and  sin. 9,  we  find 

ppd  sln.<p  =y^  COS.  ^<pd(p  =  <p  sin.ip  -f  4^  cos.^, 

^/^  sin.ip  cos.(pcZ<p  =  {<p  sin.-<?  +  i  sin.<p  cos.^  —  4<|>, 


•  X. 
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1  1  1.2 

,/^  sin.*<p  cos.<pd(p  =  -^(psin.^(p  -i-  -trsin.*^  cos.(p  +  T-5^co8.(p, 


Li 

2.4.4 


^. 


Ex.  8.  udx  =  sin.(?w.p  +  n)  cos.(p<p  +  q)d(p.    By  (^65.), 
&  sin.(m<p  +  7?)  cos.(p<p  +  y)  =  sin.[(m  4  jp)(p  +  (n  +  j)] 

+  sin.[(m  —  p)<p  +  (71  —  ^)]. 
I^ultiplying  by  d(Pf  and  integrating  by  the  formulae  (250.), 

^^  cos.[(yw  +p)<p  +  (^  4-g)]     cos.[(7yi-p)(p  4-  (n— g)] 

Ex.  9.    Let  t^da?  =  sin.^irdLr.      Developing  sin.^'d:  in  a 
series,  we  find,  when  n  is  odd, 


sm 


n-7i—  1  . 


•■-      sin.(yi— 4)j:  •  •  •  .    ?. 

Multiplying  by  ctr,  and  integrating,  we  obtain 

^  .    ,    ,              1    C  COS.WJ7      n      cos.(w  —  2) X 
/  sin.  d?ar  =  ±  ;r-— ,  > =-  •  t;; 

•^  2»-»  C         71  1  71  —  2 

7i*«— 1     cos.(«  — 4)d:  "> 

1.2  n-4  i 

Id  like  manner,  if  ra  be  even, 

_    1    C  sin.^u;     n     sin.(n— 2)a: 


+ 


-  .    ,    ,       _    1    ( sm.»M;     n 


7i'W— 1     sin.(7i— 4)j7 


71-2 

.  .  •  •  «■  • 


1.2  71-4 

By  substituting  successively  for  n  the  integers  1,  2,  3," 
we  find 


R 


I 
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J*sm.xdx  =  —  OOS^, 
fm\?xdx  =  —  \m\.9^  4-  4^, 

cos.3a7 
3 


f^m.^xdx  =  ^  •  — ^ fcos.j", 


,  sin.4.r  .    ^         „ 


Ex.  10.  Let  udx  =  cos.";^  •  cir.     Multiplying  the  series 

2"-'  cos/'-r = cos.w^ + y  COS.  ( w  -  2 )  a?  +     ^  Q    cos.(n— 4)J? H 

by  dx,  and  integrating,  the  result  is 

sin.no:      n     sin.(7i — 9)x 
•^  n  1  n  — » 

w«7i  —  1     sin.(w — 4)ti? 
1.2  w-4 

Hence,  by  substituting  successively  1,  2,  3,  •  •  •  •  for  »,  ^ 
find 

J^cos.xdx  =  sin.j7, 

ycos.^x  .  dr  =  i-  sin.Sa?  +  Ix^ 

J*cos,^xdx  =  rf\;  sin.So:  +  |.  sin.a:, 

ycos.*a? '  dx  =  -j^  sin.  4^  +  ^  sin.^j  4- 1. .  x. 


Ex.  11.   Let  wdo:  =  sin..r  cos.^ordr.     Since  dcos,x  = 

sin.xdxy 

cos.****"^;!: 
/mcZo:  =  —  fcos,"x  d  cos..r  = q-"  • 

Ex.  12.  Let  udx  =  cos.a:  sin.'*a;  •  dv.     This,  in  like  t 
ner,  gives 

-  ,         sin.**+^a: 

Ex.  13.  Let.  udx  =  sin,*a:  cos."xcir.     Let  cos.<y  =  z 
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18  already  been  integrated.  Sect.  V.  Ex.  9^ 


SECTION  XL 

Ofsucceswve  integration. 

When  a  differential  co^dent  is  of  an  order 
to  the  first,  as  many  suocessive  int^rations  are 
r  to  arrive  at  the  integral,  or  the  primitive  iiinctioa 
ich  it  was  derived,  as  there  are  units  in  the  exponent 
[er,  and  the  same  number  of  arbitrary  constants  will 
Luced. 

be  the  integral,  and  let  x  be  the  differential  oo- 
)f  the  nXh  order ;  so  that 

d^'u  _ 

dr"  ""  ^* 
"*' .  tt  =  pdaf^'K     Hence 

dp 

'.*  dp  =  xdx. 
e  integral  of  this,  found  by  the  methods  already 
jd,  be 

p  =  x'  +  A, 
ui  arbitrary  constant.     Hence 

da^-^  ~ 
i  d"-» .  u  =  pldx*^^i 


—  ^1 


X'  +  A. 


dp^ 


Rf 
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\*  dj/  ^  x'da?  +  Adx. 
Integrating  this  as  before^  we  find 

j/  =  x"  •¥  AX  +  B, 

:z:^=  y^"  +  A.r  +  b, 


where  x"  ^Jyldx  and  b  is  an  arbitrary  constant 
By  applying  to  this  a  similar  process,  we  find 

d^"'w  ,„  A       ^  B 

And  so  on  successively,  we  find 

dr^a  __,,,,         A  B      ^       c 


1.2....W  1.2... .n—1 

M  N 

•  •  •  •  "po*^       »    "tT  *^  T"  P- 

It  follows,  therefore,  that  the  integrals  of  all  different 
of  the  same  order  agree  in  a  number  of  terms  expressed 
the  exponent  of  their  order,  and  that  the  coefiicients  of  tl 
terms  are  arbitrary  constants. 


SECTION  XII. 


Ofrectification^  quadrature^  and  cubature. 


I.  Rectificatuyfi. 

(260.)  If  s  express  the  arc  of  a  plane  curve  relate 
rectangular  co-ordinates,  the  differential  of  the  arc  is  (15 

ds  =  \/d^^  +  dx*. 
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By  invertiDg  this  formula,  we  find  an  expres^on  for  the  arc 

itself, 

By  the  equation  of  the  curve,  the  value  of  -^  may  be  ob- 
tained in  terms  of  .i',  and  the  formula  to  be  integrated  in 
order  to  obtain  the  arc  will  assume  the  form  xdr,  x  being  a 
function  of  x ;  this  being  integrated  between  any  proposed 
limits,  will  determine  the  corresponding  arc  of  the  curve. 

The  determination  of  the  length  of  the  arc  of  a  curve  is 
called  Rectification.     Geometry  (329.). 

(261.)  If  the  curve  be  expressed  by  an  equation  related 

to  polar  co-ordinates,  the  radius  vector  being  represented 

by  r,  and  the  variable  angle  by  w,  we  have,  Geometry 

(829.),  


••  s  =/\/ 


dr^ 

r  +  ;^-r  •  dw. 
aw* 


dr 


The  coefficient  -r-,  and  r  being  expressed  as  functions  of 
a;,  this  formula  may  be  integrated  by  the  established  rules ; 


or  if 


dr 


,  be  expressed  as  a  function  of  r,  and  dcv  as  a  func- 
tion of  r  and  dr,  the  formula  assumes  the  form  ndr,  r  being 
a  function  of  r ;  and,  accordingly,  we  can  integrate  by  the 
rules  already  known. 

(262.)  If  a  curve  have  double  curvature,  it  must  be  ex- 
pressed by  two  equations  between  three  variables  related  to 
three  axes  of  co-ordinates.  In  this  case,  the  expression  for 
the  differential  of  the  arc  is 

ds  -  ^da:^  +  dy«  +  dz\ 
,       /dp2    dv«      7 
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Since  bj  means  of  the  two  equatioBf^  ^  bxiA yrtmj  be  e: 

dx    du 
pressed  as  functions  of  «,  the  coeffidents  -^j   t-,  may  aL 

be  obtained  as  functions  of  Zj  and  therefore  the  formula  \ 
be  integrated  is  reduced  to  the  form  zdz,  z  being  a  functic 


II.  Quad/rature. 

(268.)  If  an  area  a  be  bounded  by  a  plan6  eurve  idste 
to  rectangular  co-ordinates,  its  differential  is  ex{lressed  thw 

(ia7.), 

da  ^  ydx^ 
•/  a  ^fydx. 

The  equation  will  determine  y  in  terms  of  Xy  and  the  ii 
tegral  which  determines  the  area  assumes  the  formykd 
which  may  be  obtained  within  any  proposed  limits  by  d 
methods  already  established. 

If  the  curve  be  related  to  polar  co-ordinates,  the  aft 
usually  obtained  is  that  included  between  two  radii  vectore 
Its  differential  is  expressed  thus ;  Geometry  (330.), 

da  =  \r^d(a^ 
','  a  =  ijr^duf. 

By  the  equation  of  the  curve,  r*  may  be  obtained 
terms  of  w,  and  the  integration  may  be  effected  by  tl 
established  methods. 

The  determination  of  the  area  of  any  surface  is  call 
Quadrature. 

(264.)  If  the  surface  of  which  the  quadrature  is  souj 
be  not  plane,  its  equation  must  be  expi'essed  between  thi 
variables  related  to  three  axes  of  co-ordinates.  In  this  o 
jthe  differential  of  the  area  is 
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da  =  ^dx'-dy''  +  dy'-dz'  f  dx*d^% 


The  partial  differential  coefficients  -j-  and  -7-  may  be  ob- 
tained from  the  equation  of  the  surface  as  functions  of  x  and 
y\  and  thus  the  value  of  a  is  obtained  by  a  double  integra- 
tion, first,  with  respect  to  x^  and,  secondly,  with  respect  to 

^.  For  

dz'' 


ydz^    dz' 


/  dz^      dz^ 

The  integral  ySa:  4/  1  -f-  -r-^  +  j-^  may  be  found  by 

considering  x  only  as  variable,  and  this  being  determined, 
the  remaining  integral  is  found  by  considering  y  alone 
variable. 

This  process  may  be  illustrated  by  imagining  the  pro- 
posed surface  divided  into  indefinitely  minute  rectanguk^r 
spaces,  any  of  which  may  be  conceived  to  coincide  with  the 
tangent  plane  to  the  surface.     Any  one  of  these  spaces  may 
betaken  as  the  differential  of  the  area;  and  since  it  is  equal, 
to  the  square  root  of  the  sum  of  the  squares  of  its  pro- 
jections on  the  three  co-ordinate  planes,  the  first  of  the  pre- 
ceding formulae  for  da  is  immediatefy  obtained.     The  first 
integration  for  x^  considering  y  constant,  gives  the  area  of  a 
imeof  the  surface  intercepted  by  two  planes  perpendicular 
td  the  axis  of  y^  and  the  perpendicular  distance  betw^een 
which  is  dy.     The  final  integration  gives  the  sum  of  these 
xmes,  or  the  area  of  the  surface  intercepted  between  two 
planes  perpendicular  to  the  axis  of  y^  and  intersecting  it  at 
aby  two  points  whose  distances  from  the  origin  are  the  limits 
3jf  the  integral. 

(266.)  A  surface  generated  by  the  revolution  of  a  plane 
urve  round  any  line  in  its  o^m  plane  as  anraxis»  is  called  a 
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surface  of  revolution.  The  quadrature  of  such  surfaces  id 
eflPoeted  with  greater  facility  than  other  curved  surfaces, 
since  they  require  but  one  integration,  and  are  expressed  by 
the  equations  of  their  generatrices. 

Let  y  =  F(a?)  be  the  equation  of  the  generatrix  of  a  sur- 
face of  revolution,  the  axis  of  revolution  being  assumed  m 
axis  of  Xy  and  the  co-ordinates  being  rectangular.     By  the 
manner  in  which  the  surface  is  produced,  it  is  evident  that 
a  section  of  it,  by  a  plane  perpendicular  to  the  axis  of  a?,  and 
at  any  distance  x  from  the  origin,  is  a  circle,  the  radius  of 
which  is  2/.     The  circumference  of  this  circle  is  therefore 
%cy*    If  two  such  sections  be  imagined  intercepting  the  arc 
As  of  the  generatrix,  the  area  of  the  circular  zone  or  hard,  of 
the  surface  between  them  will  obviously  be  %eyds.     This  is 
therefore  the  differential  of  the  surface ;  and  if  a  be  the  area 
intercepted  between  two  sections  limited  by  any  two  values 
of  417,  •••  a  =  %{fydsy 

the  integral  being  taken  between  the  proposed  limits.  By 
the  equation  of  the  generatrix  ds  may  be  obtained  as  a 
function  of  j/  and  dy^  or  y  and  ds  may  be  obtained  as  func- 
tions of  X  and  dx.  In  either  case  the  integration  may  be 
.effected  by  the  established  methods. 

III.  Cuhature. 

(266.)  The  process  by  which  the  volume  included  by 
any  given  surface  or  surfaces  is  determined  is  called 
Cuhature. 

The  equation  v{xyz)  =  0  of  a  surface  being  given,  we 
shall  imagine  it  divided  into  laminae  by  planes  perpendicular 
to  the  axis  of  z.  By  assigning  to  z  any  given  value  z', 
and  considering  x  and  y  to  continue  variable,  the  equation 
v(ayz')  =  0  will  represent  the  plane  curve  produced  by  the 
section  of  the  proposed  surface  by  a  plane  through  z'  per- 
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piiendicular  to  the  axis  of  z.    The  quadrature  of  this  section 

may  be  effected  by  the  formula^dr,  the  value  of  y  being 

obtained  in  terms  of  a:  and  z'  and  the  integration  being  made 

as  if  js/  were  constant.     The  integral  in  this  case  may  be 

taken  between  any  proposed  limits.     If  this  area  be  con- 

tddered  as  the  base  of  a  lamma  intercepted  between  two 

planes,  the  distance  between  which  is  dz^  the  volume  of  this 

lamina  is  dz/j/dx.     This  may  be  considered  as  the  differential 

of  the  proposed  volume,  and  the  volume  itself  u  will  be 

u  ^Jdzfydx  ^ffydxdz, 
(267.)  If  the  solid  be  one  of  revolution  round  the  axis  of 
«,  the  area  of  the  section  perpendicular  to  the  axis  of  z  will 
be  Try*,  \'fydx  =  tz*^*.    Hence  the  expression  for  the  volume 
becomes  in  this  case 

u  =  itjy^dz. 
The  equation  of  the  generatrix  between  y  and  z  being 
pven,  y*  may  be  found  in  terms  of  z,  and  the  integration 
effected  between  any  proposed  limits  by  the  established 
methods. 


SECTION  XIII. 
Examples  of  rectification^  qiuidrature^  and  cubature. 

PROP.  LXXXV. 

(268.)  To  determine  the  arc  of  a  parabolic  curve  reprC" 
sented  by  the  equation  y  =  px". 

By  differentiating,  we  find 

dy  =  npx^'^^dXf 
•••  dj(*  +  da;*  =  (1*  +  w*p*A'^<«-'>)(iF% 
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This  can  be  integrated  in  a  finite  form  only  wlien  S(n  —  1) 
is  a  submultiple  of  unity  or  of  n  (2£1),    In  other  casetf  the 
integral  may  be  expressed  by  a  converging  s^nes. 
If  n  =  4>  •••  2n  —  2  =  1.     In  this  case 

The  origin  of  this  integral  is  or  =  —  q-:.  This  curve  is  the 

semicubical  parabola,  and  is  the  evolute  of  the  common 
parabola.     (See  Geometry,  vol.  i.  (396.)  and  note.) 

To  determine  the  general  class  of  parabolas  which  are 
rectifiable  in  finite  terms,  let  m  be  an  integer,   and  lea 

m  = r ,  •.•  w  =  -~^ —  .     Hence  y  =  px  '^"»  represents 

the  required  class  in  this  case.     If  2(n  —  1)  be  a  submul- 

tiple  of  n,  let  m  =  r- r-,  m  being  an  integer.     Hence 


2w 


2m 


n  =  -^ =-,  •.•  y  =  pa;2"'— 1.      In    general,    therefore,    \k\m 

number  w  is  a  fraction,  whose  numerator  exceeds  its  de- 
nominator by  unity.     If  the  denominator  exceeds  the  nu 
merator  by  unity,  the  integration  may  be  effected  by  changipg 
X  into  y<i  and  vice  versa, 

(269.)  If  the  curve  be  the  common  parabola  ti  =  2,  •/ 

rf^  ==  (1  +  4/7^;r^)^dr. 

Hence  by  the  formula  [2]  (224.),  we  have 

-  dx 

s^^[\  +4p*a7*)^  +  -1/ 


but  by  Sect.  V.  Ex.  4  [2], 

dx  1  
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i         1  

tbe  origin  of  the  integral  being  x  =  0. 


PEOP.  LXXXVl. 

(270.)   To  determine  the  arc  of  an  hyperbolic  curve  re* 
presented  by  y  =  px"^. 

The  equation  being  differentiated,  ^ves 

dy  =  —  npx"^"^  dxy 


•••  '•dy  +  dx^  =  (1  +  nYar^'^)^dx, 

•••  ds  =  dr-~-*(ar»»+*  +  n'^p^ydx, 

•.•  ^  =yr-'->(n«p«  +  4r^+«)^  •  dar. 
This  does  not  come  under  the  criterions  of  integration 
^tablished  in  (221.),  and  can  therefore  only  be  obtained  by 
Approximation. 


PROP.  LXXXVIl. 

(271.)  To  determine  the  arc  of  an  ellipse, 

Xaet  the  equation  a^y^  +  b^x^  =  a^ft^  (see  Geometry),  be 
^differentiated, 

b^x, 
du  = r-dir, 

\'€b^+dx^  ^     '     .'  — dr*. 

But  ay  +  6*a«  =  a^^b^^d^  —  ^^^),  and  ay  =  aH\a^  —  ir«), 
^here  e  represents  the  eccentricity.     Hence 

^y/a^-e^x''. 
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The  series  which  gives  the  approximate  value  of  this  integral 
is  ^ven  in  (236.),  Ex.  3. 

If  X  =  a  =  1,  and  e  be  supposed  very  small|  the  series  for 
the  quadrant  of  the  ellipse  becomes 

l.(\  -.  li  2  _  111-^.  _  1.1.1.3.3.5  \ 

2\        2.2^        2.2.4.4         2.2.4.4.6.6        '  "•/ 

which  gives  the  ratio  of  the  circumference  of  the  ellipse  to 
that  of  a  circle  quam  proonme. 


PROP.  LXXXVIII. 


(272.)  To  determine  the  area  of  a  parabolic  err  hyperhol^^ 


curve  represented  6y  y  =  px 


±n 


Multiplying  by  dx^  we  find 


±n 


da  =  px     dr, 

±«+ 1 
X  __       yx 

■•■  "  =  P(±n+1) ~  (±«  +  l)- 
If  this  integral  be  assumed  between  the  limits  yx  a  "• 

w  +  1 

This  integration  holds  good  in  every  case,   except  wh — 
71  =  —  1,  in  which  it  becomes 


« =  pi  (^)- 


The  integral  taken  between  the  limits  x  and  of  being 
pressed  thus, 

a  ^  p  ' 5 

shows  that  the  area  included  between  the  entire  curve 
the  axis  of  x  can  only  be  finite  when  n  +  1  <  0,  •.*  n<  — 
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Thus  the  common  hyperbola  is  the  limit  which  divides  the 
class  of  hyperbolas  which  intercept  with  their  asymptotes 
finite  areas  from  those  which  do  not^  and  no  parabola  can 
include  with  its  axis  a  finite  area. 


PROP.  LXXXIX. 

(273.)  To  find  the  area  included  by  two  radii  vectoresfrom 
the  centre  of  an  equilateral  hyperbola. 

The  polar  equation  of  this  curve,  related  to  the  centre,  is 

r^  cos.So;  =  a*. 

Hence 

a^duj 


.r^dm  = 


^'*'*"''  "    2cos.2a; ' 


a« 


by  Sect.  X.  Ex.  2, 

'.'f^r^dw  =  -^  •  /tan. (45®  f  ev), 

the  origin  of  the  integral  being  a;  =  0.     If  it  be  taken 
between  the  limits  w  and  a/, 

a«       tan.(45^  +  ec;) 


PROP.  XC. 


(274.)  To  determine  the  surface  and  volume  of  a  cylinder. 

A  cylinder  is  produced  by  the  revolution  of  a  rectangle 
J^ound  one  of  its  sides. 

Hence,  in  the  formula 

a  =.  ^''(fydzy 
y  is  constant,  '.*  a  =  %ty$yy  being  the  radius  of  the  base  of 
the  cylinder,  and  s  its  altitude.     Hence  the  surface  of  a 


.S54  THB  INTKOEAL  CAX.CUI.DS.  'MM9tiWL 

cylinder  is  found  by  multiplying  its  altitude  mtothie^caMI- 
ference  of  its  biase. 
For  the  volume 

u  =  'ify^dxy  •••  u  =  vy^x. 
The  volume  is  therefore  found  by  multiplying  the  altitude 
by  the  area  of  the  base. 


PBOP.  xci. 
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(^75.)  To  determine  the  surface  and  voluwu  ^a  ri^ 
cone. 


A  right  cone^is  a  surface  produced  by  the  revolution  of  a 

rectilinear  angle  round  one  of  its  sides.  I  Qe 

The  vertex  of  the  angle  being  assumed  as  origin,  and  the  Ejq 

axis  of  rotation  as  axis  of  x^  the  equation  of  the  generatrix  Iq^  ^ 

is  ^  =  p.r,  p  being  the  tangent  of  the  semiangle  of  the  t^ 

cone.  \^ 

Hence,  if  a  be  its  surface, 

da  =  9,TtJyds\ 
but  ds  =  V\  +  p^  '  da^y  / 

a  =  ^TT  v/ 1  -t-  plfpxdx  =  TT  x/1  +  p*  •  2?x*, 
the  origin  of  the  integral  being  x  =  0. 
Or  if  s  represent  the  side  of  the  cone, 

a  ==  Ttys, 
Since  ity  is  the  semicircumference  of  the  base,  it  appe^*^ 
that  the  surface  of  a  right  cone  is  equal  to  a  triangle,  whc^  ^ 
altitude  is  equal  to  the  side  of  the  cone,  and  whojse  b^^ 
equals  the  circumference  of  the  base  of  the  cone. 

If  the  cone  be  truncated,  the  integral  must  be  tat^^ 
between  the  limits  *r  and  of  corresponding  to  the  distanc^^^ 
of  its  bases  from  the  vertex.     Hence 


a  =  TT-v/l  -f  p«  .  p(x^  -.  ;r'2) ; 
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mt  {x  —  jr')  -v/1  +J3*  =  *>  the  side  of  the  truncated  cone, 
lence 

a  =  7r(5^  +  t/)s. 

Hence  the  surface  of  a  truncated  cone  is  equal  to  a 
rapezium,  whose  altitude  is  equal  to  the  side,  and  whose 
parallel  bases  are  equal  to  the  circumferences  of  its  bases ; 
r  it  is  equal  to  the  sum  of  the  surfaces  of  two  cones,  whose 
ides  are  equal  to  that  of  tbe  truncated  cone,  and  whose 
lases  are  equal  to  the  two  bases.  ' 

To  find  the  volume  (w), 

u  =  Ttfy^dx  =  Tt/p^jc^dx, 

:he  origin  of  the  integral  being  a;  =  0.        # 

Hence  it  appears  that  the  volume  of  a  right  cone  is  found 
)y  multiplying  its  altitude  x  by  one-third  of  its  base  ^y*, 
md  that  it  is  therefore  one-third  of  a  cylinder  in  the  same 
^ase  and  altitude.  (Euclid,  lib.  xii.  prop.  10.)  Hence  also 
lay  easily  be  deduced,  Euclid,  lib.  xii.  props.  11,  12, 13, 
4,15. 

If  the  cone  be  truncated, 

u  =  \iea\x^  -  aP). 

ince  X  ~  .r'  is  the  altitude  of  the  truncated  cone,  let  it 
2  A,  •.• 

The  terms  i^A^%  4^Ay%  are  evidently  the  volumes  of 
3nes  on  the  bases  of  the  given  truncated  cone,  and  in  the 
ime  altitude.  And  the  term  ^ntsyij  is  the  volume  of  a 
one  in  the  same  altitude,  and  having  a  base  whiph  is  a 
aean  proportional  between  the  bases  of  the  truncated  cone. 
The  given  truncated  cone  is  therefore  equal  to  the  sum  of 
he  volumes  of  these  three  cones. 
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PEOP.  XCII. 

(276.)  Of  the  surface  of  a  sphere. 

A  circle  being  supposed  to  revolve  on  one  of  its  dii- 
meterS)  generates  a  sphere.  Let  the  equation  of  the  gene- 
ratrix be 

y2  +  x^  ==  r«. 
Differentiating,  we  find 

'.'  djA  -I-  dx*  =  ' — —dt^  =  — --, 

_       rdx 
•.•  ds  =  — 5 

J/ 
•.'  a  ^^rfrdx  =  %:r(^x  —  ai), 

the  origin  of  the  integral  being  a?'. 

If  a;  =  r,  the  formula  expresses  the  volume  of  a  sphericil' 
segment,  whose  base  is  a  lesser  circle  of  the  sphere  at  the 
distance  oc  from  the  centre.  Let  that  part  of  the  axis  of  the 
segment  (the  diameter  of  the  sphere  passing  through  the 
centre  of  its  base)  intercepted  within  it  be  called  v, 

a  =  2irrv, 
It  is  evident  that  2rv  is  equal  to  the  square  of  the  chord  c    1 
of  the  arc,  whose  revolution  generates  the  segment.    Hence 

a  —  TTc^. 
The  surface  of  the  segment  is  therefore  equal  to  the  area  of 
the  circle  described  with  this  chord  as  radius.     Hence  the 
surface  of  an  hemisphere  is  equal  to  the  area  of  a  circle  de- 
scribed with  a  radius  equal  to  the  side  of  the  square  '^' 
scribed  in  a  great  circle,  and  the  entire  surface  of  the  sph^^ 
is  equal  to  the  area  of  four  great  circles,  or  to  the  a'^^'cs 
of  a  circle  described  with  a  diameter  of  the  sphere  as  radi 
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?he  formula 

a  =  f^itr{r  —  a/) 
resses  the  surface  of  a  cylinder,  of  which  the  altitude  in 
•  j/),  and  the  radius  r  (274.).  Hence  it  appears,  that  if 
Under  be  circumscribed  round  a  sphere,  so  that  it  will 
h  the  sphere  both  with  its  sides  and  bases,  the  part  of 
cylindrical  surface,  intercepted  between  any  two  planes 
^ndicular  to  its  axis,  is  equal  to  the  part  of  the  sphe- 

surface  intercepted  by  the  same  planes,  and  the  whole 
ice  of  the  sphere  is  equal  to  the  cylindrical  surface,  ex- 
ve  of  the  bases  of  the  cylinder.  The  spherical  surface 
5  to  the  entire  cylindrical  surface,  including  the  bases,  the 

2:3. 

'  round  the  circle,  whose  revolution  generates  the  sphere, 
q[uilateral  triangle  be  circumscribed,  one  of  its  vertices 
5  on  the  axis  of  revolution,  it  will  generate  a  cone^ 
d  an  equilateral  cone,  from  the  circumstance  of  the  dia^ 
r  of  its  base  being  equal  to  its  side.  It  appears  from 
B  geometry,  that  the  altitude  of  this  cone  will  be  Sr,  the 

IS  of  its  base  v^  ,  r,  and  therefore  its  side  2  ^S .  r. 
conical  surface  of  this  cone  is,  therefore,  Otft^,  or  equal 
X  times  a  great  circle ;  and  since  its  base  is  SwT*,  its 
ie  surface  is  nine  times  a  great  circle.  Since  the  cir- 
scribed  cylinder,  including  its  bases,  is  six  times  a  great 
e,  the  three  surfaces  of  the  sphere,  cylinder,  and  cone, 
in  geometrical  progression,  and  in  the  ratio  2:3.  ^ 

PROP.  XCIII. 

(277.)  Of  the  volume  of  a  sphere^. 

'he  formula 

u  =  itjkfdx 
nes  by  substituting  for  t/*  its  value  r*  —  .r', 

s 


[ 


i 
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the  origin  of  the  integral  being  jr  =  0 ;  or 
u  =  7r[r«(T  -  a:')  —  K-^^'  -  •^^)]» 

the  origin  being  t  =  ^. 

To  determine  the  volume  of  a  spherical  segment,  Ilit 
ar  =  r,  •/ 

u  =  i7r(r  -  a')[2r«  —  ro;'  -  a?'*]. 

To  extend  the  integral  to  the  entire  sphere,  let  a^^-^r, '-' 

u  ==  ^irr^y 

which  is  the  volume  of  a  sphere,  whose  radius  is  r  *. 

Let  a  be  the  surface  of  the  sphere.     By  the  last  pro- 
position a  =  47rr*.     Hence 

u  =  Jar, 

which  is  the  volume  of  a  cone  whose  altitude  is  r,  and  whoi*: 
base  is  a.  Hence  the  volume  of  a  sphere  is  equal  to  that  ^ 
a  cone,  having  its  base  equal  to  the  surface,  and  its  altitude 
equal  to  the  radius. 

The  volume  of  the  circumscribed  cylinder  (274.)  is  2tfr*? 
since  2r  is  its  altitude  and  irr^  its  base.  Also  the  volume  o» 
the  circumscribed  cone  is  S^r^,  since  its  altitude  is  3r,  and 

the  radius  of  its  base  Vo  .7\  Hence  it  appears  that  the 
volumes  of  the  sphere,  cylinder,  and  cone,  as  well  as  tlirir 
surfaces,  are  in  geometrical  progression,  and  in  the  ratio; 
2:3. 

This  beautiful  property  was  the  discovery  of  Archimedes, 
who  was  so  charmed  with  it,  that  he  is  said  to  have  ordered 
it  to  be  engraved  upon  his  tomb. 


*  This  formula  evidently  contains  Euclid,  lib.  xii.  prop.  18. 
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PROP.  XCIV. 

(278.)  To  determine  the  volume  of  an  ellipsoid. 
Let  the  equation  of  the  ellipsoid  be 

le  equation  of  a  section  perpendicular  to  the  axis  of  z^ 
\  at  a  given  distance  z  from  the  origin,  is 

d'y'-  +  h'^x^  = ^ -. 

le  seraiaxes  of  this  section  are 


^=  —c ' 


B  =    . 

c 
le  area  of  the  section  is  therefore  (Geometry y  378.), 

ABir  ==  — V-s -' 

lis  being  multiplied  by  dz,  and  the  result  integrated, 

es 

:  0  being  the  origin  of  the  integral. 

f  the  integral  be  taken  between  the  limits  z  and  z!^ 

^o  determine  the  volume  of  a  segment  cut  off  by  a  plane 
le  distance  z\  let  ^  =  c,  •.• 
Ttab^  .sr-^ 

o  extend  the  integral  to  the  whole  ellipsoid,  let 

2'  =  —  c.  *.• 


tt  =  ^TTaftc. 


s2 
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Hence  the  volume  of  the  ellipsoid  is  equal  to  that  of  a 
sphere,  the  cube  of  whose  radius  is  equal  to  the  product  of 
the  semiaxes. 

If  the  ellipsoid  be  generated  by  revolution  round  the  axil 
a,  b  =  Cy  and  the  volume  is 

1{  a  =  b  =  Cf  the  formula  gives  the  volume  of  a  sphere^ 
the  same  as  was  before  obtained  (277.). 


SECTION  XIV. 

Of  the  integratio7i  of  differentials  qfjlinctiofis  of  several 

independent  variables, 

(279.)  The  differentials  of  functions  of  several  variable 
are  of  two  kinds,  partial  and  total  (94,  95.).  The  methods 
of  integration  are  different  for  these.  We  shall  first  con- 
sider the  integration  of  partial  differentials. 

i\s  a  partial  differential  is  found  by  differentiating  the 
primitive  function,  considering  all  the  variables  but  one  con- 
stant, so  the  integration  must  proceed  upon  the  same  hy- 
pothesis. To  render  the  investigation  more  simple,  we  shall 
first  consider  functions  of  two  variables  only.  The-  prin- 
ciples, when  established,  may  be  easily  generalised.  Let  u 
be  a  function  of  a:  and  t/,  and  let  the  partial  diflFerential 
taken  with  respect  to  x  be 

du 

■j-dx  =  Ndr. 

da; 

In  this,  N  is  a  function  of  x  and  y ;  but  as  it  is  derived 
from  the  function  n  by  considering  y  constant,  so  in  the  in- 
tegration, N  is  to  be  taken  as  a  function  of  .r  only.  Let  the 
integral  of  Nda?,  under  this  point  of  view,  be  ti,  •/ 
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tt  =  u  +  c, 
c  being  an  arbitrary  constant.     This,  however,  is  only  con- 
stant with  respect  to  the  variation  of  jr,  and  is  therefore  to 
be  considered  as  a  function  of «/,  let  it  be  y,  ••• 

w  =  u  +  Y. 

Hence  it  appears,  that  one  partial  differential  is  insufficient 
to  determine  the  primitive  function,  but  will  determine  that 
part  of  it  which  depends  on  the  variq.ble  to  which  the  partial 
differential  is  related. 

In  a  similar  way  a  partial  differential  of  a  superior  order 
taken  with  respect  to  the  same  variable  may  be  integrated 
by  a  series  of  successive  integrations. 

(280.)  But  when  the  partial  diflerential  of  a  superior 
order  has  been  taken  with  respect  to  different  variables,  the 
process  is  different.  Let  m  be  a  partial  differential  co- 
efficient of  the  second  order  taken  successively  with  respect 
toy  and  x.     Then  if  u  be  the  primitive  function 

dxdy 

J     du  ^       .     ^*^       ^^ 
da?  "~    '  *  dxdy  ~  dy^ 

dv  =  udy<. 

Integrating  this,  y  alone  being  considered  variable,  and 

the  arbitrary  constant,  which  is  a  function  of  Xy  being  x', 

ire  find 

u  —fvidy  +  x', 

v-g- = /Mrfa^  +  X'. 

iince  the  integral^dy  is  known,  let  it  be  u',  \* 

-z-dx  =  u'dx  -f-  y}dx. 
dx 

Let  this  be  integrated,  x  only  being  considered  variable, 

id  we  find 

u  ^fxidx  ^f^dx  +  Y, 

being  the  arbitrary  constant  and  a  function  of  j/. 
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Ifjv'dx  =  u  andyk'dr  =  x,  ••• 

u  =  u  +  X  4-  Y, 

As  the  value  of  -^ — t"  is  the  same,  whatever  be  the  order 

axay 

in  which  the  differentiations  may  have  been  performed} » 
the  integral  will  be  the  same  in  whatever  order  the  iiir 
tegrations  may  be  performed.  This  is  expressed  analyticallj 
thus: 

fdxfiiidy  ^Jdyf^idx, 

Such  an  integral  is  therefore  usually  expressed 

JpiA.dxdy, 
In  a  similar  way,  if  u  be  a  function  of  three  variables,  the 
integral  of  the  differential 

-3 — 'j--rda;dydz  =  udxdydz 
dxdydz      -^  ^ 

may  be  obtained ;  but  in  this  case  there  will  be  three  arb** 
trary  functions,  and  the  integral  will  assume  the  form 

Judxdydz  =  u4-x+Y4-z. 
And  similar  observations  may  be  applied  to  differentials  o 
superior  orders. 

(281.)  As  a  total  differential  of  a  function  of  severe 
variables  is  the  sum  of  its  partial  differentials,  so  the  vd 
tegral  of  a  total  differential  is  the  sum  of  the  integrals  of  tb< 
partial  differentials.  If,  therefore,  the  partial  differential^ 
be  all  given,  the  total  differential  may  be  found  by  the  rule; 
which  have  been  established.  In  order,  however,  that  th< 
integration  of  a  given  total  differential  be  possible,  it  will  b 
necessary  to  ascertain  whether  the  parts  which  compose  it 
involving  the  differentials  of  the  variables  respectively,  ar« 
the  several  partial  differentials  of  any  one  function  of  th< 
variables;  for  this  may  not  be  the  case,  and  if  not,  th< 
formula  is  not  the  total  differential  of  any  function,  an< 
therefore  cannot  be  integrated. 
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PROP.  XCV. 

(282.)  Given  two  Junctions  of' two  variables^  to  determine 
whether  they  be  partial  differential  coefficients  of  the  same 
function,  and  if  so,  to  find  the  primitive  Junction. 

Let  M  and  n  be,  the  two  given  functions  of  the  variables 
xwAy,  and  let  the  primitive  function  sought  be  u,  so  that 
we  have 

du  (in 

-J  -  =  M,        -7-   =  N. 

dv  dy 

Each  of  these  being  integrated,  give 

u  =jMdx  +  ^  7p, -, 

u  ^J)^dy  4-  x3*-  -'' 
y  and  x  being  arbitrary  functions  of ^  and  x  respectively. 

If  the  two  differential  coefficients  m  and  n  be  derivable 
from  the  same  primitive  function,  it  is  necessary  that  these 
two  values  of  u  should  be  identical  independently  of  the 
variables.  Now  since  y  is  independent  of  x,  and  x  inde- 
pendent of  j/j  it  follows  that  Y  must  be  identical  with  that 
part  of  the  function  /is  J^,  which  is  independent  of /i*,  and  x 
must  be  identical  with  that  part  of  the  functionyMdLr,  which 
is  independent  of  ^.  These  substitutions  being  made  for  x 
and  Y,  if  the  two  values  of  u  become  perfectly  identical,  the 
two  differential  coefficients  m  and  n  must  be  derivable  from 
the  same  primitive  function,  and  that  function  is  the  common 
value  of  u  thus  found,  an  arbitrary  constant  being  annexed. 
On  this  condition,  therefore,  and  not  otherwise,  the  dif- 
ferential 

^idx  -\-  ^^dy 

Is  capable  of  integration ;  and  if  this  condition  be  not  satis- 
fed,  the  proposed  differential  is  not  the  exact  differential  (a 
»hrase  implying  an  integrable  differential)  of  any  function. 
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(S83.)  The  process  for  determining  the  functions  x  and  Y  lio 
may  also  be  explained  thus.  Let  the  first  of  the  equatioos  ma 
[1]  be  differentiated  for  y,  we  find 

du       dv        dY 
dy^dy       dy^ 

where  v  zzzjudx.     Hence 

/du        dY\^  V  dv\^ 

Hence  the  complete  integral  will  be 
or  otherwise  by  the  second  equation 

« 

where  v'  =Jjsdy. 

(284.)  The  condition  of  integrability,  already  determine^-^ 
may  be  otherwise  expressed.     It  follows  from  what  has  beec^ 
established,  that  if  the  two  given  partial  diflerential  co^ 
efficients  be  derivable  from  the  same  function,  the  formula 

dy 
must  be  a  function  of  y,  and  independent  of  x.     Therefore, 
if  it  be  differentiated  for  x,  its  differential  coeflicient  must 
=  0  •  • 


U 


But 


dv 
da 


dN         d^v 

i\ 

dx       dydx  ~ 

:0, 

dx        d«v 

•    •                   — ^ 

dx  ""  dydx'^ 

dw 
dx 
dy 

=   M,  >• 

dN        dM 

dx  "^  dy^ 

tficT.  xiy< 
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a  condition   which   must  be   fulfilled,   in  order  that  the 
formula 

ucLv  4-  Nd^ 
should  be  a  complete  differential. 

On  the  other  hand,  it  is  evident  from  the  differential  cal- 
culus, that  if  this  be  the  complete  differential  of  a  function 
t^   the  above  criterion  must  be  fulfilled,  for  by  (96.), 


dxdy 
du 


d. 


dx 


or 


dydx^ 
du 


dy 
du 


dx 


dm 


I,  e,  —T—  = 


dy  "  dx* 

Tliis  is  usually  called  the  criterion  ofintegrability, 
(285.)  The  theorem  expressed  by  the  formula 

d^\  _  dM 
dxdy ""   dy ' 
iQay  be  expressed  also  thus, 

dv 


d- 


dx 


dy 


dx  = 


dx. 


By  integrating,  we  find 

dy        ^  dM  , 
dy       -^   dy      ' 

'      dy       "^dy"^' 
which  indicates  a  method  of  obtaining  one  partial  differential 
coeffident  of  a  function  of  two  variables  from  the  other,  the 
arbitrary  function  being  understood  to  be  annexed. 

(286.)  The  rules  for  the  integration  of  differentials  of 
several  variables  may  be  easily  found  by  generalising  those 
alreaidy  given.  Let  m,  n,  l,  be  three  functions,  each  being 
a  function  of  or,  y,  and  z;  it  is  required  to  determine  whe- 
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ther  they  be  partial  diffei*ential  coefficients  of  the  same 

function,  and  to  determine  that  function;  in  other  wordsi 

it  is  required  to  assign  the  conditions  of  integrability  and  the 

integral  of 

du  =  Mdlr  -f  Nfify  +  hdZy 

•.•  u  =y\Mcir  +  Nd//  \-  ladz). 

Since  m  and  n  must  be  the  partial  differential  coeffidents 

qSuj  considered  as  a  function  of  .r  and  t/,  the  conditions 

Jm       dn 


must  be  fulfilled. 

dy        dx ' 
In  like  manner  it  may  be  shown,  that  the 

conditions 

# 

<iM        di. 

dz  '^  dx^ 

Jn        Jl 

dz        dy ' 

must  be  also  fulfilled.  If  the  given  differential  coefflcients 
fulfil  these  conditions,  they  must  be  derivable  from  the  same 
function  of  ^,  y,  ^ ;  for  by  the  first,  m  and  n  are  derivable 
from  the  same  function  of  d7, 3/ ;  by  the  second,  m  and  l  are 
derivable  from  the  same  function  of  ^r,  2 ;  and  by  the  last, 
N  and  L  are  derivable  from  the  same  function  of  3/,  2.  Hence 
the  three  have  the  same  integral. 
It  also  follows,  that 

\.dz  +  MfZr, 
are  respectively  exact  differentials,  and  the  integral  of  the 
proposed  differential  may  be  obtained  by  integrating  any 
one  of  thescj  annexing  an  arbitrary  function  of  the  re- 
msuning  variable.  Thus  the  sought  integral  would  be  ob- 
tained under  the  forms 

w  =  u  +  z, 

u  =  u'  4-  X, 
u  =  u"  -f  Y, 
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z,  X,  and  y  being  arbitrary  functions  of  z^  x^  and  y  re- 
spectively. The  function  z  may  be  determined  at  once  by 
substituting  for  it  that  part  of  the  functions  u'  or  u^'  which 
is  independent  of  ic  or  3/ ;  for  since  the  value's  of  u  must  be 
identical  independently  of  the  variables,  those  parts  of  them 
which  are  independent  of  x  and  y  must  be  identical.  In  a 
similar  maimer,  the  arbitrary  functions  x  and  y  may  be 
found. 

These  functions  may  also  be  determined  thus.     Let  the 
first  equation  be  differentiated  for  2.     The  result  is 

i,dz  =  -3-dz  +  t/z, 
dz 

^nd,  in  like  manner^ 


=-^(^  -  |-)t' 


The  process  for  integrating  differentials  of  any  number  of 
variables  will  now  be  evident.  The  number  of  equations 
which  give  the  criterion  of  integrability  is,  in  general,  the 
number  of  different  combinations  of  two  variables,  and  is 

therefore  ,  n  expressing  the  number  of  variables. 


SECTION  XV. 


Praxh  071  the  integration  qf differ  erUials  of  sterol  'variables. 
JbiX.  1.  Juet  du  =  — r r^.     In  this  case, 

y  -^^ 
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y  X 

M  =      .  ..      N  =   — 


a; 
\*Judx  =  tan.""* h  Y, 

X 

Jiidy  =  tan.~*  —  +  x, 

X 

Hence  y  =  0  and  x  =  0,  •.•  w  =  tan.""* — . 

y 

Ex.  %  Let 

fZw  =  (307*  -'r  ^o:j^)dr  +  (aa?*  +  3y*)d[y, 
•••  M  =  3«r*  H-  2flWFy,     N  =  iw?*  +  8y*, 
\'fudx  =  -r'  +  oa:*y  +  Y, 
ykdfy  =  aj:*^  -f  y  +  x. 
Hence  y  =  ^'  and  x  =  a?' ;  and  by  these  substitutions,  the 
two  integrals  become  identical.   The  differential  is  therefore 
integrable^  and  its  integral  is 

u  =^  J?  -\'  ax^y  H-  y^. 
Ex.  8.  Let 

du  =  {2Ay  -h  Ba:  H-  Ji)dy  +  {9»cx  +  b^  +  E)(ir, 

*.•  M  =  9»CX  +  B^  +   E, 
N  =  9t\y  +  BO?  -f  D, 

\'fudx  =  car*  +  -^yx  +  eo:  +  y, 
ykrf^  =  Ay*  +  B^a?  +  Dj/  4-  X. 
Hence  y  =  hy^  +  ny  and  x  =  car*  +  et,  by  which  al- 
ternate substitution,  the  formula  becoming  identical,  proves 
that  the  differential  is  integrable,  and  that  its  integral  is 

U  =  A^/*  +  ^3Cy  H-  007*  +  Dy  +  Eo:. 

Ex.  4.  Let 

^    y        X        07*       J/*  * 
Hence 

1  y  1  07 


M  =   —— ^,       N  =   — ■ 


y      X  X     y^ 


y       X         ' 
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-^^^^^  =  7+7+^: 

Hence  x  =  0  and  y  =  0,  by  which  the  equations  becoming 
identical^  the  proposed  differential  is  integrable^  and  its  in- 
tegral is 

y      X 
X      y 
Ex.  5.  Let 

du       dx 

1  1 

•••  M  =  y  -  —-,     N  =  jr  —  —J, 

1 
•••/Mtir  =  yx  +  —  +  Y, 

fsdy  =  j/ir  +  —  +  X. 

Hence  x  =  0,  y  =  0,  and 

1 
u  ^  yx  ■\ . 

Ex.  6.  du  =  -^    "^     -.     Hence 

y^/x''-y'^ 

2  Six 


Vx^—y"-  y\/x^—y^ 

\*fvLdx  =  2l[x  4-  -v/^*  -  «/']  +  Y, 

yNd2/  =  2i[^  +    V^*  -^'^]  -  %  +  X. 

Hence  x  ==  0  and  y  =  —  2/y,  *.• 


u  =  2/[^  +  ^a?^  -  y^]  -  %  =  21 


X  +  >v/^^  —J/* 


y 

Ex.  7.  Let 


da:    ydr    j/d^     (ydx  —  xdy)  ^/ x"- -^  y"^     dy 

X        x^        x"^                     x^  »y 

Hence  

M  —  — — — —        -  J 
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1     v^^+y+j/ 

N  =  7Z 


%        ^ 


,1 


■,fud^  =  iLc-  .|5-!^g±?^+./[v/x«+^«-y]+T, 


Hence  y  =  J^  and  x  =  ite,  and  the  other  parts  of  these 
integrals  being  identical,  the  proposed  differential  is  in- 
tegrable,  and  its  integral  is 


Ex.  8.  Let 


3 

i 


•.•  /moj:  =  — +  Y, 

f^dy  =  -jM^  +  X. 
s/x*+y^ 

Hence  x  =  0  and  y  =  0,  *.• 


U  =:    - 


\/.2*+j/" 


SECTION  XVI. 

The  general  theory  of  differential  equations  and  arbitf^^^ 

constants. 

(287.)  Having  in  the  preceding  sections  explained  ^^ 
methods  of  obtaining  the  integrals  of  differentials  of  one  a"* 
of  several  variables,  under  all  the  varieties  of  form  in  wh** 
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?y  present  themselves,  we  now  come  to  the  consideration 

the  methods  of  integrating  differential  equations  *.     As, 

wever,  this  part  of  the  science  is  of  considerable  import- 

ce  and  difficulty,  before  we  enter  upon  the  details  of  the 

ithods,  we  shall  offer  some  general  observations  on  the 

ture  of  differential  equations^  on  the  connexion  of  dif- 

'ential  equations  of  different  orders  with  each  other,  and 

th  the  primitive  equation  or  integral  from  whence  they 

?  derived,  and  on  the  constant  quantities  upon  which  that 

mexion  depends. 

(288.)  If  an  equation  between  two  variables  .r  and  y  be 

Ferentiated,  a  differential  equation  will  be  obtained  in- 

du 
Iving  the  quantities  .r,  y,  and  -,^,  the  last  occurring  only 

the  first  degree. 

If  this  again  be  differentiated,  an  equation  will  be  found 

i^olving  a%  2/,  -7--,  and  -y^,  the  last,  as  before,  entering  it 

ly  in  the  first  degree.     In  like  manner  the  process  may 
continued  and  a  series  of  differential  equations  obtained, 
ch  of  which  come  under  the  form 

A-T-^-  +  B  =  0, 

ere  a  and  b  are,  in  general,  functions  of  the  variables, 
i  the  differential  coefficients  of  orders  inferior  to  the 
I. 

^89.)  The  order  of  a  differential  equation  is  determined 

the  highest  differential  coefficient  which  it  contains,  as 

degree  of  an  algebraic  equation  is  determined  by  the 


•  The  differential  equations  considered  in  this  section  are 
se  between  but  two  variables.  Differential  equations  of 
E^ral  variables  will  be  investigated  in  a  subsequent  section. 
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highest  power  of  the  unknown  quantity.  Thus,  a  dif« 
ferential  equation,  which  contains  no  differential  coeffident 
higher  than  the  first,  is  said  to  be  a  differential  equation  of 
the  Jirst  order.  If  it  contain  the  second  differential  oo- 
efficient  and  none  higher,  it  is  called  a  differentiaT  equaUon 
of  the  second  order,  and  so  on. 

(290.)  Differential  equations,  like  common  algebraic  equa- 
tions, are  also  distinguished  by  degrees.  These  are  marked 
by  the  highest  power  of  the  differential  coefficient  that 
marks  their  order,  which  enters  them.  Thus,  a  differential 
equation  which  involves  no  differential  coefficient  but  the 
first,  and  that  only  in  the  first  power,  is  called  a  differential 
equation  of  the  Jirst  order  and  ^rst  degree.  But  if  the 
differential  coefficient  enter  in  the  second  or  third  power,  it 
is  called  a  differential  equation  of  the^r*^  order  and  second 
degree  or  third  degree,  and  so  on. 

It  appears  from  the  process  of  differentiation,  that  no  dif- 
ferential equation  which  is  directly  obtained  from  the  pri- 
mitive equation  by  differentiation  alone  can  be  of  any  degree 
but  the  first.  Whenever,  therefore,  we  meet  a  differential 
equation  of  a  superior  degree,  it  may  at  once  be  assumed 
not  to  be  the  immediate  differential  of  any  primitive  equa- 
tion. The  origin  of  differential  equations  of  superior  degrees 
we  shall  find  presently. 

(291.)  As  an  equation  and  its  differential  are  deduced 
the  one  from  the  other,  the  same  values  of  the  variables 
which  satisfy  the  former  must  also  satisfy  the  latter.  Hence 
it  follows  tl^at  other  equations  may  be  deduced  by  their 
combination.  This  circumstance  indicates  the  existence  of 
several  differential  equations  of  the  same  order  depending 
upon  the  same  primitive  equation.  Let  v  =  0  he  the  pri- 
mitive equation  between  the  variables  x  and  t/.  By  dif- 
ferentiating this,  we  obtain  v'  ~  0,  v'  being  a  function  of  ar, 

du 
f/,  and  -yy.     In  general,  v'  involves  the  same  constant  quan- 
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iUes  as  v,  except  that  constant  of  v  which  is  independent  of 
he  variables  x  and  y^  for  this  disappears  by  differentiation. 
f  V  should  not  contain  such  a  constant,  its  form  is  not 
(eneral  enough,  and  it  is  only  a  particular  case  of  the  in- 
egral  of  v'  =  0.  We  shall,  however,  consider  the  integral 
^  =  0  in  its  most  general  form,  and  shall  therefore  consider 
^  =  0  as  containing  all  the  cbnstants  of  v  =  0,  except  one. 
rhus,  v'  =  0  is  the  immediate  differential  equation  of  the 
irst  order  derived  from  v  =  0.  Now  if  any  one  of  the 
»nstants  of  v'  =  0  be  eliminated  between  the  two  equations, 
n  shall  obtain  another  differential  equation  of  the  first 

)rder  between  ^,  y,  and  -~. 

In  this  equation  the  constant  which  disappeared  by  dif- 
ferentiation will  reappear,  and  another  will  disappear  by 
^mination. 

This  latter  differential  equation  will  be  perfectly  distinct 
ftom  the  former,  since  a  constant  is  involved  in  it  which  is 
ttduded  from  the  former,  and  since  it  excludes  one  which 
fi  involved  in  the  former.  The  differential  equation  ob-^ 
^ned  by  elimination  may  also  differ  in  degree  from  that  ob- 
:ained  by  differentiation  alone.  If  the  constant  which  is 
iKminated  enter  the  primitive  equation  in  any  dimensions 
%her  than  the  first,  this  will  necessarily  be  the  case,  as  wiU 
Presently  appear.  Hence  the  origin  of  differential  equations 
)f  superior  degrees. 

A  similar  elimination  'may  be  practised  upon  each  of  the 
Jonstants  common  to  the  two  equations  v  =  0  and  v'  ==  0, 
ind  as  many  different  differential  equations  of  the  first  order 
nay  be  thus  obtained  as  there  are  independent  constants  in 
ie  primitive  equation. 

(292.)  If  the  differential  coefficient  be  eliminated  by  any 
TO  of  the  differential  equations  of  the  first  order,  the  result 
JF  be  the  primitive  equation  in  which  the  two  constants^ 

T 
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one  of  which  is  excluded  from  each  of  the  differential  e 
tionsy  will  appear. 

Also,  if  either  of  the  variables  be  eliminated  by  anj 
of  these  equations,  the  value  of  the  differential  coeffi 
will  be  obtained  in  terras  of  the  other.  In  this  case,  al 
the  variable  eliminated  exceed  the  first  degree,  the  resu 
differential  equation  will  be  of  a  superior  degree  also. 

C^QS. )  The  several  differential  equations  of  the  first  o 
all  of  which  but  one  have  been  obtained  by  elimination, 
also  be  obtained  by  differentiation  alone,  by  slightly  mo 
ing  the  primitive  equation.  It  has  been  shown  that  ea 
the  differential  equations  of  the  first  order  excludes  a  con 
of  the  primitive  equation.  In  order  to  obtain  the  diff 
tial  equation  immediately  by  differentiation,  let  the  prin 
equation  be  supposed  to  be  solved  for  the  constant  ai 
were  an  unknown  quantity,  so  that  if  A  be  the  constant 
equation  will  assume  the  form  F(a7y)  —  a  =  0.  t 
this  form,  the  equation  being  differentiated,  a  will  disap 
and  an  equation  between  the  variables,  the  first  differ< 
coefficient,  and  all  the  other  constants  of  the  primitive  < 
tion  will  be  found. 

The  equation  thus  obtained  must  be  necessarily  idei 
with,  or  reducible  to,  that  obtained  by  elimination, 
they  involve  the  same  variables  and  constants.  In  the 
way  all  the  differential  equations  of  the  first  order ) 
were  before  found  by  elimination,  or  their  equivalents, 
be  immediately  obtained  by  differentiation  alone. 

If  the  constant  which  is  thus  made  to  disappear  b 
ferentiation  rise  to  the  second  or  an  higher  degree  i 
primitive  equation,  then  when  the  equation  is  solved  i 
have  more  values  than  one,  and  radicals  will  appear  i 
primitive  equation  which  did  not  enter  it  before.  ' 
radicals  will,  therefore,  also  appear  in  the  differential 
tion  obtained  from  it,  and  therefore  the  differential  coef 
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which  must  occur  in  the  simple  dimension  will  have  several 
values.  Now  as  this  equation  must  be  equivalent  to  that 
obtained  by  elimination,  which  does  not  include  the  above- 
mfentioned  radicals,  it  follows  that  they  must  be  produced 
by  solving  it  for  the  first  differential  coefficient,  so  as  to 
reduce  it  to  the  same  form  as  that  obtained  from  mere  dif- 
ferentiation. Hence  it  follows,  that  in  this  case  the  dif- 
ferential equation  obtained  by  elimination  must  rise  to  the 
same  degree  as  that  of  the  constant  in  the  primitive  equatioR 
by  whose  elimination  it  was  produced. 

(294.)  By  differentiating  the  first  differential  equation 
▼*=  0,  the  second  differential  equation  V'  =  0  may  be 
fcund.  This  will  be  the  immediate  differential  equation  of 
the  second  order  of  the  proposed  equation,v  but  it  will  not 
be  the  only  one.  By  what  has  been  already  observed  of 
the  first  differential  equation,  it  follows  that  the  second  dif- 
ferential equation  v"  =  0  contains  all  the  constants  of  the 
first  V  =  0,  except  one,  and  therefore  all  the  constants  of 
4e  primitive  equation  v  =  0,  except  two.  The  two  which 
disappear  by  differentiation  alone  are  those  which  are  in- 
dependent of  the  variables  in  the  two  equations  v  =  0  and 
V  s  0.  A  differential  equation  may,  however,  be  obtained 
independent  of  any  two  constants  a  and  b  of  the  primitive 
equation,  and  may  be  obtained  from  two,  and  only  two,  of 
the  differential  equations  of  the  first  order. 

P.  By  differentiating  the  equation  of  the  first  order  which 
excludes  the  constant  a,  and  by  it  and  its  differential  eli- 
loinating  b,  a  differential  equation,  independent  of  a  and  b, 
will  result;  or  the  same  may  be  obtained  by  solving  the 
equation  for  the  constant  b,  and  then  differentiating  it  (293.). 
8P.  By  differentiating  the  equation  of  the  first  order  which 
is  independent  of  the  constant  b,  and  then  eliminating  a,  or, 
$8  before,  first  solving  the  equation  for  a,  and  then  dif- 
ferentiating the  result,  the  same  equation  as  before  will  be 

T  1^ 
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obt^ned.  Thus,  this  equation  may  be  considered  i 
common  differential  of  the  two  equations  of  the.  first  or 
the  one  independent  of  a,  and  the  other  of  b. 

(295.)  In  this  way  any  two  constants  of  v  =  0  ma; 
eliminated;  and,  therefore,  there  are  as  many  diffe 
equations  of  the  second  order  derived  from  the  same 
mitive  equation  as  there  are  different  combinations  of 
constants  in  the  original  equation   v  =  0.      If  w  be 

number  of  constants,  therefore,     '    ^     will  be  the  nui 

of  different  differential  equations  of  the  second  order, 
of  which  may  be  considered  as  a  common  differential  oj 
two  equations  of  the  first  order,  which  are  indepen 
severally  of  the  two  constants  which  are  excluded  froi 
It  is  evident  that  these  equations  are  all  perfectly  dist 
since  they  differ  in  their  constants. 

In  like  manner  there  may  be ^^ diirere 

equations  of  the  third  order  derived  from  the  prioi 
equation  v  =  0,  each  of  them  excluding  three  constan 
the  primitive  equation.  Each  of  these  may  indifferent! 
derived  from  three  of  the  differential  equations  of  the  se< 
order,  scil.  those  three  which  exclude  severally  the  t 
pairs  of  constants  which  may  be  combined  from  the  t 
constants  excluded  from  the  differential  equation  of 
third  order. 

These  several  differential  equations  of  the  third  o 
may  be  obtained,  either  by  obtaining  one  by  differentia 
and  the  others  by  eliminating  successively  the  const 
between  that  and  the  equation  of  the  second  order ;  or 
may  be  obtained  without  elimination  by  solving  the 
ferential  equations  of  the  second  order  for  the  cons 
successively,  and  then  differentiating. 

(296.)  By  continuing  this  reasoning,  it  follows, 
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P.  That  in  a  differential  equation  of  the  wth  order  there 
are  a  number  of  constants  equal  to  n  —  m^n  being,  as  l>efore, 
the  number  in  the  original  equation. 

^.  That  a  differential  equation  of  the  with  order  may 
always  be  obtained  either  by  elimination  united  with  dif- 
feretrtiation,  by  which  any  combination  of  w  constants  shall 
b6  excluded,  or  by  successively  solving  the  equations  for 
the  constants  and  differentiating. 

3^.  That  therefore  there  will  be 

w.n— 1./7  — 2 71— (t/z— 1) 

1.2.3 m 

differential  equations  of  the  mth  order  derived  from  the 
same  primitive  equation,  perfectly  distinct  from  one  another, 
since  they  differ  in  their  constants. 

4^.  That  each  of  these  differential  equations  may  be 
derived  indifferently  by  differentiating  m  of  the  differential 
equations  of  the  (m  —  l)th  order,  scil.  those  which  exclude 
the  m  combinations  of  (m  —  1)  of  the  constants  excluded 
from  the  differential  equation  of  the  mih  order. 

5°.  That  the  differential  equations  of  any  order  obtained 
by  differentiation  alone  are  always  of  the^r*^  degree  with 
respect  to  the  differential  coeflScient  which  marks  their  order, 
while  those  which  are  obtained  by  elimination  are  of  the 
wme  degree  as  the  constant  by  whose  elimination  they  were 
obtained.  The  two  equations  will  become  identical  by 
solving  the  latter  for  the  differential  coefficient. 

6°.  That  if  by  two  different  differential  equations  of  the 
wth  order  the  mih  differential  coeflScient  be  eliminated,  a  dif- 
ferential equation  of  the  {m  —  1  )th  order  will  be  obtained, 
including  one  constant  more  than  either  of  those  from  which 
it  was  deduced,  and  therefore  only  excluding  (w  —  1)  con- 
stants of  the  primitive  equation,  and  this  equation  must 
therefore  be  identical  with  that  differential  equation  deduced 
})y  differentiation  and  elimination,  which  includes  the  Same 
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constants.     It  is  evident  that  this  elimination  may  be  en 
tinned  upwards  until  we  arrive  at  the  primitive  equadoD. 

7®.  A  diflferential  equation  of  the  nth  order  will  indud 
no  constant,  since,  in  that  case,  the  number  of  constant 
eliminated  is  n.  There  will  also  be  but  one  differentia 
equation  of  this  order,  since,  in  this  case,  the  formula  ex 
pressing  the  number  of  differential  equations  becomes 

n.n—l.n — 2 w— (w  — 1) 

(297.)  The  conclusions  at  which  we  have  just  arrive 
resulted  from  the  consideration  of  the  process  by  which  tk 
several  orders  of  differential  eqfuations  are  derived  from 
primitive  equation  between  two  variables.  Let  us  now  coi 
sider  what  these  results  suggest  in  returning  upon  our  ste] 
and  ascending  through  the  differential  equations  of  t1 
several  orders  to  their  original  or  primitive  equation. 

(298.)  As  by  differentiating  an  equation,  a  constant  di 
appears,  so  it  should  reappear  upon  integrating ;  and  as  on 
one  constant  can  be  removed  by  one  differentiation,  so  oi 
only  should  be  introduced  by  one  integration.  The  vali 
of  the  constant  introduced  in  any  integration  cannot  1 
determined  by  the  differential  equation  alone,  since  a  di 
ferential  equation  is  the  same,  whatever  be  the  value  of  tl 
constant  which  has  been  eliminated.  Hence,  as  far  as  tl 
differential  equation  is  concerned,  this  constant  is  arbitrar 
and  any  value  whatever  may  be  ascribed  to  it.  In  ascen< 
ing,  therefore,  from  a  differential  equation  of  the  first  ord- 
to  its  primitive  or  integral,  one  arbitrary  constant,  and  bi 
one,  ought  to  be  introduced,  otherwise,  the  integral  whi< 
will  be  obtained  will  not  have  all  the  generality  which 
ought  to  have. 

(299.)  If  two  different  differential  equations  of  the  fii 
order  derived  from  the  same  primitive  equation  be  give 
the  integration  may  be  effected  by  eliminating  the  first  di 
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ferential  coefficient  ];^tween  them;  the  resulting  equation 
between  the  two  variables,  and  independent  of  differentials, 
^U  be  the  sought  integral. 

(300.)  As  a  differential  equation  of  the  second  order  is 
immediately  obtained  from  one  of  the  first  order,  and  is 
related  to  it  in  the  same  way  as  that  of  the,  first  order  is 
related  to  the  primitive  equation,  it  follows  from  what  has 
been  said,  that  the  first  Integral  of  a  difierential  equation 
of  the  second  order  is  a  difierential  equjation  of  the  first 
order,  and  that  one,  and  only  one  arbitrary  constant  must 
be  introduced  in  the  integral.  The  primiiive  absolute 
tquation,  or  final  integral,  is  to  be  obtained  by  the  in- 
t^ration  of  the  difierential  equation  of  the  first  order  thus 
obtained,  in  which  integration  a  second  arbitrary  constant 
must  appear.  There  is,  however,  another  method  of  ascend* 
ing  to  the  final  integral. 

Since  each  differential  equation  of  the  second  order 
may  be  indifferently  derived  from  two  of  the  first  order,  it 
follows  that  a  differential  equation  of  this  kind  has  two  first 
integrals.  If  both  of  these  can  be  obtained,  each  including 
«n  arbitrary,  constant,  the  primitive  absolute  equation,  or 
final  integral,  may  be  obtained  by  eliminating  the  first  dif- 
ferential coefficient  between  them. 

(301.)  This  principle  of  differential  equations  of  the  se- 
<5ond  order  admitting  two  integrals,  also  furnishes  a  method 
<>f  integrating  differential  equations  of  the  first  order.  If  an 
equation  of  the  first  order  be  differentiated,  and  thence  one 
of  the  second  order  obtained,  this  admitting  of  another  lu- 
teal different  from  that  from  which  it  was  derived  by  dif- 
ferentiation, this  other  integral  may  be  found  by  integrating 
*nd  introducing  an  arbitrary  constant.  Thus  two  differen- 
tial equations  of  the  first  order  will  be  obtained  involving 
<wje  arbitrary  constant ;  by  these  the  differential  coefficient 
i^ing  eUminated,  the  final  integral,  including  an  axiktr^rj 
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constant,  will  be  found.  This  is  frequently  the  easiest  method 
of  integrating  an  equation  of  the  first  order  and  any  degree 
superior  to  the  first. 

(302.)  In  like  manner  the  first  integral  of  a  differendal 
equation  of  the  third  order  is  a  differential  equation  of  de 
second  order,  including  one  arbitrary  constant,  and  ead 
differential  equation  of  the  third  order  has  three  diffeient 
integrals  of  the  second  order.     And,  in  general,  the  fint 
integral  of  a  differential  equation  of  the  with  order  is  a  dif- 
ferential equation  of  the  {m  —  l)th  order;  and  each  dif- 
ferential equation  of  the  Twth  order  admits  m  different  fira* 
integrals^  which  are  all  differential  equations  of  the  {m — l)tli 
order,  and  include  m  different  arbitrary  constants.     If  these 
m  first  integrals  be   obtained,  the  final  integral  may  b( 
found  by   mere  elimination   without    further  integration 
For  the  m  differential  equations  of  the  {m  —  l)th  ordei 
include  in  general  (m  —  1)  differential  coefficients,  scil.  al 
the  differential  coefficients  from  the  first  to  the  (m  —  l)tl 
order  inclusive.     These   (m  -—  1)   quantities  may  be  eli 
minated  by  the  m  equations,  and   the  result  will  be  ai 
equation  independent  of  differentials  including  m  arbitrary 
constants.      This  is  the  final  integral  in  its  most  genera 
state. 

(303.)  The  integration  of  a  differential  equation  of  tl» 
first  order  may  be  effected  by  deducing  from  it  by  sue 
cessive  differentiation  a  differential  equation  of  the  mti 
order.  If  a  first  integral  of  this  can  be  obtained  differed 
from  the  differential  equation  of  the  {m  —  l)th  order  froc 
which  it  was  derived,  and  including  an  arbitrary  constant 
the  final  integral  can  thence  be  obtained  by  eliminadoJ 
alone ;  for  there  are  the  differential  equations  from  the  firs' 
to  the  {m  —  l)th  order  inclusive  obtained  by  differentiation, 
and  also  another  of  the  (m  —  l)th  order  obtained  by  iO" 
tegration,  making  in  all  m  equations  to  eliminate  (w  —  V 
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differential  coefficients.  The  result  being  an  equation  free 
from  differentials,  and  including  one  arbitrary  constant,  will 
be  the  integral  of  the  proposed  equation. 

(304.)  In  the  preceding  observations  we  have  assumed 
two  propositions,  P.  That  the  final  integral  or  primitive 
absolute  equation,  of  a  differential  equation  of  the  mth 
order,  should  include  m  arbitrary  constants,  in  order  to 
have  all  the  generality  which  is  due  to  it;  and  2®.  That  a 
differential  equation  of  the  wth  order  admits  of  m  different 
first  integrals.  Although  these  propositions  seem  sufficiently* 
evident  by  retracing  the  process  of  differentiation,  yet,  as  it 
is  desirable  to  give  to  the  theory  established  in  the  present 
section  all  the  perfection  and  rigour  possible,  we  shall 
subjoin  direct  demonstrations  of  these  two  principles. 
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(305.)  Every  differential  equation  between  two  variables 
^  an  integral^  and  the  integral  of  a  differential  equation 
tfthe  mth  order  must^  if  in  its  most  general  state ,  include 
Di  arbitrary  constants^  and  no  more. 

The  differential  equation  of  the  m\h  order  determines  the 
''^th  differential  coefficient  a^  as  a  function  of  the  variables 
^Jid  the  differential  coefficients 

Ai,  Aj,   •  ;    •    •   A,n^i, 

^f  the  inferior  orders. 

By  successive  differentiation  the  differential  equations  of 
the  superior  orders  may  be  found,  and  these  will  therefore 
be  also  determined  as  functions  of  the  variables  and  of  the 
differential  coefficients  of  orders  inferior  to  the  m\h ;  for  the 
differential  coefficients  of  the  intermediate  orders  may  be 
successively  eliminated. 
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By  Taylor's  series  we  have 

A    ■        A»  A' 

Let  b  be  any  value  of  jt  which  does  not  render  any  of  (be 
differeatial  coefficients  derivable  from  the  [>rimitive  equatin 
infinite  (55),  and  let  A  =  a:  —  b. 

Let  b  be  supposed  to  be  substituted  for  x  in  the  fonc- 
tions 

3/.  *-i,  A„  ■  -  ■ 
so  that  diey  will  become  constant  quantities, 

Oq,  a„  a„  ■  ■  •  • 
and  let  the  value  of  y  corresponding  to  x  be  ^. 

Thus  the  series  becomes 

the  coefficients  of  which  are  all  constant.  The  coeffioenls 
of  this  series  from  the  (m  +  l)tb  term  forward  are  ^ven 
functions  of  the  coefficients  of  the  first  m  terms,  since  they 
are  what  1 

become  when  x  =  b;  but  these  are  determinate  functions  of    | 

and,  therefore, 

"mj    Ojh-H)    "m+si    °™i-t5    •        ■    ■ 

are  determinate  functions  of 

Oo.  "i-  o„  a„  ■  ■  ■  - 
The  series  expressing  the  value  of  y  is  therefore  the  in- 
tegral of  the  pioposed  equation,  and  contains  m  arbitrary 
constants,  scil. 

«o>  «u  *»!)  •      ■  •  <^»-l» 

and  no  more.  "^^^^^^^^^^^!^^B 

This  series  is  the  development  of  the  value  of  y  in  the  I 

final  integral  of  the  proptwed  equation,  and  may  therefore  j 
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106.)  Every  differential  equation  of  the  mth  order  has 
ifferent  first  integrals,  which  are  differential  equations 
ie  (m  —  1  )th  order. 

he  final  integral  gives  y  as  an  implicit  function  of  x. 
it  be  expressed  as  an  explicit  function  of  x^  so  that 
F(d7).     By  Taylor's  series, 

*A  be  supposed  to  become  =  —  x,  '/  j?  +  7a  =  0,  and 
jfore  F(a;  +  h)  becomes  what  the  value  of  y  is  when 
0.     Let  this  value  be  ^^°,  •/ 

y>  =  2/-A.y     +   A,g-   a3j-^+ [1]. 

I  the  same  manner,  by  successively  considering  Ai,  Aa, 

•  •  •  functions  of  x,  we  obtain 

X  x^ 

aJ  =  Ai  —  Aa-T-    +   ^^T^  ""       '       *       '      *       '      l*J> 

a;  x^  rai 

A2  =  A2  —  As-r-    +  •A^4T~o  ■" Irh 

X  X^  TAl 


a  differential  equation  of  the  first  order  be  g^ven,  it 
determine  the  first  and  all  the  succeeding  differential 
icaents  as  functions  of  the  variables.  In  this  case  the 
doii  [1]  will  represent  the  primitive  equation  involving 

constant  y^. 
taiial  equation  of  the  second  order  be  given,  it 
I  the  second  differential  coefficient  and  all  the 


284  THE  INTEGRAL  CALCULUS.  SECT.  XVIL 

coefficients  of  superior  orders  as  functions  of  the  variables 
and  the  first  differential  coefficient.  In  this  case  [I]  and 
[2]  represent  two  integrals  of  this  equation,  each  includmg 
an  arbitrary  constant  if  and  a?  ;  all  the  other  terms  being 
functions  of  the  variables  and  the  first  differential'  co- 
efficient. 

In  like  manner,  if  a  differential  equation  of  the  third 
order  be  given,  the  three  equations  [1],  [2],  [3],  represent 
its  first  integrals,  each  involving  an  arbitrary  constant  5^, 
aJ,  aJ,  and  being  differential  equations  of  the  second  order, 
and  so  on. 


SECTION  XVII. 

Of  the  integration  of  differential  equations  of  the  first  ord^ 
and  first  degree^  in  which  the  variables  are  separable, 

(B07«)  As  the  rules  for  differentiating  functions  of  tve4 
variables  equally  apply  to  equations  of  two  variables,  so  als4 
the  rules  for  integrating  differentials  of  two  variables  applj 
to  the  integration  of  equations  of  two  variables ;  and  as  ther"< 
are  many  differentials  of  two  variables  which  are  not  exac 
differentials^  so  also  there  are  many  differential  equation^ 
which  are  not  the  immediate  differentials  of  any  primitiv( 
equation,  and  which  are  not  therefore  immediately  in- 
tegrable. 

When  a  differential  equation  has  been  reduced  to  tfc< 
form 

Mfir  +  ^dy  =  0, 
its  immediate  integrability  may  be  ascertained  by  the  cx^ 
terion  (284.),  and  its  integral  found  by  the  rules  alreac^; 
established  for  differentials  of  two  variables. 
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(308.)  But  although  an  equation  may  not  come  under 
the  criterion  of  integrabiUty  oi functions  of  two  variables,  we 
we  not  therefore  to  conclude  that  it  is  not  integrable.     We 
niay,  indeed,  pronounce  it  at  once  not  to  be  the  immediate 
differential  of  any  equation  between  the  variables,  because, 
if  it  were,  it  must  come  under  the  criterion.     But  it  may 
be  one  of  those  differential  equations  which  are  not  obtained 
by  mere  differentiation,  but  by  eliminating  some  constant 
between  the  primitive  equation  and  its  immediate  differential; 
or  it  may  have  happened^  that  some  function  of  the  variables 
baving  been  a  factor  of  the  immediate  differential,  it  was  ex- 
punged after   differentiation.     Thus,  for  example,  if  the 
diflferential  equation  of  a  given  equation  between  x  and  ^ 
were 

(y  +  x^)Y{xy)dy  +  (y  +  x'')F\ory)dx  =  0; 

we  should  immediately  expunge  the  common  factor  j/^+ot*; 
ai^d.  although  the  above  equation  would  come  under  the 
criterion  of  integrability,  yet,  after  division  by  (^*  +  <r^), 
It  rnight  no  longer  come  under  it.  Thus,  though  the  cri- 
terion applies  to  differentials,  yet  it  does  not  to  differential 
equations ;  at  least,  it  does  not  apply  as  a  criterion^  properly 
so  called.  Because,  although  Qv^ry  equation  which  comes 
under  the  criterion  can  be  immediately  integrated,  yet  we 
^nnot  infer  the  converse,  as  has  been  shown. 

(309.)  Various  analytical  contrivances  have  been  there- 
f"^re  invented  for  rendering  integrable  differential  equations 
^hich  do  not  fulfil  the  criterion  of  integrability.  One  of  the 
^ost  simple,  when  it  can  be  effected,  is  the  separation  of  the 
'ocLriables,  or  the  reduction  of  tljc  equation  to  the  form 

xdjc  +  \dj/  =  0. 

In  which  state  it  is  immediately  integrable  by  the  rules  for 
integrating  differentials  of  a  single  variable,  the  integral 
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fudx  -{-Jrdy  =  0  *. 
(310.)  In  differential  equations  of  this  kind,  the  Taiiabki 
are  said  to  be  separated^  and  therefore  all  equations  is 
which  such  a  separation  can  be  effected  may  be  conffldered 
as  integrable  by  the  above  method,  llie  most  remarkaUe 
classes  of  equations,  in  which  this  can  be  effected,  are  the 
following : 

1^.  All  differential  equations  coming  under  the  form 

xdy  +  Ydx  =  0. 
2P.  All  differential  equations  of  the  form 

XYdy  +  xVda?  =  0. 
3^.    All  homogeneous  equations;  that  is,  all  algebnic 
equations  in  which  the  sum  of  the  dimensions  of  x  and  y  in 
every  term  is  the  same,  and  which,  therefore,  come  under 
the  form 

F(jr"*,  JT"*""'^,  ^"^y . . . .  )dy  -f  F'(a:"*,  a?"*"*^,  x^^^tf*  •  •  .)da?=0. 
4^  Linear  equations;  that  is,  equations  which  involve 
y  and  dt/  only  in  the  simple  dimension,  and  which,  therefore* 
come  under  the  form 

'    dj/  +  (xy  +  xV-^  =  0. 
5®.  The  equation  of  Riccati  (an  Italian  mathematician^  ^ 

dy  +  (aj/®  +  Bx"')dx  =  0, 

in  which,  in  certain  cases,  the  variables  may  be  separated. 
There  are  other  equations  in  which  the  variables  may  b^ 


*  This  would  be,  according  to  the  usual  custom,  expressed  • 
fyidx  '\-fs.dy  =  c,  c  being  an  arbitrary  constant.     This,  how- 
ever, I  conceive  superfluous,  if  not  positively  wrong,  since  the 
introduction  of  the  constant  is  a  part  of  the  operation  indicated 
by  the  sign^.     I  have,  therefore,  generally  neglected  the  con- 
stant, except  where  the  integration  has  been  actually  effected ; 
then  it  is  proper  and  necessary  to  introduce  it,  because  the  sym- 
bol which  implies  its  introduction  has  disappeared. 
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separated^  but  these  will  suflBciently  illustrate  the  principle. 
It  is  evident  that  all  equations  which,  by  any  transformation, 
may  be  reduced  to  any  of  the  preceding  forms,  may  be  in- 
tegrated in  the  same  manner. 
(Sll.)  1^  The  equation 

yidy  +  Ydx  =  0 

being  divided  by  xy,  is  reduced  to 

du      dx       ^ 

Y  X 

the  integral  of  which  is  immediately  obtained, 

dy  dx 

(312.)  20.  The  equation 

xYdy  -f-  x'y'dx  =  0 
being  divided  by  xy',  becomes 

Y  x' 

y'   "^  X 

which  is  immediately  integrable, 

f-^dj/  +/^dr  =  0. 

(313.)  3^.  Each  term  of  an  homogeneous  equation  being 
of  the  form  hy^x^'^^  the  constant  sum  of  the  exponents 
being  m ;  if  every  term  of  the  equation  be  divided  by  tf^^ 

the  form  of  each  term  will  become  a(  -^  j  .     If  —  =j5r,  the 

\x  J  X 

equation  will  assume  the  form 

F(z)dy  +  Y^{z)dx  =  0. 

But  since  y  =  xz^  •.•  dy  =  xdz  +  zdx.     Which  being 
substituted  for  3^,  gives 

xF{z)dz  -f  [v'iz)  -f  zT(z)'\dx  =  0, 

V\Z)  +  Z¥{Z)  X  ' 
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dz'\ =0, 


fYz)  x 

f(2) 

which  is  of  the  form 

zdz  -t  xdx  =  0, 
in  which  the  variables  are  separated. 

Equations  are  frequently  rendered  homogeneous  by  sub- 
stituting for  iT  and  y,  a'  -f  a  and  y  +  6,  and  disposing  of 
the  arbitrary  quantities  a  and  6,  so  as  to  take  out  the  terms 
which  destroy  the  homogeneity,  changing  dx  and  d^  into  dJ 
and  di/.  The  analyst,  however,  must  be  determined  in  the 
choice  of  a  fit  transformation  by  the  nature  of  the  equatioQ 
in  each  particular  case. 

(314.)  4^.  In  the  linear  equation 

dy  +  (xy  -f  x')d-^  =  0« 
Let  x"z  =  y,  /  dj/  =  ^"dz  +  zdK",  by  which  substitutions 
the  proposed  equation  becomes 

x"dz  +  zdx"  +  xx^'zdx  f-  x'dx  =  0, 
in  which  x'^  is  an  arbitrary  function  of  a?.     Let  x"  be  such 
as  to  fulfil  the  condition 

zdx"  +  ^'dx  =  0, 
*.•    dz  +  xzdjc  =.  0, 


dz 

=  —  xdxy     '.*  z  =:  e'-^"^. 

z 


Hence  we  find 


•••  x"  =  —  fe^^'^'x^dx, 
•.•  7/  .-=  -  e-J'^yeJ'^'xJdx. 
(315.)  5*^  In  the  equation  of  Riccati, 

dy  H-  (a^  +  Bar)dx  =  0 ; 
if  w  =  0„  it  becomes 

dx  +      ;^      =  0, 
in  which  the  variables  are  separated. 
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n  be  not  = 

0,  let 

y 

z 

1 

•••  4y 

xdz 

--^zdaf 
^3 

AJT* 

;h  substitutions  the  given  equation  becomes 

a/^dz  +  Az^da  +  B^+^da:  =  0. 
this  77^  =  —  2,  it  is  homogeneous ;  and  if  w  =  —  4, 
ables  may  be  immediately  separated  by  dividing  the 
quadon  by  x^{az^  +  b). 

owever,  m  be  not  =  —  2,  nor  =s  —  4,  a  further 
mation  must  be  effected.     Let 

1       ^ 

z  =  --  ^+'  =  u; 

V 

77^  +  4     .         — B 


w  = -^  a'  = 


w  +  3  7»+3' 


b'=  - 


m+3 

\  by  these  substitutions,  that  the  equation  becomes 

dt  +  (A't^  +  B'u'')du  =  0 ; 
ng  similar  to  the  first  equation,  can  be  integrated 
=  —  2,  or  n  =  —  4. 

be  not  =  —  2,  nor  =  —  4,  by  continually  repeating 
le  transformation,  the  equation  may  successively  be 
1  to  a  series  of  equations  of  the  same  form  as  the  given 
id  in  which  the  exponent  of  the  variable  become» 
vely  equal  to 

m+4        wf4        p+4 
""  w-t-3'  ""  w  +  3'  "*  pTh^ 

7W  +  4        Sm+8        5m +12   ^  7m  + 16 
^  ""m+3'  "*  2m  +  5'  ""    3m+7'  ^   4m+9'"  ' 

uation  can  only  be  integrated  by  the  methods  above 
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giyen^  when  some  one  of  these'  is  ather  =0^  a  — '  j^-  jOr 
s= — 4^  that  is^  when  m  is  a  number  coming  under  the  fijnmib 

^4n 

n  bang  any  positive  integer^  or  =:  0. 

1 
If  the  transformation y  =  -^t  ^^^  =  ^  ^^  l^'^  ™»i^ 

in  the  given  equation^  the  same  process  would  show  lint 

the  iQt^ration  could  be  effected  wh^i  m  =  "qZlTT"  '^ 
criterion  of  the  integrabiUty  of  the  given  equation  hj  tUi 
method  is  then  m  =  ^  .  i>**  bring  a  positive  integefi  of 
=  0. 


SECTION  XVIII. 

On  the  multipliers  'which  render  differential  equations 

integrabU. 

(316.)  In  order  that  a  differential  equation  of  any  order 
should  be  immediately  integrable,  it  is  necessary  that  it 
should  be  of  the  first  degree  with  respect  to  the  differeoSial 
coefficient,  which  marks  its  order  (290.)*  Otherwise,  it  has  \ 
been  the  result,  not  of  differentiation,  but  of  elimination* 
But  if  it  be  of  the  first  degree,  it  may  always  be  conadered 
as  proceeding  from  the  immediate  differentiation  of  the  dif- 
ferential equation  of  the  next  degree  inferior  to  it,  solved 
for  the  constant  which  has  been  eliminated. 

(317.)  Let  a  differential  equation  of  the  with  order  be 
then  supposed  to  be  reduced  to  the  form 
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where  u  is  in  general  a  function  of  the  variables  and  the 
diflFerential  coefficients  of  the  inferior  orders. 

Let  the  differential  equation,  from  which  this  is  conceived 
to  have  been  derived,  be 

u'  =  a  ......  .  [2], 

a  being  supposed  to  be  the  constant  which  has  disappeared 
by  differentiation,  and  u'  being  a  function  of  the  variablesr 
and  the  differential  coefficients  of  orders  inferior  to  the  mth. 
This  being  differentiated,  gives  an  equation  of  the  form 

"•^  +  "'  =  0 [3]. 

a  and  u^  being  likewise  functions  of  the  variables  and  the 
differential  coefficients  of  orders  inferior  to  the  mth.  Since 
this  equation  must  be  equivalent  to  the  first,  we  have 

u  =  —  •.•  vu  =  w'. 
u 

Hence  the  latter  equation  becomes 

which  is  an  immediate  differential,  and  therefore  integraUe. 
But  this  is  the  given  equation  [1]  multiplied  by  the  func- 
tion u. 

(318.)  This  multiplier  is  not  the  only  one  which  will 
render  the  equation  integrable.  Let  the  equation  [^]  be 
multiplied  by  any  function  of  a.  This  function  being  con- 
stant, the  equation  [3]  becomes 

d'^y 

d"*u 
or  Ha)u-j-^  +  F(a)wu  =  0 ; 


mt  by  [2]  this  becomes 


d"^ij 


u2 
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winch  is  the  exact  difereittial  of  the  equalioii  .    -  '  -  -     ^ 

u'rCuO  =  aF(u'). 
But  it  u  the  equation  [1]  multiplied  by  f(uO«.  Since  Ae 
function  ¥(xf)  is  arbitrary,  there  are  an  infinite  Ytakijd 
multipliers  which  will  render  the  proposed  equation  in- 
tegraUe,  scil.  all  those  of  which,  u  h&ng  one  factor,  die. 
other  is  any  function  of  v'. 

(8190  Since  by  (306.)  a  differential  equation  of  the.aik 
order  has  m  di£ferent  first  integrals,  we  may  obtun  a  daai  of 
multipliers  from  each  of  them,  which  will  render  int^raUe 
the  proposed  equation  of  the  mth  order. 

(890.)  Having  explained  the  general  prindple,  we  shall 
now  apply  it  to  differential  equations  of  the  first  ord»  and 
first  d^ree.    Let 

Mda?  +  N(^  =  0 
be  the  proposed  equatum,  of  which  the  primitive  or  intq;nl 
is  n'  =  a.    By  comparing  this  with  the  general  fonDah 

already  established  (31 7«),  we  find  u  =  — .    The  equatk» 

is  rendered  integrable  by  multiplying  it  by  tiF(u').    First, 
suppose  y(u)  =  1,  the  equation  becomes 

uudx  +  u\idy  =  0. 
Subjecting  this  to  the  criterion  of  integrability  (284.),  we 
find 

d(jA.u)       d{iiu) 


fdm 


dy  dr  ' ' 

Jn\  da  du 

•  I  =  N-^     —    M 


dxj         dx  dy ' 

Since  m  and  n  are  supposed  to  be  given  functions  of  x  and 
y,  this  equation,  when  integrated  and  solved  for  u^  would 
determine  its  value.  It  being,  however,  an  equation  of 
partial  differentials,  its  solution  can  very  seldom  be  effected; 
and  even  when  it  can,  it  presents  generally  greater  dif- 
ficulties than  the  proposed  equation. 
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(3^1.)  Although  we  cannot  therefore  in  general  determine 
a  factor  which  will  render  an  equation  integrable ;  yet  there 
are  some  properties  of  these  factors  which  merit  attention. 
1*^.  If  the  integral  of  the  differential 

uudx  +  uifidy 
were  known,  the  factor  u  could  be  found;  for  the  above 
formula  is  identical  with 

du  du 

therefore  we  should  be  able  to  deduce  the  value  of  u  by 
comparing  them. 

2^.  If  the  factor  u  were  known,  an  infinite  number  of 
other  factors  which  would  render  the  equation  integrable 
could  be  found,  as  has  been  already  shown. 

8®.  The  factor  u  may,  in  some  cases,  be  a  function  of  one 
of  the  variables  only.     It  may  be  easily  discovered  whe- 
[   ther  this  be  the  case,  and  if  it  be  found  so,  the  factor  u 
may  be  determined.     Let  u  be  supposed  to  be  a  function  of 

the  variable  x.     If  so,  -j-  =  0,  •.• 

t  dvi       ^^  \  __     ^^ 
t  dj/        dx  S  "       dx^ 

du  _^dx/du      dN\ 
*    w  ""  N  \dy      dx/ 
If  the  second  member  of  this  equation  be  independent  of^, 
then  w  is  a  function  of  x  alone,  and  not  otherwise.     Since  m 
and  N  are  given  functions,  this  can  always  be  determined; 
If  it  be  so,  the  value  of  w  is  determined  by  the  equation 

(322.)  Homogeneous  functions  have  a  remarkable  pro- 
perty, which  enables  us  to  assign  the  factor  which  renders  an 
homogeneous  equation  integrable.     To  explain  this  pro- 
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pertj)  let  u  represent  an  homogeneouji  function  of  x  and  if. 
In  119  let  dP  be  changed  into  x(L  +  A),  and  jf  into  y{l  4-  h), 
and  let  the  function  become  t^^  so  that 

u  =s  F(a?y),    iif  =  f(x  +  A*,y  +  ^). 
Since  «^  is  an  homogeneous  function,  u'  =  (1  +  h}^,  m  , 
htang  the  number  of  dimensions  of  the  yairiables  in  eaA 
term  of  t^  let  these  two  values  of  ti^  be  develdpeS,  di^ 
one  in  powers  of  7ix  and  hy  by  (96«)9  tlie  other  in  powers cf 
h  by  the  binomial  theorem.    Hence 

Hence,  by  equating  the  corresponding  coefficients,  we  find 

da      .     du 

j».w  —  1       __  d^^     ^*        c^/      xy      d*w     ^ 

.      1.8    '""^3^    r8"'"S^    T'^'d^    La 


It  is  evident  that  this  property  belongs  to  homogeneous 
functions  of  any  number  of  variables. 

(823.)  Let  the  equation  to  be  integrated  be 

Mdx  +  Tudy  =  0, 
where  m  and  n  represent  homogeneous  functions  of  tbe 
variables.     Let  u  be  the  sought  factor  and  also  an  hooQO' 
geneous  function,  and  let  it  be  supposed  that 

lAudx  +  Ji^udy  =  0 
is  an  exact  differential.     Hence 

d{uu)  _^  d{^u) 
dy    "^     dx  ' 
Let  the  dimensions  of  m  be  jc?,  and  those  of  u^  Uy  *.* 

d(uu)  d(Mw) 
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d(Mu)         d(^u) 
V  (p  +  «)M«  = -^^  + -^-y,         • 

d(MU{vi-y[uy) 
/  (p  +  n)uu  =  — -^ — ^  -  MO, 

(^  +  n  +  1)mu  =        ^  ^  ^\ 

equation  is  fulfilled  by  the  conditions 

p  =  —  (n  4-  1), 
1 

U  =    ; . 

Ma?+Ny 
e  the  equation 


egrable. 


=  0 


SECTION  XIX- 

\xis  on  the  integration  of  differential  equations  of  the 
first  order  and  first  degree. 


L 


fferential  equations  which  a/nswer  tie  criterion  qfin^ 

tegrahility. 

:.  1.  (^a)tf  -  y^)dx  +  {ax*  -  ^anf^ydy  =  0, 
M  =  9,axy  —  y\     N  =  aor*  —  Sxy\ 
fmdx  =  ao?*^  —  y^x  +  y, 
yNcfo/  =  ax^y  — ^  ory'  +  x. 
:e  Y  =:  X  =  0,  and  the  sought  integral  is 

ax'^'y  —  ^^or  =  c. 


SQ6 


THE  nfTEOBAL  CALCtTJ^US. 


nCT.  SJDU 


Ex*  8. 


+  adit  +  %«fy  = 

Of 

N  = 

=  5%, 

«    H 

=  or  +  l(ar  4-  v'l 

• 

ykdr  : 

+  4 

-»)  +  V, 

Hence 

X  =  oo?  +  /(x  +  •!  +  «•), 

Therefore  the  sought  equauon  is 

*/  +  £»?  +  /(*+  a/TT^)  4-  c  =  0, 
c  being  the  arbitrary  constant. 

a{xdx-^ydy)     ydx^xdy 


Ex.3. 


VJ.+.-  +'?+F'  +  '^"^ 


•    • 


M  = 


ax 


y 


Vy+a7»^+a?** 


cm 

N  =  ■     — 


'.'Jiidx  =  a  VyM^  -  tan -^^ 


.r 


+  3»!^, 


+  Y, 


yN(^  =  a  y/y^  +  a^  ^  tan.-*^  +  *v^  +  x, 
".•  X  =  0,  Y  =  fey^,  and  therefore  the  integral  is 

«\/y*  +  a?«  ~  tan.-^-^  +  6y'  =  c. 

•I? 

Laplace  uses  this  integration  in  his  proof  of  the  principle    i 
of  the  composition  of  force.     See  Mec  Cel.  liv.  i.  ch.  i, 
Ex.  4.  (sin.y  +ycos.j?)dr  +  (sin«r  -4-  a:cos.y)cfy  =  0, 
Jiidx  =  xsin.y  +  j/sin.x  +  y, 
J)^dy  =  y  sin.or  +  x  sin-y  +  x, 
•/  X  ==  0  and  y  s=  0^  and  the  integral  is 

i/sixi,a:  +  iTsin.^  =  c. 
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Ex.  6.  (2Ay  +  Rr  +  D)(h/  +  (2ca:  -f  By  +  E)dlr  =  0, 
At/'^  +  Bjry  +  ca?2  +  Dy  +  eo?  +  f  =  0. 

II. 

Eqiuitions  in  which  the  variables  are  separable. 


Ex.  1.    //l+^2  •  da:— a?dy=0.     Dividing  by  irv/l+^«, 

dF_      dy      _  Q 

which  is  immediately  intcgrable  *. 

Ex.  %  (ajt  +  By)dy  +  (a'j;  H-  B^y)dx  =  0. 

Let—  =  z,  and  divide  by  ao;  +  By,  •.' 

ffey  A -dx  =  0 ; 

^  A-fB2? 

but  f^  =  zdx  +  a:d2.     Hence  the  equation  is  reduced  to 
the  form 

xdx  +  zdz. 

Ex.  3.  ojrd//  +  (a:'»*  4-  byr)dx  =  0.     If  --  =  z, 

ay  -i =— «^  =  0, 

dv  az'^dz 


1/ 


Ex.  4.  j!;di/  —  ^ctr  =  -^/a?*  +  ^«  •  da?.    Let  —  =  2:,  •.• 


c^  —  zdx  =  dajVl  +  «% 
dr  dz 


X        ^1+2^ 


*  In  general,  in  examples  we  shall  proceed  no  further  than  the 
reduction  of  the  equation  to  one  which  is  integrable  by  a  former 


rule. 
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£x.  5.  Find  the  curve  whose  area  =  -^— .    Hence 

X 

Differentiating  and  multiplying  by  a^, 

xSfdx  =  ^^xjf'dy  —  ydr, 
(x'y  +  f)ix  -  9^y^dy  =  0, 
wliich  being  homogeneous,  let^  =  xz^  *.* 

dx       Szdz    ^ 

•.•  ^(1  -  22»y  =  c, 

which  is  the  equation  of  the  sought  curve. 

Ex.  6.  (3a:  +  2y)dx  —  (ar  +  yVfy  =  0.  Let j^  =  zx,  v 

dx      (8-fg>fe 

1     ■ 

•'     C   "~  ^"X      ' 


III. 

Linear  equations  of  the  farm  (314.). 

Ex.  1.  dy  •\-  {^y  —  ax^)djc  =  0.     In  this  case,  by  (3I4».^, 

X  =  1,  x'  =  —  aa:%  %• 

fxdx  =  Xy  \'fe^''^x!dr  =  -  qffx^dx. 

But 

qfe'xHx  =  a^(473  —  3a?*  +  6^-6). 

Hence  the  sought  integral  is 

y  =  ce''  +  «(a?3  —  3a?*  +  6a?  —  6). 

Ex.  2.  (1  +  x'^)dy  —  (^0?  +  a)dx  =  0.     Hence 

,         7/x  +  a , 
ay  —  ^ rrdx  =  0. 
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Here  we  have 


'  X  ,  & 

X  =  —  r— ^,     x'  =  — 


l+x*'  \^x' 


HenceTxfZr  =  -  \l(\.  +  47«)  =  -  Z-/1  +  ^'«.     Also, 


^     adx  ax 

S .  =  '  +  c. 


(i+x«y 


Hence  the  sought  integral  is 

^  =  ojr  +  c-v^  1  +  x*^, 

Ex.  3.  (Zj/  — r  =-^^  J/  +    6  W  =  0.     In  this  case 

a 
X  =  -  = — -  x'  =  —  b, 
1 — X 

\'fiidx  =  oZ(l  —  0^),  -.•  ^^*^  =  (1  -  ^)% 

p—fTidx  —  

Hence  the  sought  integral  is 

c  6(1—^) 

IV. 

Cases  o^RiccATi's  equation  (315,). 
t:x.  1.  Let  dy  4-  (y''  -  a^)dx  =  0, 

.     .     fjy.      'Z. 

a — y- 


Ex.  2.  dy  h  (/-  -  «lr-^)rfx'=  0.     Let 
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V  = r,  and  0?  =  -r, 


Ex.  8.  dy  +  (y«  —  a'^x^')dx  =  0.  In  this  case  the  ex- 
ponent —  -a  comes  under  the  character  5— ti»  since  they 
agree  when  n  =  1  (315.).     Let 

•••  £fe  +  (2^  -  9a«r^)cK  =  0, 


C 


-^J=c. 


V. 


Equations  rendered  integrable  by  a  midtvplier. 


Ex.  1.  (1  +  a^\  +  x'^)dx  -\-9by^\+  x^dy  =  0. 
This  equation  will  be  found  not  to  come  within  the  criteriiJ^' 
(284.),  since 

dM      dN  __         ^bi/x 
dy      dx  "^       ^/l-\-x^' 


But  since  n  =  ^tf\/ 1  +  ^,  ••' 

1  /  dM       ^N  \  _^  X 

N\dy  ""  "^/  ~  ""  l+a?2' 

which  being  a  function  of  47  alone  (321.),  Case  3®,  the  eqi 
tion  will  become  integrable  if  multiplied  by  a  function  of 
To  determine  this  function,  let  it  be  u.  By  (321 .),  Case 

xdx 

'« = --^^rr^  =  -  ^^(^  +  ^)' 

1 
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Multiplying  by  this,  we  find 


(• 


+  a)dx  +  9i>i^dy  =  0, 


=  x\ 


1=^- 


i^hich  is  integrable, 

Ex.  2.  a%  -I-  (4^8^  —  (1  -  ^«)     )da?  =  0.  In  thig  case 

dM       ds 
.     dj/        dx 
1  r  dM       Jn 
'    N  t  rf^        dx 
'his  being  a  function  of  cc  alone,  a  factor  may  be  deter- 
ined,  which  will  render  the  equation  integrable.  By  (321.), 
ase  .3®,  this  factor  is 

ence  the  equation  being  multiplied  by  ^,  gives 

— i 
iv'^dt/  +  [4r^j/  —  x(l  —  ^*)     ]djr  =  0, 

tiich  cotnes  within  the  criterion,  since 

dM       dN        ^  •       ^   ,      ^ 

-= J—  =  ^ar  —  ^ar  =  0. 

a^        da: 

SECTION  XX. 

Singular  solutions. 

(324.)  Two  methods  of  deducing  differential  equations 

om  their  primitives  or  integrals  have  been  explained  in 

action  XVI.,  one  by  direct  differentiation,  and  the  other 

y  eliminating  a  constant  between  the  primitive  equation 

id  its  immediate  differential.     Let  r(^c)  =  0  be  the  pri- 

itive  equation,  c  being  the  constant  designed  for  elimina- 

dy 
on,  and  let  Y^(xycp)  =  0  (where  ^  =  -^)  be  its  immediate 

fferential,  obtained  by  differentiating  the  former  for  x  and^. 
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Eliminating  e  by  these  two  equations,  let  the  iptutt  be 
J^i^MP)  =  P*    "^^^^  equation  being  indeptadent  of  e^  wiM 
evidently  be  the  same,  whatever  value  be  ascribed  to  e  ia 
the  primitive  equation.    When  c  in  the  eqiuatkMt  F(i^i^O 
is  taken  as  an  indeterminate  or  arbitraiy  constat,  tWi 
equation  is  called  the  complete  integral  of  the  diflerentU 
equation  J^{xyp)  =  0 ;    but  when  a  particular  value  si 
ascribed  to  e,  it  is  called  sl  particular  integral^  as  bmng  odf 
a  case  of  the  equation  in  its  general  state. 

(325.)  It  does  not,  however^  necessarily  follow  that  de 
complete  integral^  including  an  arbitrary  constant,  ohh 
tains  cbll  the  primitive  equations  from  which  the  dBib- 
rential  equation  y^(<ryp)  =  0  may  be  derived.  lit  cotadf 
includes  all  ike  particular  integrals^  that  is,  dl  those  wlud 
involve  an  arbitrary  constant;  but  there  niay  be'ceriili 
other  primitive  equations^  which,  contdining.'iio  arbititty 
constant,  are  not  included  under  the  formula  Y(pn/c)  ^% 
and  yet  from  which  the  equation  f{^xyp)  =  0  may  be 
deduced.  Such  equations  iare  therefore  entitled  to  be  con- 
sidered as  integrals  equally  with  the  equation  F{xt/c)  =  0. 
Such   integrals*   are   called  particular  or  singular  sohir 


*  There  is  a  species  of  solutions  which  raay  satisfy  a  differential 
equation  besides  those  which  are  considered  in  this  section.  Le^ 
udjc  -|-  Nfl(y  =  0  be  a  differential  equation^  and  let  any  function 
of  the  variables,  asy(.r^),  be  supposed  to  be  a  common  factor  <i 
M  and  N.     It  is  obvious,  that  y(.ry)  =  0  and  udx  +  Nrf^  =  ^ 
will  be  fulfilled  at  the  same  time.     In  this  point  of  viewy (4!;y)s^^ 
may  be  considered  as   a  solution  of  mc?^  +  ndy  =  0.     Su^l^ 
solutions^  however,  are  not  comprised  in  the  present  investig'^' 
tion.     They  may  always  be  Tound  by  determining  the  comm€>^ 
divisors  of  m  and  n.     These  solutions  ought  not  to  be  termed  if^' 
tegrals  of  the  proposed  equation,  because  it  does  not  follow,  th  ^^' 
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tions,  as  opposed  to  the  integral  F^xyc)  =  0,  including  the 
arbitrary  constant,  which  is  called  the  general  solution. 

(326.)  This  species  of  solutions  occasioned  considerable 
embarrassment  to  the  earlier  analysts,  and  werd  h^ld  as  a 
kind  of  analytical  paradoxes.  Euler  considered  theln  as 
forming  exceptions  to  the  general  rules  of  the  calculus,  and 
gare  methods  of  distinguishing  them  from  ordinary  in- 
^grals.  Clairaut  also  determined  a  class  of  differential 
quations  which  admit  of  singular  solutions  *.  The  com- 
lete  exposition  of  the  theory  of  singular  solutions,  of  their 
annexion  with  the  complete  or  general  solution,  and  of  the 
ircumstances  from  which  they  derive  their  origin,  was  the 
^ork  of  Lagrange. 

(327.)  Let  fQv7/u)  =  0  be  an  equation  between  the  va^ 
Abies  iT,  ^,  u  being  a  function  of  a;  and  j/,  and  let  u  be 
ippo^d  to  enter  this  equation  in  the  same  manner  as  the 
instant  c  enters  the  equation  F(xyc)  =  0.  So  that  taking 
y  as  given  quantities,  the  one  is  the  same  function  of  u  as 
lie  other  is  of  c. 

Also,  let  u  be  such  a  function  of  the  variables  x  and  t/^ 
liat  the  equation  being  differentiated  for  cc  and  i/,  the  func- 
lon  u  shall  enter  the  differential  equation  F^xyup)  =  0  in 
he  same  manner  as  the  constant  c  enters  the  differential 
quation  i^{xycp)  =  0 ;  that  is,  so  that  if  x, «/,  and  p  were 
alcen  as  constant,  the  one  would  be  the  same  function  of  u 
&  the  other  is  of  c.  The  method  of  determining  what 
unction  of  x  and  y  will  satisfy  this  condition  shall  be  ex- 
>Wned  presently. 


>eing  differentiated,  their  differentials  would  be  equivalent  to 
he  proposed,  which  is  the  specific  character  of  a  primitive  or 
ntegral. 

*  See  Sect,  XXII.  (350.) 
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(9StS.)  Since  then  the  two  systems  of  equaticmfi    ;  ^^  hmi 

F(ayc)  =  0,        A^cp)  =  0,  }  ^,oi, 

F(ayM)  =  0,        F'(ayiip)  =  0,  :MaTa 

are  such  that  they  become  identical  by  changing  c  iMviitl ; 

or  vice  versa ;  it  follows  that  if  c  be  eliminated  by  the.  ftl|f  j 

syitemi  and  u  by  the  second,  the  same  equaticm  befir^iie 

x,y^  axidp  will  be  the  result  .:  lai 

Let  this  equation  be  ^igtan 

Now  it  is  plain  that  this  is  a  differential  equation  of  the  fint 
order  derived  equally  from  the  first  equations  of  the  twf;, 
systems,  which  have  therefore  equal  claims  to  be  oonaidenl 
as  it9  integrals.     By  the  definitions  already  given,  tlii 
equation^  '  ■ ' 

is  its  complete  mtegrai^  or  general  solution;  and  sndi  oiiei 
of  the  equation 

¥{ayu)  =  0  ( 

as  are  not  comprised  under  the  former  (for  it  will  presently 
appear  that  some  are),  are  particular  or  singular  solutioDS. 
(3^9.)  The  condition  which  limits  the  function  «  is  tbe 
identity  of  the  equations 

-eXxycp)  =  0,     F\ayvp)  =  0. 
The  one  may  be  expressed  as  the  sum  of  the  twp  partial 
differentials  of  'E{xyc)  taken  with  respect  to  the  variablesjr 
and  y  successively ;  the  other  as  the  sum  of  the  three  partial 
differentials  of  T{xyu)  taken  with  respect  to  w,  y^  and  t^  8U0- 
cessively  (95.).     Since  c  and  u  enter  ^{jcyc)  and  F{xyu)  ifl 
exactly  the  same  manner,  they  must  necessarily  also  enter 
their  partial  differential  coefficients  taken  successively  nvitb 
respect  to  X  and  y  in  exactly  the  same  manner.     Hence  the 
sum  of  the  partial  differentials  of  F(xyc)  taken,  succes^velj 
with  respect  to  x  andy  must  be  the  same  function  of  e  ^ 
the  sum  of  the  partial  differentials  of  ip(xyu)  with  respect  ^ 
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id^  is  oftt.  In  order,  therefore,  that  the  two  equatioDS 
iild  be  identical,  it  is  necessary  that  the  partial  dif« 
ntial  of  F(ayu),  taken  with  respect  to  u,  should  =  0. 
the  partial  differential  coefficient  of  F(<xyu)  taken  with 
)ect  to  t<  be  u;  the  partial  differential  is  vdu.  Now, 
;e  f<  is  by  hypothesis  not  a  constant,  du  is  not  =  0; 
pefore  the  condition  u  =  0  must  be  fulfilled.  An  ex-r 
pie  will  roake  these  principles  easily  apprehended.     Let 

F{a:t/c)  =s  a?2  +  y*  —  ^  —  c«  =  0, 
•.'  F'(aycp)  =  (y  —  c)p  +  ^  =  0. 

minating  e,  we  obtain 

/'(rjp)  =  (^  —  %•);>*  —  4ryp  -  ar«  =  0. 
vtr  let  c  be  changed  into  Uy  and  we  have 

f(xi/u)  =  a:*  +  y*  —  2yw  —  tt^  =  0, 

F\xyup)  =  xdx  +  (^  —  u)pdx  —  (y  +  ti)Jtt=0, 

erving  that  dy  =  pdx. 

Che  functions  F^aycp) ,  and  '^{ooyup)  will  be  rendered 
(itical  by  the  condition  »  =  —  ^,  in  which  case,  the  eli- 
lation  of  u  by  the  latter  equations,  anU  that  of  c  by  the 
ner,  will  both  lead  to  the  same  differential  equation^ 
fipcyp)  x=  (x*  —  %^);>«  —  A^p  —  a?«  =  0. 

e  condition  u  =  —  y  changes  F(ayu)  into 

^«  +  %«  =  0, 
oh  is  therefore  a  singular  solution  of  the  differential 
ation. 

I'rom  the  preceding  observations,  we  may  therefore  infer 
erally,  that  if  the  general  solution^  cleared  of  radicals, 

f(^c)  =  0, 
my  proposed  differential  equation, 

/'(^)  =  0, 
differentiated,  considering  the  arbitrary  constant  c  alone 
iable,  and  that  the  partial  differential 

cdc  =  0 

X 
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K) 


be  thus  determined ;  the  values  of  c,  which  satisfy  this 
dition,  being  substituted  for  c  in  the  general  solutioii       *    i. 

H^yc)  =  0, 
will  give  equations,  amongst  which  all  singular  sctuUom 
will  be  found. 

(330.)  It  does  not,  however,  necessarily  follow  that  aH  Ae 
equations  resulting  from  such  substitutions  are  singnlff 
solutions.  Such  equations  may  be  cases  of  the  genenJ 
solution  in  which  the  arbitrary  constant  receives  a  particular 
value,  in  which  case  they  are  particular  integrals,  and  not 
singular  solutions. 

The  partial  differential  coefficient  c  is  in  general  composed 
of  e,  the  variables  x,  t/y  and  the  constants  of  the  propoeed 
differential  equation.  It  may,  however,  happen  in  particular 
cases,  that  c  does  not  contain  the  variables  <r,  t/»  In  sucb 
cases  the  values  of  c  derived  from  c  =  0  are  functions  of 
constant  quantities,  and  are  therefore  themselves  constant 
The  substitution  of  such  values  for  c  in  the  general  solution 
would,  therefore,  only  give  particular  integrals,  and  not 
singular  solutions. 

Again,  if  c  contained  the  variables,  or  either  of  them,  and 
the  elimination  of  one  of  them  between  the  equation  c  =  0 
and  the  general  solution  F{an/c)  =  0,  were  to  give  a  result 
independent  of  the  other  variable,  this  would  determine  ^ 
particular  constant  value  for  c,  which,  substituted  in  tl>^ 
general  solution,  would  give  a  particular  integral. 

Further,  the  partial  differential  coefficient  c  may  be  ii^ 
dependent  of  c,  which  will  always  happen  when  c  enters  th  ^ 
general  solution  F(xyc)  =  0  in  the  first  degree.     In  thi^ 
case  the  general  solution  must  have  the  form 

a  +  cc  =  0, 


.    ••  -  •     c  ' 


If  c  be  not  a  factor  of  q,  the  condition  c  =  0  renders  c  in- 


^ 
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Snitey  and  therefore  gives  the  particular  case  of  the  general 
solution,  in  which  the  arbitrary  constant  is  infinite.  The 
vesult  is,  in  this  case,  a  particular  integral. 

But  if  c  be  a  factor  of  a,  then  the  condition  c  =  0  is 
itself  a  solution  of  the  proposed  difi'erential  equation,  which 
bong 

cda  —  adc  =  0, 

is  obviously  satisfied  by  c  =  0.  To  determine  in  this  case 
whether  c  =  0  be  a  particular  integral  or  a  singular  solution, 
let  one  of  the  variables  be  eliminated  by  the  equation  c  =  0 
and  the  general  solution,  and  the  value  of  c  be  determined 
by  the  resulting  equation.  The  equation  c  =  0  is  a  singidar 
solution  if  this  be  variable,  and  otherwise  not. 

(331.)  The  principles  thus  established  furnish  us  with 
the  solution  of  the  problem,  ^'  Given  the  general  solution 
\j(jxn/c)  =  0]  of  a  differential  equation  [f^Qpyp)  =  0]  to 
find  its  singular  solutions,  if  any  such  exist.^  Clear  the 
general  solutioa  of  radicals,  and  take  its  partial  differential 
with  respect  to  the  arbitrary  constant  considered  as  a  varia- 
ble; eliminate  the  arbitrary  constant  from  the  general  so- 
lution by  the  variable  values  of  it,  which  satisfy  the  general 
solution,  and  the  partial  differential  equation  before  men- 
tioned ;  the  equations  resulting  from  such  elimination  are 
singular  solutions. 

(332.)  It  is  obvious  that  the  condition  c  =  0  is  that  by 
which  the  general  solution  ¥(xi/c)  =  0  solved  for  c  as  an 
unknown  quantity  will  have  equal  roots.  (Geometry,  Art. 
580.).  If,  therefore,  by  means  of  the  singular  solution  and 
the  general  one,  either  of  the  variables  be  eliminated,  the 
result  will  have  equal  factors.  Thus,  in  the  example  given 
in  (329.),  if  a:  be  eliminated,  the  result  will  be 

3/«  +  %  +  c«  =  (y  +  c)a  s=  0. 

Also,  since  the  equality  of  the  roots  is  produced  by  the  dis- 

x2 
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appearance  of  radicals,  it  follows,  that  if  the  general  aolutiott 
be  solved  for  the  arbitrary  constant^  and  the  radicala  whieh 
enter  the  values  be  assumed  =  0,  the  resulting  equatkne 
will  be  singular  solutions,  provided  they  satisfy  the  pro- 
posed equation,  and  are  not  cases  of  the  general  solution. 

It  may  here  be  observed  generally,  that  tests  for  deCw- 
mining  any  equadon  to  be  a  singular  solution  are  twofidd : 

1^  That  it  satisfy  the  proposed  differential.  That  is, 
that  its  differential  shall  be  identical  with  the  propoeed. 
This  is  necessary,  in  order  that  it  may  be  a  solution  ai  alL 

2^.  That  it  be  not  a  case  of  the  general  solution,  in  whidi 
case  it  would  be  a  particular  integral,  and  not  a  singular 
solution. 

(333.)  If  the  partial  differentials  of  the  primitive  equation 
v{xyc)  =  0  be  taken  with  respect  to  the  variables  suc- 
cessively, c  being  considered  as  a  variable  function  of  i?  and 
y^  we  obtain  two  equations  of  the  forms 

dv      d\  dc 
dx     dc  dx  "^    ' 
dv      dvdc 
dy      dcdy  ""    * 
where  v  represents  the  function  T{xyc).     If  F(xyc)  =  0  be 
a  singular  solution,  it  has  been  already  proved  (330.),  that 


Hence  we  find 


dc       dv       dv 


djc       dx   '  '  dc 
dc       dv       dv 


=  00 


dy       dy   '    dc 
This  furnishes  another  character  for  the  determination     ^ 
singular  solutions,  Let  the  general  solution  be  differentiate^' 
and  the  partial  differential  coefficients  obtained  by  consid^^' 
ing  the  arbitrary  constant  successively  as  a  function  of  Qt%^^ 
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variable;  The  conditions  which  render  these  cueffidepts 
infimte  will  give  two  equations 

dc  dc 

w  =  *'  W*' 

from  which,  by  eliminating  c,  equadons  may  be  obtained, 
which  will,  in  general,  be  singular  solutions.  They  must, 
however,  be  submitted  to  the  tests  in  (332.). 

This  presents  again  the  property  by  which  nngular  solu- 
tions arise  from  the  disappearance  of  radicals  in  the  values 
of  c;  for  when  radicals  enter  the  value  of  c,  they  will  always 

dc  dc 

appear  in  the  denominators  of  the  values  of -r-  and  -r-. 

(334.)  Singular  solutions  have  the  peculiar  property  of 
rendering  infinite  those  multipliers  which  render  the  dif- 
ferendal  equation  integrable.  This  property  might  lead  us 
to  conclude  that  the  investigation  of  the  factors  which  render 
an  equation  integrable  would  also  involve  the  determination 
of  singular  solutions.  But  this  would  require  the  converse 
of  the  principle  sciL  that  equations  which  render  the  mul- 
tipliers infinite  are  singular  solutions^  which  is  not  generally 
true  *. 
■Let  the  differential  equation 

Mda  -f  mdj/  =  0 
be  one  which  admits  a  singular  solution,  and  let  its  general 
solution  be  F(xy)  =  c,  and  its  singular  solution  F(ary)  =  w. 
Let  z  be   the  factor   which   renders  the    equation  inte- 
grable, ••• 

zMdx  +  2Ndy 

IS  the  exact  differential  of  F(ry}.  If  a  value  of  ^  be  de- 
nved  from  F(.r^)  =  r/,  and  substituted  in  the  general  so- 
*^'don,  c  will  not  continue  constant,  for  if  it  did,  the  equation 


*  Laplace,  Metns,  dc  I' Acad,  des  Sciences,  1772. 
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Y(/xy)  =  u  would  be  included  in  T(xy)  =  c,  And  ther^feM! 
would  not  be  a  idngular  solution,  which  iet  ccmtrttfy  tt 
hypothesis.  Since,  therefore,  c  is  not  constant,  cfe  is  not 
=  0,  •••  ziudx  +  vdy)  is  not  =  0;  but  by  hypodiesu 
udx  +  jsdy  =  0,  *.*  z  is  infinite,  and,  therefinre,  all  faetori 
which  render  the  equation  integrable  are  infinite. 

(335.)  PoissoN  has  demonstrated  *  in  the  Journal  of  the 
Polytecfmic  School^  that  by  certain  transformations,  eveiy 
differential  equation  of  the  first  order  may  be  rendered 
divisible  by  its  singular  solution ;  and  vice  versa^  that  any 
^ven  singular  solution  may  always  be  introduced.  Tbk 
subject,  however,  has  not  been  reduced  to  a  sufficiently 
simple  state  to  admit  of  being  properly  introduced  into  a 
treatise  so  elementary  as  the  present.  It  is  besides  of  little 
use  in  the  applications  of  this  science. 

(336.)  Whenever  the  genera^  olution  of  a  differratial 
equation  has  been  obtained,  or  is  given,  the  singular  so- 
lutions may  be  always  derived  by  the  principles  which  haT^ 
been  just  established.  It  is,  however,  frequently  necessary 
to  be  able  to  pronounce  whether  a  proposed  solution  be  a 
singular  solution,  or  particular  integral,  when  the  general 
solution  is  not  known,  and  when  therefore  the  question 
cannot  be  decided  by  an  immediate  reference  to  it. 

Let  T(i/a:)  =  0  be  a  solution  of  the  equationy*'(.rj/jp)  =0, 
it  is  required  to   determine  whether  it  is  a  particular  in- 
tegral or  a  singular  solution,  the  general  solution  being 
unknown. 

Let  the  value  of  i/  derived  from  the  proposed  solution  t^ 
X,  and  let  the  value  derived  from  the  general  solution  be  ^j 
the  former  being  a  known  function  of  a:,  and  the  latter  u^^' 


*  See  also  an  art.  by  Legend  re,  Memoires  de  I*  Acad. 
Sciences,  1790. 
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known.  The  value  v  includes  an  arbitrary  constant  c* 
Now,  if  the  proposed  solution  be  singular,  no  value  what- 
ever of  c  can  render  v  and  x  identical ;  but  if  it  be  a  par* 
ticular  integral,  there  is  a  certain  value  d  o£cy  which  will 
give  V  =  X ;  so  that  v  —  x  and  c  ^  d  will  vanish  together. 
Hence  it  follows  that 

V  —  X  =  a(c  —  d)*^f 
where  a  is  a  quantity  which  becomes  neither  infinite  np^, 
=  0,  when  c  —  c'  =  0  and  m  >  0.     Let  (c  —  d)"^  =  A,  •.• 

V  —  X  =  v'A  +  v^A   +  .  . . . 

•••  V  =  X  +  VA  +  v"A    +  . . . . 
This  may  be  considered  as  the  development  of  ^  in  the 
general  solution. 

Let  the  proposed  differential  equation  resolved  for  c^  be 
^  =z  pdx.  This  equation  ought  to  be  satisfied  by  the 
general  solution  independently  of  A.  Let  the  value  of  y 
found  from  this  solution  be  x  +  ^^  and  p  being  expressed  in 
powers  of  k,  we  have 

p  =  r  +  p'A;"*  +  p  V  + 

where  the  exponents  are  ascending  and  positive.    For  jp  is 
not  infinite  when  A  =  0,  since  the  equation  ^  =  x  (which 
does  not  render  p  =  oo  )  renders  the  equation  dy  =  pdx 
identical,  and  *.•  dx  ==  rdr. 
When  y  =  X  +  A,  •/ 

t?x  +  dA  =  (p  +  p'A*  +  p"A"  + )(ir, 

d\  =  pdx^ 

•••  dk  =  (p'A*"  +  i^^A**  + )dx. 

Substituting  for  k  its  vdlue, 

V  —  X  =  v'A  +  v'^A    +  •  •  •  • 
we  obtain 


Adv'  +  A'^dv^H =  <  ^pff^»/ 


==  j  +P"AV  +  v«A^""^  -h ydA 
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This  equation  must  be  satisfied  independently  oT  h  wfaeo 
y  =  X  is  a  particular  integral*  If  this  be  not  possible,  it  is 
a  singular  solution. 

Equating  the   terms  with   the   lowest  expc»ient%  «e: 
dbtun 

which  is  only  independent  of  h  when  m  —  1  =  0,  ••*  w  =  1. 
In  this  case 

If  m  —  1  >  O5  the  terms  cannot  be  identified ;  but  hif 
may  disappear  by  supposing  dv'  ^  0,  *.*  V  constant.   Then, 
if  jMr  =  971,  •••  £?v"  =  p'da?,  •••  v"  szJVdXy  arid,  in  a  amilsr' 
way,  the  other  terms  may  be  found. 

Thus  it  appears,  that  if  w  —  1  be  not  <  0,  the  two  series 
may  be  identified,  and  therefore  the  proposed  solution  is  a 
particular  integral.  But  this  cannot  take  place  if  m— 1  <0, 
that  is,  if  77»  be  a  proper  fraction ;  since,  in  that  case,  the 
term  p'v''"A'"dr  cannot  be  identified  with  hdw\  or  any  of  the 
following  terms.  In  this  case,  therefore,  the  proposed  so- 
lution is  singular. 

(337.)  This  investigation  furnishes  a  new  criterion  for  the 
detection  of  singular  solutions,  and  one  which  is  altogether 
independent  of  the  knowledge  of  the  general  solution.  It 
appears  from  what  has  been  proved,  that,  if  upon  changing 
y  into  ^  +  A;  in  the  proposed  differential  equationy*'(^r^)  =0 
solved  for  p,  and  developing  the  corresponding  value  of  | 
in  powers  of  fr,  the  first  exponent  of  k  be  less  than  unity, 
the  equation  between  the  variables  which  fulfils  this  con- 
dition will  be  a  singular  solution,  provided  it  satisfy  the 
proposed  equation.  By  {55,)^  it  follows,  that  the  conditioi 
on  which  the  first  exponent  in  the  development  is  less  thai 
unity  is 
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^^  =  00 

by  similar  reasoning  applied  to  the  other  variable,  it 
's,  that  singular  solutions  may  be  determined  by  the 
tion 

dx  ' 

,  if  ^  or  ^  =  — ,  every  singular  solution  must  render 

0,  and  must  therefore  be  a  divisor  of  it.    Also,  every 
'  of  N,  which  is  not  also  a  factor  of  M,  and  which  satisfies 
roposed  equation,  is  a  singular  solution, 
le  solution  of  the  proposed  differential  equation  forp 
be  avoided  by  differentiating  it  for  x^  y,  and  p. 
^fi^P)  =  u  =  0,  ••• 

du,  du-      .     du. 


, 

du 

■ 

dy 

diy 
""   du' 
d/p 

du 

dp 
dx  ~~ 

dx 
"""du* 

tlie  equationy(a3/p) 
dicals,  tlie  condition 

dp 
=  0  have  been  previously  cleared 
under  which  these  coefficients  will 

mc  infinite  is 

dp  "~ 
otherwise,  the  condition  may 

also  be  satisfied  by  the 

tions 

^ 

1 

=  0'       du_ 

=  0      .  .  .  [a]. 

dii'  djj 


1 
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The  elimination  o{p  by  the  proposed  differential  equatioD 
f{x\fp)  =  0|  and  any  one  of  the  three  preceding  equatioiu^ 
will  determine  a  singular  solution^  provided  that  the  result 
satisfy  the  proposed  equation. 

(338.)  The  former  of  the  equations  [a]  should  be  lind 
when  the  proposed  differential  equation  does  not  contain  |v 
and  the  latter  when  it  does  not  contain  x.  The  one  de- 
termines singular  solutions  of  the  form  /r  =  c,  and  the  other 
of  the  form  y  -=  c. 

(339*)   From  what  has  been  already  observed  on  Ae' 
method  of  deducing  singular  solutions  from  general  onei 
(333.),  it  is  obvious  that  the  conditions 

■^-"^^     ^"""^^ 
will  always  be  satisfied  by  making  the  radicals  which  enter 
the  values  of  |>  derived  from  the  proposed  equation  =  0* 

In  applying  these  conditions^  the  equation  should  be  pre- 
viously solved  for  p^  otherwise  it  will  be  necessary  to 
eliminate  f  between  either  of  these  and  the  proposed 
equation. 

If  the  equation 

d\s  .         du  .  du  _ 

be  solved  for  dp^  we  obtain 

du  ^  du  . 

—dr+~dy 


dp  =  -^ 


du 
dp 

du  -  du  ^ 

doc  +  —^dy 


dp     d-y  dx  dy 

dx^dx*^"  du  _ 

-^dx 
dp 

The  conditions  already  established  for  the  determination  of 

singular  solutions, 
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du  _     .    du  ,         diJ  , 

du 

itider  both  numerator  and  denominator  of  the  former  ex-  • 
reman  =  0.   Hence,  singuiar  solutions  must  always  render 

e  second  differential  coefficient  -pr. 

If  the  differential  coefficient  p  enter  the  proposed  equatiori 
LQving  been  previously  cleared  of  radicals)  only  in  the 
*8t  power,  it  is  impossible  that  the  equation  can  admit 

singular  solution.     For  p  will  not,  in  that  case,  enter 

> 

p —  =  0,  which  will  not,  therefore,  be  sufficient  to  eliminate 

from  the  proposed  equation,  on  which  elimination  the 
etennination  of  a  singular  solution  depends.  The  same 
noaark  extends  to  equations  which  are  linear  with  respect 
>  p,  but  which  involve  radicals;  and  it  may  in  general  be 
>iiduded,  that  no  linear  equation,  properly  so  called  of  any 
rder,  allows  of  singular  solutions. 

(340.)  The  connexion  of  the  singular  solution  with  the 
:eneral  one  has  been  determined  by  considering  the  arbi- 
rary  constant  in  the  general  solution  as  a  variable.  Taking 
he  general  solution  as  the  equation  of  a  curve,  the  character^ 
Qagnitude,  and  position  of  which  will  depend  upon  the 
'alues  of  the  constants,  and  among  others,  of  the  arlntrarf 
onstant,  if  a  succession  of  values  be  ascribed  to  it,  the 
;eneral  solution  will  represent  a  succession  of  curves  cor- 
esponding  to  these  values ;  and  the  equation  may  be  con- 
idered  as  applying  to  the  consecutive  intersections  of  these 
urves.  If,  then,  the  condition  of  continuity  be  introduced, 
nd  the  arbitrary  constant  be  considered  as  variable,  the 
quation  wiir  represent  a  curve  which  will  include  or  ex- 
lude  all  the  others,  and  touch  them.     The  general  solution. 
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when  any  particular  value  is  ascribed  to  the  constant,  rcfjie- 
sents  one  of  the  former  curves,  and  determines  a  reladoti 
between  the  variables^  which  is  expressed  by  the  o&^nrdinates 
of  any  point  upon  it.  But  in  the  other  case,  the  constant  is 
r^liU^  by  a  variable  function  of  the  co-ordinates  of  the 
point  of  contact.  The  tangent  at  the  point  of  contact  is  the 
same  for  both  curves,  being  determined  by  the  value  of  the 
differential  coefficient  p,  which  preserves  the  same  valued 
whether  the  arbitrary  constant  be  considered  as  variable  or 
not  in  the  primitive  equation ;  whence  it  follows,  that  hf 
eliminating  the  constant  between  the  primitive  equation  and 
its  differential  with  respect  to  the  constant,  the  resultii^ 
equation  between  the  variables,  which  is  the  lingular  so- 
iudon,  represents  the  line  of  contact  of  the  curves  comprised' 
in  the  general  solution. 

(S41.)  In  general,  then,  from  the  results  of  this  section  it 
follows : 

1^  That  two  conditions  are  indispensable,  in  order  that 
any  equation  between  the  variables  may  be  a  sirigiilar  tto- 
lution  of  a  given  differential  equation ;  1st,  That  it  be  a 
solution,  that  is,  that  it  satisfy  the  proposed  differential 
equation,  for  otherwise,  it  is  not  a  solution  at  all ;  and  My, 
That  it  be  not  contained  in  the  general  solution,  for  if  it  be, 
it  is  a  particular  integral,  and  not  a  general  solution  (332.). 

2®.  That  if  tlie  general  solution  be  differentiated  with 
respect  to  the  arbitrary  constant  and  its  differential  co- 
efficient equated  with  o,  and  by  this  equation  and  the  ge- 
neral solution  the  arbitrary  constant  be  eliminated,  singular 
solutions  may  be  found  among  the  factors  of  the  resulting 
equation  (831.). 

3®.  If  the  general  solution  be  solved  for  the  ai'bitrary 
constant,  so  that  this  constant  may  be  expressed  as  a  func- 
tion of  the  two  variables,  and  that  its  two  partial  differential 
coefficients  taken  with  rotpect  to  each  variable  be  found) 


SSQT.  XX.  THB  IMTfiORAL  CALCULUS.  SI? 

singular  solutions  may  be  found  from  the  equations  which 
renda:  either  or  both  of  these  infinite  (S33.). 

.4^.  The  condition  under  which  the  factor^  which  renders 
the  equation  integrable»  becomes  infinite,  may  contain  sin- 
^lar  solutions  (334.). 

6^  If  a  differential  equation  be  differentiated  with  respect 
to  the  differential  coefficient,  and  this  coefficient  eliminated 
by  the  equation  thus  obtained,  and  the  differential  equation 
itself,  the  resulting  equation  between  the  vaiiables  may 
contain  singular  solutions  (337.)- 

6^.  If  a  differential  equation  be  differentiated  with  respect 
to  either  of  the  variables,  and  by  the  equation  which  renr 
ders  the  partial  differential  coefficient  thus  found  infinite, 
and  the  proposed  differential  equation,  the  differential  co- 
efficient be  eliminated,  the  resulting  equation  between  the 
vaciables  may  contain  singular  solutions  (337*). 

7^.  If  a  differential  equation  be  algebraic,  and  include,  ir« 
rational  functions,  singular  solutions  may  be  found  amongst 
the  equations  which  make  these  radicals  disappear.  This 
may  be  effected  by  the  suffixes  or  coefficients  of  the  radicals 
vanishing  (339.)* 

8^.  The  conditions  which  render  the  second  differential 

0- 
coefficient  -jr  may  contain  singular  solutions  (339.). 

(In  the  last  seven  observations  we  have  expressed  ourselves 
in  a  contingent  sense,  since  the  results  must  severally  fulfil 
the  two  conditions  of  1%  in  order  to  be  singular  solutions, 
which  in  some  cases  they  do  not.) 

9^.  It  is  of  as  much  importance  to  determine  the  singular 
solutions  as  the  general  solution^  since,  in  many  cases,  the 
true  solution  of  the  proposed  problem  is  to  be  found 
amongst  them,  and  not  in  the  general  solution  (840.).  Sec 
Section  XXII,  Ex.  11.  to  Ex.  15. 


SECTION  XXI. 

Of  the  integration  of  differential  equations  qfthejirstordgry 

and  which  exceed  the  first  degree. 

(342.)  It  appears  by  the  ordinary  process  of  differeiH 
tiation^  that  no  differential  equation^  obtidned  direetty  by 
-differentiating  the  primitive  equation,  can  exceed  Ae. 
first  degree.    But  when  between  the  primitive  eqoatioiraBd 

its  immediate  differential  a  constant  is  eliminated,  which 
enters  these  equations  in  any  degree  superior  to  the  first, 
the  result  will  be  a  differential  equation  of  the  same  order  as 
before,  but  of  a  superior  degree, 

(343.)  Every  differential  equation  of  the  first  order, 
whatever  its  degree  may  be,  must  be  comprised  in  the 
formula 


M^  +  N  =  0. 


Let  the  roots  of  this  equation  bejp,  //,/?"•...  Hence  it 
may  be  expressed 


(l--XI-^XJ-^) 


=  0. 


This  equation  is  xesolved  into  the  several  equations 
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10^.  Greometrical  problems,  the  object  of  wbidi  is  the  | 
determination  of  curves  touching  any  number  of  curves  of  I 
tjbe  same  kind,  but  differing  from  each  other  by  the  para- 
meter, or  some  other  constant  part,  are  solved  by  singular 
solutions  (340.). 
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dy  —  pdx  =  0, 
dy  -  f/dx  =  0, 
dy  —  !>"£&  =  0, 


Let  each  of  these  be  separately  integrated,  and  the  in- 
tegrals be  u  =  0,  u'  =  0,  u"  =  0  •  •  •  •  Any  one  of  these 
integrals,  or  any  number  of  them  combined  by  multiplication^ 
will  satisfy  the  proposed  differential  equation.     For 

du  =  dy  —  pdx  =  0 ;  d(Du')  =  udu'  +  u'du  =  0, 
•/  d(uu')  =  v{dy  —  p'dr)  +  v\dy  —  pdx)  =  0. 

It  is  obvious  that  these  conditions  are  satisfied,  and  that 
the  same  will  apply  to  the  product  of  any  number  of  them. 

(844.)  But  a  difficulty  presents  itself  from  the  condidera- 
doQ  that  an  arbitrary  constant  is  introduced  in  each  in- 
tegration, and  that  therefore  n  arbitrary  constants  are  in- 
troduced in  the  integration  of  a  differential  equation  of  the 
first  order,  which  seems  contrary  to  the  principles  in  the 
general  theory  of  differential  equations.  This,  however,  is 
accounted  for  thus:  The  constant,  by  the  elimination  of 
which  the  differential  equation  of  the  nth  order  was  ob- 
tained, must  have  entered  the  primitive  equation  in  the  nxh 
degree,  and  therefore  it  had  n  different  values ,  derivable 
from  that  equation;  the  n  arbitrary  constants,  therefore,  thus 
introduced,  are  only  these  n  different  values  of  the  constant 
elinainated. 

(345.)  The  n  differential  equations  of  the  first  degree, 
into  which  the  proposed  equation  has  been  resolved,  may 
olso  be  accounted  for  by  mere  Afl^entiation.  Let  the  pri- 
mitive equation  be  imagined  to  be  solved  for  the  constant, 
of  which,  therefore,  n  values  will  be  obtained.  Upon  dif- 
ferentiating the  equation,  each  of  these  ^values  will  give  a 
<^stinct  equation  of  the  first  order  and  first  degree.     These 
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equations  arc  no  other  than  the  simple  factors  of  the  dif- 
ferential equation  of  the  nth  degree. 

(346.)  By  what  has  been  just  explained,  it  appears  that 
the  integration  of  differential  equations  of  the  first  order  and 
superior  degrees  depends  on  the  resolution  of  algebraic 
equations.  But  as  our  powers  in  that  department  of  analjos 
are  extremely  limited,  several  artifices  have  been  suggested 
to  elude  the  necessity  of  the  resolution  of  the  differential 
equation ;  we  shall  therefore  explain  the  principal  of  these. 

(347.)  If  the  differential  equation  only  contain  one  of  the 
variables  x,  and  the  differential  coefficient  p,  and  can  be  re- 
solved for  Xj  it  will  give 

X  =  ¥{p\ 

Now,  since  dy  =  pdv^  integrating  by  parts,  we  find 
y  z=:px  ^Jxdp  =  j^.r  —Jle{p)dp.  Thus,  the  integration 
of  the  equation  is  reduced  to  that  of  the  formula  T{p)dpf 
which  can  be  effected  by  the  rules  already  established. 

(348.)  If  the  proposed  differential  equation  contain  both 
variables,  one  y,  entering  it  only  in  the  first  degree,  then 
solving  the  equation  for^,  we  find 

t^  =  F(xp)  =  V, 
dv  dv 

'-'  ^i'  =  ^^   +    -^^P' 

But  dj/  =  pdr^  \' 

If  this  equation  can  be  integrated,  an  equation  of  the  fonn 

f(xp)  =  0 
will  be  obtained. 

By  this  and  the  proposed  equation,  p  being  eliminated, 
an  equation  between  x  and  y  will  be  the  result,  which  is  the 
sought  integral. 
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SECTION  XXII. 

is  on  singular  solutions,  and  the  integrdtion  of  diffe- 
licU  equMions  of  the  first  order  and  superior  degrees. 

Ij9.)  Ex.  1.  Let  the  proposed  equation  be 

p^y  +  2px  --  y  =  p, 

'  P  ~  ^*     Hence 


p  = — 2-       , 

ydy  4-  adx 

I  being  integrable,  gives 

+  ^/x^  +  ^*  =  ^  +  ^> 
•/  2/«  —  ^^  -  c*  =  0     (1) 
general  solution. 

determine  the  singular  solutions^  let  the  last  equation 
Ferentiated  for  c  (331.).     This  gives 

c  +  X  =  0, 
,  by  eliminating  c  by  the  general  solution,  becomes 

j/«  +  a:«  =  0. . 
/alue  of  c  being  variable,  and  this  last   solution  not 
a  case  of  the  general  one,  it  is  a  singular  soluiioiu 
e  same  result  might  be  obtained  by  (332.)  solving  the 
ion  (1)  for  c,  and  making  the  radical  =  0;  thus, 

c  =   —      X  ^  x^  -\-  ^, 
\'  X*  +  y'^  =  0. 
we   examine   the   general    solution  (1)   by  the  tests 
ished  in  (333.),  we  find 

Y 


-      y       -   r^ 
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dc   ^         c 

dx  ""       c\x ""      ' 

dc 

dy  ^  C'\'X 

which  give  the  singular  sohition  already  determined. 

The  singular  solution  may  be  obtained  immediately  Aom 
the  proposed  equation  without  the  general  solution  by  the 
method  explained  in  (337.).     By  differentiating  for  p  and  . 
Xy  and  'p  and  y^  we  find 

dx  yy-^x  ' 

dp   1-^ 

dy      py-\-x 
these  conditions  are  both  fulfilled  by 

joy  4-  ^  =  0. 

Eliminating  p  by  this  and.  the  proposed  differential  eq\i^ 
tion,  we  obtain 

the  singular  solution. 

The  same  result  may  be  still  more  readily  found  (337 
by  differentiating  the  proposed  equation  for  p  only,  whic^ 
gives 

py'+  X  =  0, 

from  which  we  obtain  the  singular  solution  as  before. 

Ex.  %  Let  the  general  solution   of  a  differential  equ^ 
tion  be 

^^     +     a?®     =     2CXy 

it  is  required  to  assign  the  singular  solution. 

Differentiating  for  c,  we  find  /r  =  0.     Since  this  is  i  ^ 
dependent  of  c,  it  only  gives  the  particular  integral  c 
responding  to  an  infinite  value  of  c  (330.). 

Ex.  3.  Let  the  general  solution  be 
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DiiFerentiating  for  c,  we  find 

•/  j/«(j/2  +  0-2  —  6)  =  0. 
This  being  only  the  case  of  the  general  solution  in  which 
c  =  0,  it  is  a  particular  integral. 
Ex.  4.   (1  H-jp*)-r  =  1.     Hence 

X  =  q =  f(»). 

Hence  by  the  formula  (347.)> 

y  ^px  -'fF(p)dp, 
•/  t^  =  px  —  tan.~^  ^  +  c. 
Eliminating/?  by  this  and  the  given  equation 

^  =  ^x  —  a?«  —  tan.""^ — =—  +  c, 

»/x 

Ex.  5.  Given  a  general  solution 

c»  determine  the  singular  solution.  Let  it  be  differentiated 
Or  c.     Hence 

2(c-l)\/^=0, 
•.•  c  =  1. 
lence^  =  ^.     But  since  this  is  contained  in  the  general 
olution,  it  is  only  a  particular  integral^  and  not  a  singular 
olution. 

Ex.  6.  To  determine  the  singular  solution  of 

►f  which  the  general  solution  is 

a?2  —  2c^  —  6  -  c«  r=  0. 

differentiating  for  c,  we  obtain  c  =^  --  y.     Hence 

>ince  this  satisfies  the  proposed  differential  equation,  and  is 
^ot  included  in  the  general  solution,  it  is  a  singular  so- 
^tion. 

y2 
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The  same  might  be  also  immediatidy  obtained  fiom  die 
pitqxMed  equation  by  solving  it  for  p^  and  makiiig  tte 
quantity  under  the  radical  =  0  (8S9-)* 

Ex.  7.  Let  the  proposed  equation  be 

ydw  —  3Pcbf  =  x»^d^  +  dij^. 
This  equation  is  homogeneous  with  respect  to  4?  and  j^.  Let 


•/  &  =  -  /^l  +  p«  -  /(p  4-  a/1  +  p^)  +  4v 

c 


•  • 


"  =  7i^(p-^^+'^' 


y  =  ifr^^V  -  ^1  +  p*). 


Eliminating  p,  we  find 

j:  =  0,    ^  +  y*  +  Scar  =  0. 
The  former  is  contained  in  the  latter  bdng  what  it  becomes 
when  e  =  00  .    There  is  in  this  case  no  singular  solution. 
Ex.  8.  Let  the  general  solution  be 

c*  —  (j:*  +  y)c  — c4-^+y=0. 
DifPerentiating  for  c,  we  find 

2c  —  a?— y  —  1  =  0,    vc  =  \{x  +  y  +  !)• 
Hence  we  find,  by  eliminating  a:  +  y, 

c  =  l, 
•/  or  +  ^  =  0, 
which  is  only  a  particular  integral. 
Ex.  9.  Let  the  general  solution  be 

y  =  ^  -I-  (c  —  \)\c  —  x)\ 
Differentiating  for  e,  we  find 

(c  -  l)(c  -  x){^  -  a?  -  1)  =  0. 
This  is  satisfied  in  three  ways, 

c  =  1,     c  =  a:,     c  =  i(x  +  1). 


1 


L 


\ 
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rhe  first  evidently  ^ves  a  particular  integral.  The  second, 
although  c  is  variable,  gives  y  ^  x  a}so  a  particular  case  of 
the  general  solution.  The  last,  however,  gives  a  Angular 
solution. 

Ex.  10.  Let  the  proposed  equation  be 
y'^dofi  —  yxdxdy^  —  9>yxdydx^  +  x'^dif  +  x^dy^doc^  =  0. 

This  being  homogeneous,  let  y  =  ux\  which  being  sub- 
stituted for  y,  and  the  result  divided  by  x^y  gives 

tt«  —  M(p5  +  2p)  4-  p\\  +  jP*)  =  0, 
^hich  being  solved  for  «,  gives 

w  =  j9,  or  «^  =  p(l  +  p*). 
?rom  the  latter,  we  find 

JL  1 

ce*p*  (1  +p*)ce*p* 

[*he  former  gives  ^  =  a?,  which  is  a  singular  solution. 

(350.)  The  equation  ^  =  jp^  +  p,  p  being  a  function  of 
he  differential  coefficient  was  first  proposed  and  integrated 
»y  CJmraut  Let  this  equation  be  differentiated,  and  we 
ind 

dy  =  pdx  +  xdp  -f  dp. 
)utc^  =  pdxy  •.• 

xdp  +  dp  =  0, 


:■  (x  +  £)flp  =  0. 


dp^ 
lence  we  have  dp  =  0, '.-  p  =  constant,  or 

dp 

y  eliminating  p  hy  p  =  c,  and  the  given  equation,  we 
xd 

y  =zcx  +  C, 

Iseing  the   same  function  of  c  as  p  is  of  p.    This  is 
e  generdi   solution.     Eliminating  p   by  the  equation 
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*p  +  -^   =0,  and  the  given  equation,  we  find  the  sin 
solution*     We  subjoin  some  applications  of  lliis  formu 


PROP.  xcix. 

Ex.  11.  To  find  thecurvcy  siwh,  that  perpendiculars 
two  given  points  to  the  tangent  shall  contain  a  rectan^ 
a  given  magnitude. 

Let  the  equation  of  the  tangent  be 

y  -y)-  pip^  -  ^)  =  0, 

yx  being  the  point  of  contact.  Let  the  points  from  ^ 
the  perpendiculars  are  drawn  be  taken  upon  the  axis  a 
equal  distances  +  c,  and  —  c  on  different  sides  of  the  o 
Hence  the  two  perpendiculars  are 

a/1+P* 
Let  the  product  of  these  be  5^,  •.• 

y"^  -  p^C  —  ^«)  -  %?^  =  h\l  +  p^). 
This  solved  for  y,  gives 

where  a^  =  5^  ^  c«.     Hence,  if  A;  be  an  arbitrary  cor 
the  general  solution  is 

which  is  the  equation  of  the  tangents  to  the  sought  cu 
The  particular  solution  is 

which  is  the  equation  of  an  ellipse. 

If  the  two  perpendiculars  be  supposed  to  be  drai 
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opposite  sides  of  the  axis  of  a:,  their  product  is  negative^ 
•.•  6*  <  0.     In  this  case  the  particular  solution  becomes 

which  is  the  equation  of  the  hyperbola.     This  is  a  well 
known  property  of  those  curves.     G-eometry  (216.). 


PROP.  c. 

t  ... 

I 

;  Ex.  12.  To  find  the  curve  such,  thai  a  perpendicular 
from  a  given  point  upon  its  tangent  shall  have  a  cofistant 
length. 

The  equation  of  the  tangent  being  represented  as  before, 
let  the  ^ven  point  be  the  ori^n,  and  let  the  constant  length 
of  the  tangent  be  r,  •.' 

y-^px 


Vl+p 


2 


=  r. 


•/  y  =:px  +  r  \/l  +  pK 
Hence  the  singular  solution  is 

if  +  ar«  =  r2. 
The  circle  is  therefore  unique  in  this  property. 


PROP.  ci. 


Ex.  13.  To  find  the  curve  such,  that  perpendiculars  to  a 
given  right  linejrom  two  givenpoints  upon  that  line  drawn 
^  meet  the  tangent  shall  include  a  given  rectangle. 

The  equation  of  the  tangent  being  represented  as  before, 

^et  the  given  line  be  taken  as'the  axis  of  ar,  the  origin  being 

3t    the  middle  point  of  the  intercept  between  the  ^ven 

points.     Let  the  distances  of  the  given  points  from  the 

origin  be  +  a  and  •-*  a.    Hence  the  two  perpendiculars 


8S8  THE  INTEGRAL  CALCtJLUS.  SECT.  XXH. 

y  +  p(a  -  ^), 
y  ^p(a  +  a:). 
Let  the  constant  value  of  the  rectangle  under  these  be  J*. 
Hence 

Hence  the  general  solution  is 

A  being  an  arbitrary  constant.     And  the  particular  so- 
lution is 

which  is  an  ellipse  or  hyperbola  according  as  ft*  is  >  0  or 
<  0>  that  is,  according  as  die  perpendiculars  are  at  the  same 
or  idifferent  sides  of  the  axis  of  x.     Geometry  (19^«)- 

PROP.  on. 

Ex.  14.  To  find  the  curve  such^  that  the  locus  of  the  point 
where  a  perpendicular  Jrom  a  given  point  meets  its  ta/ngent 
is  a  circle. 

Let  the  line  through  the  centre  of  the  supposed  circle 
and  the  given  point  be  the  axis  of  x,  and  let  the  origin  be 
taken  at  the  centre  of  the  circle,  the  distance  of  the  given 
point  from  the  centre  being  c,  and  the  radius  of  the  circle  a. 
Let  the  angle  under  the  perpendicular,  and  the  axis  of  a:  be 
f,  and  the  perpendicular  Zy  •/ 

a«  =  js*  +  c«  4-  9>zc  cos.  <p. 

But  tan.  <p  =  —  — ,  •/  cos.o  =  — ^       ,  and 
^  P  a/1+P^ 

H^ncc  wc  find 
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J/  -  p(c  -  x)y  +  ^pc[y  -  p{c  -  x)]  =  *'(1  +P')» 
ere  a*  —  e^  =  6*.     Hence 


J/  —  p(c  —  ar)  =  —  pc  ±.  ^a^p^  4-  6*, 
\'  y  z=.  px  ±^  ^a^p^  +  6*, 
!  singular  solution  is  therefore 

ich  is  an  ellipse  or  hyperbola,  according  as  &•  >  0  or 
0,  that  is  as  a  >  c  or  a  <  c.     Geom.  (2^3.)« 

PROP.  cm. 

Ex.  15.  To  find  a  curve  such^  that  the  locus  of  the  inters 
turn  of  a  perpendicular  Jrom  a  given  point  with  its  tan^ 
it  shall  be  a  right  line. 

Let  a  perpendicular  through  the  given  point  be  drawn  to 
!  right  line  which  is  the  supposed  locus,  and  let  these  be 
umed  as  axes  of  co-ordinates,  the  distance  of  the  point 
m  the  supposed  locus  being  a.  The  equation  of  the  per- 
idicular  to  the  tangent  through  the  given  point  is 

1 

y  +  --(^  -  a)  =  0. 

le   value    of  y    corresponding  to  a:  =  0  is   therefore 
Hence  the  intercept  of  the  perpendicular  between  the 
en  point  and  supposed  locus  is 


V  p^  p 


mce 


y  \-p(a—oo)  _     yi+p^ 


x/l+p^  P 

md  a:  befing  the  co-ordinates  of  the  point  of  contact.    The 
gular  solution  of  which  is 

y^  =s  4007, 
i  equation  of  a  parabola. 
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Of  the  integration  of  differential  eqtmtions  of  the  second  cad 

higher  orders, 

(351.)  One  of  the  circumstances  which  ^ve  facility  to  the 
integration  of  differential  equations  of  the  first  order^  is^  that 
it  is  immaterial  which  of  the  variables  is  considered  as  a 
function  of  the  other,  or  which  is  the  independent  variable. 
This  is  not  the  case  when  we  ascend  to  the  higher  orders  of 
differentials  (SS.))  where  a  transformation  is  neoessarjp  to 
change  the  independent  variable.  As  the  orders  of  dif- 
ferential equations  rise,  the  difficulty  of  their  integraitiQa 
increases.  It  has  been  proved  that  every  differential  equa- 
tion of  two  variables  has  an  integral ;  but  the  discovery  of 
that  integral  in  finite  terms  when  the  order  of  the  differential 
equation  exceeds  the  first,  is,  in  almost  every  case,  attended 
with  considerable  difficulty,  and,  in  by  far  the  greater  num- 
ber of  cases,  has  totally  baffled  the  skill  of  the  greatest 
analysts.  It  would  be  impossible  in  the  present  state  of  the 
science,  therefore,  to  reduce  the  subject  of  the  present  section 
to  a  systematical  exposition  of  the  integration  of  differential 
equations  of  the  higher  orders.  All  that  could  be  done, 
even  in  a  treatise  less  elementary  than  the  present,  would 
be,  to  explain  the  methods  of  integrating  particular  classes 
of  equations  which  have  been  discovered  by  Euler,  La- 
grange^ D'Alembert^  and  others.  To  enter  at  large  into  the 
details  of  these  methods  would,  however,  be  quite  unsuitable 
to  the  objects  of  this  work.  We  shall  therefore  confioe 
ourselves  to  the  investigation  of  the  methods  of  integrating 
a  few  of  the  most  important  forms  of  equations,  and  par- 
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ticularly  those  of  the  second  order.     The  subject  of  the 
present  section  may  be  divided  under  the  following  heads : 

I.  The  integration  of  differential  equations  of  the  second 
order  in  the  following  cases : 

I.  Where  they  contain  only  the  second  differential  co- 
efficient and  the  independent  variable. 

£.  Where  they  contain  only  the  second  differential  co- 
efficient and  the  dependant  variable. 

3.  Where  they  contain  the  two  differential  coefficients 
and  neither  of  the  variables. 

4.  Where  they  contain  the  two  differential  coefficients 
and  the  independent  variable. 

6.  Where  they  contain  the  two  differential  coefficients 
and  the  dependant  variable. 

6.  Some  of  the  more  simple  cases  where  they  include 
both  variables. 

II.  Some  cases  of  the  integration  of  equations  of  the  nth 
order,  which  bnly  contain  differential  coefficients  and  con- 
stants. 

III.  Certain  cases  of  differential  equations  which  include 
only  one  of  the  variables. 

IV.  Homogeneous  equations  of  the  first  degree  with  re- 
spect to  the  dependant  variable  anid  its  differentials. 

V.  Equations  in  general  of  the  first  degree  with  respect 
to  y  and  its  differentials. 


I. 


7%^  integration  of  differential  equations  of  the  second  order. 

(352.)  Let  X  be  taken  as  the  independent  variable,  and 
let  the  first  and  second  differential  coefficients  be  y,  ^. 
The  most  general  form  for  a  differential  equation  of  the 
second  order  is 
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We  propose  first  to  consider  the  five  following  cases  of 
this, 

1.  F(y'a;)    =  0, 

2.  F(y'^)    =  0,  , 

3.  F(yy)  =  0, 

5.  F(y'yy)  =  0. 

.       ,        di/ 

(353.)  1.  By  substituting  ^  for  y,  the  first  equation 

becomes 

F(dy,  dxj  x)  =  0, 
which  solved  for  dy,  gives  a  result  of  the  form 

dt/  =  xctr, 
where  x  is  a  function  of  sc.    This  being  an  equation  of  the 
first  order,  may  be  integrated  by  the  methods  already  ex- 
plained, and  its  integral  will  be  of  the  form 

y  =  x'  +  A, 

or  dj/  =  x'da  -h  Adx, 
A  being  an  arbitrary  constant     This  being  again  integrated, 
gives  an  equation  of  the  form 

^  =  x"  +  A.r  +  B, 
B  being  another  arbitrary  constant. 

Thus,  let  d^y  =  ax^'dx^,  •.•  dy  =  ax''dx^ 

dfj 
Substituting  -^  for  j/',  we  find 

ax*^'^^dx 
dy  =  -—^  +  Acte,  •.• 

^  ^  (^TT)Or+^  +  Ao:  -f  B. 
(354.)  %  Let  the  form  f(/j^)  =  0  be  supposed  to  be 
solved  for  ^",  and  therefore  reduced  to  the  form 
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where  y  is  a  function  of  ^.  Let  both  be  multiplied  by  9dy 
and  integrated,  and  we  find 

^  =  g/Ydy  +  A,    . 

A  being  an  arbitrary  constant.  The  integraiyVdy  may  be 
determined  by  the  established  rules,  and  therefore  the 
equation,  after  extracting  the  square  root  of  both  sides, 
assumes  the  form 

dx  ~     '   •  ^^~   y" 

t 

du 
which,  when  the  integration  of  -^  has  been  effected,  be- 

v.      • 

comes  the  integral  of  the  sought  equation. 
Thus,  let  a^d'y  +ydx^  =  0,  •.• 


dx^  a«' 


^hich  is  an  equation  of  the  first  order. 

(355.)  3.  When  the  differential  equation  does  not  include 

either  of  the  variables,  it  may  immediately  be  reduced  to  an 

dr/ 
equation  of  the  first  order  by  substituting  -^  for  y,  by 

^hich  it  becomes  ^f-^,  y'J  =  0.     This  being  solved  for 

^r,  assumes  the  form 

dx  =  F(y)dy ; 
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and  since  j/dx  =  c^,  by  multiplying  both  by  y,  we  find 

dy  =  t/F(i/)dg/. 
Hence  by  integration, 

eliminating  t/  by  these  equations,  the  result,  including  two 
arbitrary  constants,  will  be  the  integral  sought. 

Thus,  let  d^t/  =  doc^drf^  +  daf^^  '•' 

•/  t/y  =   a/1  H-y  •  dr, 
•.'  da:  =  -  , 

n/  1  +y« 

which  may  be  integrated  by  the  established  rules.  The 
value  of  t/'  being  thence  obtained  as  a  function  of  a?,  the 
sought  integral  will  be 

y  =fydx. 
(856.)  4.  A  differential  equation  of  the  second  order  of  the 
form  F(yyx)  =  0  is  reduced  to  one  of  the  first  order  by 

substituting  -r-  for  y.     The  equation,  therefore,  assumes 

/dt/  \ 

the  form  li  -5 — ,  j/^x\  =  0,  which  is  an  equation  of  the 

first  order  between  y  and  «r.  This  being  iptegrated  by  the 
established  rules,  gives  an  equation  of  the  form  le^t/xc)  =  0, 

c  being  an  arbitrary  constant.     Again,  substituting  -p  for 

i/y  this  becomes  a  difierential  equation  of  the  first  order 
between  y  and  x.  This  being  integrated  as  before,  gives  an 
equation  of  the  form 

Y[xycd)  =  0, 
c,  d  being  the  two  arbitrary  constants. 

Thus,  let  5-^i-=^.     Hence 
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(1  ^fY  _  a^ 

dtl 
?'or  y  substitute  --p-,  and  we  obtain 

dy  9xdx 

(1  +y*)^ 


a^     ' 


y^f 


The  integral  of  which  is  obtained  by  the  rules  already 
established.     This  is  the  equation  of  the  elastic  curve. 

(357.)  In  general,  the  equation  F{i/'a:c)  =  0  may  be 
integrated  by  three  difiFerent  methods,  which  may  be  chosen 
according  as  they  may  severally  be  found  best  suited  to  the 
circumstances  of  the  proposed  equation. 

1.  If  the  equation  admit  of  being  solved  for  y,  it  may  be 
reduced  to  the  form 

da   '^     ' 
\'  y  ^Jjidx. 
%  If  it  admit  of  being  solved  for  Xy  it  may  be  reduced  to 
the  form 

X  =  F(y). 

Butydx  =  dy^  '.'  y  z=jydx  =  t/x  --Jxd'jf.     Hence 

y^ifx  -f^{j/)di/. 

The  latter  integral  being  determined,  y  may  be  eliminated 
by  means  of  this  equation  and  x  =  F(y),  and  the  result  will 
give  the  sought  integral. 
3.  If  the  equation  do  not  admit  of  solution  for  either  x  or 


886  THE  INTEGRAL  CALCULUS.  SECT.  XXIU. 

y,  it  will  be  necessary  by  a  transformation  to  express  x  and 
y  as  functions  of  a  third,  variable  z\  let  these  functions  be 
z,  z',  so  that 

a:  =  z,    y  =  z', 

which  is  the  sought  integral. 

(358.)  4.  If  the  equation  have  the  forija  ^{f/^jfy)  =  0, 
it  may  be  reduced  to  one  of  the  first  order,  thus, 

dijj  =  y'do;,    jjdx  =  dy, 
Let  the  proposed  form  be  expressed  thus, 

•••  y*/  ^fKy'y)dy. 

This  being  a  difFei-ential  equation  of  the  first  order  between 
y  and  y,  may  be  integrated  by  the  usual  methods,  and  its 
integral  will  have  the  form  ¥{j/yc)  =  0,  c  being  the 
arbitrary  constant.  The  integration  of  this  presents  two 
cases : 

(359.)  First,  Where  the  variables  may  be  separated,  and 
therefore  the  equation  may  be  reduced  to  either  of  the 
forms, 

y  =  Y, 

y  =  y', 

Y  and  y'  being  functions  of  ^  and  y  respectively. 

In  the  first  case,  the  integration  is  effected  by  reducing  it 
to  the  form 

Y    ' 
'.'X=f^dj/, 

In  the  second  case,  since  di/  =  ,y'da:y 
\'  y^dv  =  dY\ 


\ 


\ 
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dx  = 


latingy  by  this  and  the  equation  ^  =  y',  the  resulting 
m  will  be  the  integral  sought. 

I)  Secondly,  If  the  variables  r/  and  y  cannot  be 
:ed,  a  transformation  may  be  effected  by  expressing 
y  as  functions,  z\  z,  of  another  variable  z.  Since 
:  dy^  '.*  ^dx  =  Jz,  and  the  integration  may  be  effected 
lie  last  case  of  (367.). 

..)  6.  There  are  some  remarkable  cases  in  which  dif- 
al  equations  of  the  second  order,  where  they  include 
he  variables,  may  be  integrated  without  much  dif- 
We  shall  consider  the  three  following  cases : 

I  X,  x',  x\  are  any  functions  of  x.) 

>  •  •  •  Where  the  equation  is  homogeneous  with  respect 

variables  and  their  differentials. 

2.)  1.  Let  y  ==  ^-^'^,  *.•  -^  =  ue^^,  and 

ig  these  substitutions,  we  find 

-^  +  (e*^  +  X2^  +  xO  =  0, 

he  common  factor  e^'*^  disappears.     This,  bang  a 
ntial  equation  of  the  first  order,  is  integrated  by  the 
ds  established  in  Section  XVII. 
J.)  2.  This  equation  may  be  reduced  to  the  preceding  by 
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any  transfonnation  which  will  remove  the  term  x''.     For 
this  purpose,  let  y  =  tz.    Hence 

dx     "^     dx  dx* 

d^y  d^z        ^  dzdt  d^t 

da^  "     da^  '^      dxdx  dx*' 
Making  these  substitudons^  we  find 

flPi  dzdt  d^t  /,dz  dt\ 

*d^  "^  ^Ibcl^  '^''d^^'^  \1^  +  "^"^y 

+  yltz  +  x"  =  0. 
Let  the  variable  z  be  limited  by  the  conditio^ 

(fiz     ^       dz         ,        ^  wHt 

^  +  ^1^+'^'^^ ti]. 

Hence  the  transformed  equation,  after  dividing  by  jt.  jbe* 
comes 

a^t       dtf  2dz\  ^   x"      '  -^, 


ds^      da\  zdac  /       z 

The  first  [1]  of  these  equations  may  be  integrated  by  the 

preceding  article,  aod  thence  an  equation  found  of  the  fonn 

e{zx)  =  0.    By  this  process  --r-  will  become  known  as  a 

function  of  Xy  and  thus  the  equation  [2]  will  become  io- 
tegrable.  The  process  in  general  may  be  conducted  thiw. 
Let 

,  dv 

V  xdr  =  — . 

V 

By  this  substitution,  [2]  becomes 

dH      dt^/dv      2d2\      x^_ 
dx'^dx\v'^    zJ'^T'^^' 


But  since 


dv      2dz         ,.^    ^^       d(vz^) 
V    '     z  ^      '  vz^^ 


the  equation  may  be  reduced  to  the  form 


d^t  dt 

rating  it  under  this  fom,  we  fiftd 

y 

t  since  ^  =  —   •.• 

is, «?  is  a  given  function  of  «7  by  tlie  equation  o  s  ^*^^ 
is  a  function  of  a:  by  \\\.  Hence  tiiis  \^  eqmtion 
integral  sought.    It  will  obviou^  iiidude  two  aiiai** 

constants. 

i4.)  3.  If  the  equation  be  homogeneous  with  respect  to 

iy,  d^y^  and  dar,  let 

dy  dFy       z 

^=,^,  -^=y.  7a.-^=7' 

^nd  ;8:,  being  considered  as  new  y^iiables.  By  4;bi9 
itution,  every  term  of  the  equation  will  have  the  same 
•  of  or  as  a  factor,  which  being  remoyed  by  divirion^  the 
ion  assumes  th^  form 

viyzu)  a=s  0, 
or  «  =/(yw). 
ifferentiating  y  =  uXy  we  fiijd 

dy  =  udx  +  xduy 
%'  y'dx  =  nda  +  ardw, 
dx        du 


since 


a:       y — u 
d^y  ^  z 


zSit 
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'.•  or  T^  =  zdxy 
•••  xdj/  =:  soir, 

•  """"""  -•—  *"    • 

Hence 

This  being  ah  equation  of  the  first  order  between  y  and  tt, 
■Urj  be  integrated  by  the  rules  for  integrating  such  equa- 
tions.   The  integration  will  givey  =  f(w).    Hence 

dx  du 

Eliminating  i^  by  diis  and  y  =  2^07,  we  obtain  the  int^nl 
of  the  proposed  equation.  It  is  obvious  that  this  integral 
will  include  two  arbitrary  constants  introduced  by  the  two 
integrations  effected  prior  to  the  elimination. 

Thus,  let  xd^  =  dydxy  \'  2  =  y,  and  hence 

dy        du 
But,  also  —  =  -^,  •.'  a?  =  aj/.    Eliminating  y  by  these 

if 

equations,  the  result  is  x^  —  %ixu  =  c.     Eliminating  ^ 
we  obtain  the  integral 

x^  —  2aj/  =  c. 
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II. 

IfUegrcdion  of  differential  equations  which  do  not  contain 
either  of  the  variables* "' 

(365.)  There  are  two  cases  in  which  differential  equations, 
which  do  not  include  either  variable, 'may  be  reduced  to  a 
form  which  is  integrable  by  the  rules  for  the  integration  of 
functions  of  a  single  variable.  These  two  cases  may  be 
expressed  thus: 

1.  •• 


fd^y    d*^y\      ^ 


which  denote  any  differential  equations  which  include  only 
two  differential  coefficients,  the  order  of  the  one  being  in 
the  first  case  lower  by  one,  and  in  the  second  lower  by  two 
than  the  order  of  the  other,  and  which  Exclude  the  va> 
riables. 
(366.)  1.  In  the  first  case,  let 

d*y     du 
''^dx^'^di* 
By  which  substitution,  the  form  is  changed  to 

which  bdng  an  equation  of  the  first  order  may  be  integrated. 
Thb  being  effected,  we  shall  obtain  fcom  ihe  resulting 
^uatbn 

w  =  X, 

d^i  -  ^' 

^  being  a  function  of  x.    The  integration  may  be  ccnnpletcd 
by  Section  XL 


F 
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(867.)  S.  An  equation  of  the  form 
may  be  integrated  by  making  the  substitBtioiis 

Hence  the  proposed  equation  becotiies 


c-)=<^ 


which  being  integrated  by  (3S4.),  tiaay  be  reduced  to  the 
form 

Whence 

this  may  be  integrated  by  Section  XI. 

III. 

Integration  of  differential  equations  which  include  but 
one  of  the  variables. 

(368.)  DifiPerentifd  equations^,  which  include  only  one  of 
the  variables,  may  be  divided  into  two  classes^  those  which 
include  only  the  independent  variablej  and  those  which  in- 
clude o»ly  thid  dq^endant  variable* 

P.  The  class  of  difiPensntial  equaticms,  which  indudlD  onij 
the  independent  Variable,  comes  under  the  form 


/      dy     d^y  d-y\_^r. 


The  exponent  of  the  order  of  an  equation  of  this  kind  may 
be  aWay«t  feduced  by  an  ea&y  and  obvious  transformabjiiD' 
Let 
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I 

^  ~  dx'    '    dx~da/»' 
and,  in  general, 

<^-y    dy 

Hence  the  formula  becomes 


which  is  an  equation  of  the  {n  —  l)th  order,  imJuding  both 
Tftriftblesyandar. 

£^.  If  the  equation  include  the  dependant  variable  oi^ 
by  the  transformation  (38.)  for  changing  the  independent 
variable^  it  may  generally  be  reduced  to  the  preceding 
case. 

By  this  rule,  an  equation  of  the  second  cnrder,  when  it 
includes  only  one  of  the  variables,  may  be  reduced  to  the 
first,  one  of  the  third  to  the  second,  and  so  oo. 

(369*)  If  an  equation  have  the  form 

h  taay  by  a  similar  process  be  reduced  to  an  equation  of  the 
second  order,  including  but  one  of  the  variables.    For,  llet 

d'^ 

^^du  ^  dJ^yy    d^%  _  d^y 

by  which  the  equation  becomes 

fd^u    du     \^^ 
\d^^  di^V"^^^ 

which,  by  a  simile  process  may  be  reduced  to  an  equation 

of  the  first  order,  including  two  variables. 

In  general,  therefore,  a  differential  of  the  nth  order,  in- 

duding  no  variable,  may  be  reduced  to  one  of  tlie  {n — I)th 

Inrcbr,  including  one  variable^  or  to  one  of  the  (n  —  S)th 

order,  including  two  variables.  . 
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IV. 

The  integration  of  homogeneoue  equations  qf  ihe  firi 
degree  with  respect  to  the  dependant  variable  and  its  d^' 
Jerentials, 

(370.)  Equations  of  this  class  come  under  the  general 
formula 

where  a,  b, are  functions  of  J7,  the  independent 

variable. 
Let^  3s  ««,  and  •.• 

dy  =  e^du^    dhf  =  e'*(d*ii  +  c?tt*), 
£py  =  ^(d'w  +  %d^udu  -f  (?«♦»). 


By  these  substitutions,  the  proposed  equation  becomes  £- 
visible  by  ^^  and  the  resulting  equation  wiU  be  independent 
ofj/,  and  of  the  form 

d^u         d^~^u  du 

which  may  be  further  reduced  to  an  equation  of  the  (n — l)th 
order,  including  both  variables  by  (369.). 

(371.)  As  it  seldom  happens  that  the  equation  [1]  is  in- 
tegrable  when  its  coefficients  are  variable,  we  shall  at  pre- 
sent consider  the  case  only  in  which  a,  b,  •  •  •  •  are  all  con- 
stant quantities. 

Thus,  if  the  equation  be 

d\  d^u  du 

Uij,  ILiA/  UUf 

By  the  transformation  already  suggested,  this  becomes 

•  The  coefficients  of  this  equation  are  not  supposed  to  retain 
the  same  values  as  in  [1],  but  are  general  representatives  of 
functions  of  x. 
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T3iifi  equation  may  be  reduced  to  one  of  the  second  order 

dtL 
by  8,ubstituting  t  for  -^,  by  which  it  becomes 

dH  +  (3^  +  A)dtdx  +  (^  +  A^*  +  B*  +  c)dtp«  =  0. 
^nce  A,  B,  c,  are  supposed  constant,  this  equation  may  be 
satisfied  by  a  constant  value  of  t.     For  if  /  be  supposed 
constant,  dt  ^  0  and  d^t  =  0,  by  which  the  equation  is  re- 
duced to 

*^  +  Ai*  +  B/  +  0  =  0. 

In  general  there  are  three  values  oF  t^  which  are  functions 
of  A,  B,  C;  and  therefore  constant,  which,  will  fulfil  this 
equation.     Let  the  three  roots  be 

t  =  97^1,       t  =  97129       ^  ^^  ^* 

And  since 

\K.         du  =r  tdx^  •/  M  =  tr  +  c,  '.'y  =  e^"^^ ; 
""^re  obtain  thus  three  values  of  y, 

j/l    «^I        19        y»   *^«        »>        ^»   ^3        3» 

Whence  we  have 

the  three  arbitrary  constants  being 

^o     ^>    ^* 
Since  each  of  the  equations  between^  and  Adjust  determined 

include  but  one  arbitrary  constant,  they  are  only  particular 
integrals.  We  shall,  however,  obtain  the  complete  or  ge- 
neral solution  by  equating  the  sum  of  the  three  particular 
values  of  y  already  found  with  y, 

y  =  Ci^  +  Cji^  +  Ca^. 

llier^  is  no  difficulty  in  proving  that  this  equation  satisfies 
the  proposed  differential  equation,  for  if  it  be  differentiated, 
and-  its  third  differential  obtained;  the  three  constants 
bang  eliminated,  the  result  will  be  identical  with  the  pro- 
posed equation. 
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A  priadple  mURib  teol-e  eJLtenaivcv  howeVer^  Oiily  Ii6c8ta- 
blished.  WhbteV^  b^  tfr6  ildfttire  of  the  coefSdente  a,  b,  c, 
it  ttlfky  hb  pto^^,  t!h^  if^o  ^ft  Sfif  ^  ^  ^^^^  V«itiM<if 
iff  which  separately  satisfy  the  pMiposfld.  equaitiapi, .  thw^ 
sum  ^1  +  ya  +  ys  being  equated  #ith  y,  vn^  nmn^  dji 
equation, 

#liidi  W3t  stitlsfy  th6  propdded^  d»d  WhiiA^  ii]|;la£iii||f  Ail^ 
al^bilrai^  «6kii$ta)^,  iM  b6  its  gen^^  sdiufion.    If  itdy  of 
the  particular  values  ^1,  ^29  or  ^s,  contain  an  arbitralr^  MiM 
stant,  the  correspoMing  mtilti{>Uer  mi^  biB  omitted. 
To  prbve  this^  let  the  last  equation  be  tfaiioe' 


Atferentiatedy  substituting  in  the  pn^osfai  equtatson  tib 
values  of  ^,  dy,  dhfy  d^y,  wad  coUectiiig  t6ge(hier  the  nut 
tipliers  of  the  same  constant* 
The  result  will  be 

Ci(tPyi  4-  Ad^ffidx  +  i^ida^  +  cda^)'^ 
+  C3(d3^a  +  Ad^y^dx  +  %dt^X^  +  cdx^  >  =  0. 
+C8(d^^8  4-  Ad^^da?  +  Bdjf^dw^  +  cdsc')  j 
Since  we  have  supposed  that  ^1,  ^j^,  y^,  severally  satisfy 
the  proposed  equation,  it  is  obvious  that   the  precedmg 
equation  is  fulfilled  independently  of  c„  Cj,  Ca. 

There  will  be  no  diflSculty  in  extending  this  reasoning 
generdly  to  the  class  of  eqtHttions  included'  in  the  general 
fe*m  |i },  so  that,  if  there  be  n  particiikAr  values  of  y^ 

yi»  y2,  5^8  •  •  •  •  y„, 
which  separately  satisfy  [1]^  its  general  solution  is 

3/  =  c,yi  +  0^2/2  +  c^«  •  •  •  •  +  c„yn. 
When  the  coefficients  a,  b,  c,  are  constant^  the  particular 
values  of  y  are  of  die  form  y  =s  « %  m  being  constant 
Hence 

dy  3s  TMT'dx^    d?y  =  n^e^^'djc  .  .  .  .  d*y  sr  wi^fT^dx^ 
The  ptopdsed  equation  thus  becomes  divisible  by  e^,  by 
which  it  is  reduced  to 


w^  ^f  A»i»^* .+  mi9t^  +  ow^^  •  •  •  '^  imr  -f'  w  *  ©>  •  •  [8]* 
Let  the  n  roots  of  tfakr  eiiiwtioA  be 

2lDd  wefinil  ibe  pattirabrvakriesofytornii^oiiili^^  tordMsw 
severaUy, 

Mil  tlMf|ii(if 3  the  getteral  d<^gM  itl 


(dT^)  If  any  pair  of  values  of  m  deduced  from  [3]  be 

kna^mffy^'  they  must  have  the  forms  a  +  b\/  —  1  and 

a  -—  b^/  —  1,  V*  two- b{' the  particular  iirtegFals^  dedueed?  as 
above^  assume  the  forms 

and^  theriefore,  their  sum  becotiies 
But  (256.), 

hx^'^^  /i  I   it»     , 

e  =i  COS.M  +  v/  —  1  sm.6j, 

e  =  cos.6a:  —  -v/  —  1  sin.6.r, 

.  +C2^  =(c!i+C3)dos.Jj?4-(ci-C,) 

^^/^smUHift 

Let  &e  eeiBstabts  Cyy  o$,  be  so  assiHDatdd^  diat  Cr-f  Cjr  aMi 

(c^  ^  ejiVt/  -^  1  ihaHi  W  bodi  real,  wMdh  we  are  all(yw«d:  te» 
dor^  stnco  th«  dilferetituil  equation^  h^  fffid^llttd  kiidepefidiaiiily 
of  them ;  and  let 

€t  -f  c,  r«  p  diihy, 

}»>  Md  ^  Mii^  ttrbltraty.    Henee  the  catt^i^ttShi^  teMir 

of  [4]  become 

y=3  ef"»p  skij{ba  +  jX> 
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and  in  the  same  manner,  terms  of  the  same  fam  may  I» 
found  for  every  pair  of  imaginary  roots. 

(373.)  When  the  equation  [3]  has  equal  roots,  the  result 
is  only  a  particular  integral,  for  the  corresponding  terms  of 
[4]  become 

Ci^^  +  Ca^^  =  (Ci  +  Cj)c*"  =e  c^.   - 

There  will  be,  therefore,  one  arbitrary  constant  less  thait 
the  number  necessary  to  give  the  integral  its  full  generalitj. 

In  this  case,  therefore,  the  integral  must  be  otherwise 
obtained. 

(374.)  The  following  process  for  obtaining  the  integral 
in  this  case  was  first  proposed  by  D^Alemiert. 

Let  the  two  equal  roots  be  m,  and  m^,  and  first  let  them 
be  supposed  to  be  unequal,  and  to  differ  by  A,  so  that 

Hence  the  two  corresponding  terms  of  [4]  would  be 
i       cier  +  c,fr  =^[ct  +  c,^]. 

But  by  <b5.)> 

^        ^       hx      h^x^       h^x^ 

Let  Ci  +  Ca  =  e',  and  cji  =  e".    Hence 

where  e'  and  e"  are  arbitrary  constants*  As  this  will 
satisfy  the  proposed  equation,  whatever  be  the  values  of 
the  arbitrary  constants  e',  e'',  and  independent  of  A,  we  may 
suppose  A  =  0,  which  is  equivalent  to  twi  =  twj.  This  re- 
duces the  expression  to 

which  being  substituted  in   [4],  will  render  it  a  general 
solution,  since  it  introduces  the  complete  number  of  arbl^ 
trary  constants. 

It  will  be  easy  to  extend  the  same  process  to  the  cas^ 
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^here  three  or  more  of  the  roots,  of  [4]  are  equal.    First, 
et  ffii  =  Wa,  *.• 


Xiet  971s  =  T^i  +  ^J  *•* 

C7'[e'  +  E*^^]  +  C^  =  C[e'  +  E"a7  +  CjC**]. 

Defdoping  e**  as  before,  and  substituting  its  value,  we  find 
t}ie  quantity  within  the  parenthesis  become 

e'  4-  c,  +  (e"  +  CgA)x  +  c, Y^  +  Caj-g^  •  •  •  • 

Let  rf  +  c,  =  r',   e"  4-  c,A  =  f",  y^  =  e"',  and  it  be- 
comes 

f'  +  r"j:  4-  i^x^  +  f'"  •  -5-  •  •  •  • 

o 

In  this,  let  A  =  0,  and  •."  /W3  =  tW],  •.* 

which  being  substituted  in  [4],  renders  the  sdutioq  general 
^  before.  The  same  process  may  obviously  be  continued 
aud  applied  to  any  number  of  equal  roots. 


V. 


Linear  equations  qfthejlrst  degree  with  respect  to  y  and 
^  differentials. 

(375.)  This  class  of  equations  are  included  under  the 
Ebrmula 

d^fj         d^^f/  du 

Let  the  several  coefficients  a,  b,  •  •  •  •  N.be  constant,  and 
9c  any  function  of  the  independent  variable  «r. 

The  integration  of  equations  of  this  form  is  reduced  to 
the  resolution  of  algebraic  equations,  as  in  the  last  case,  by 


900  TB£  IflTEORAI.  CALCOLtTS.  SSOr«XXUI. 

fiAer  of  thfi  Saliamng  nsetfaods.    'Tlie  iirst  ib  girea  Hjr 
Euler  in  his  Integral  Calculus,  and  the  other  by  Lagipige. 
(378.}  Ljst  OS  first  consider  a^  jequatkHi  of  thft  MBond 
order. 

Let  iT^dr  be  the  factor  which  renders  this  equttim  iiilD- 
grable,  and  lety*—  xer^dw  ^  x^  +  e.    Hence  fbe  qtNuittty 

miist  have  an  integral  of  the  form 

To  determine  the  arbitrary  quantities  A,  a,  by  let  this  be 
differentiated,  and  the  result  equated  term  for  term  with  the 
former;  '.' 

-»-  ^  =5  3>     —  A6  +  a  =  A,    i  =  1, 

•/  *'  -f  A*  +  B  ==  0,    a  =  -  -r-,    6  =  1. 

The  first  equation  gives  h^  and  the  last  two  a  and  i. 

The  immediate  integral  of  the  proposed  equation  is, 
therefore, 

6-J:  +  «^  =  ^^x'  +  c). 

If  in  this  equation  the  two  values  of  7*  determined  by  the 
equation  A*  +  aA  +  b  =  0  be  successively  substituted,  and 

dv 
by  the  two  equations  thus  found,  -#-  be  eliminated,  the  re- 
sult will  give  the  complete  integral. 

(377.)  If  the  proposed  equation  be  of  the  :«th  order,  we 
way  infer  in  the  same  manner,  thftt  th^  value  of  A  is  a  Boot 
of  the  equation 

A"  4-  aA**-*  4-  •  •  •  •  5=  0. 

And  we  shall  have  as  many  different  immediate  or  fint 


integral^  of  the  {n  —  l)d)  order  nd  ih^  m^  n90t«  of  tbb 
equation  given. 

If  there  be  n  roots  given,  by  the  n  i90999fQKlf}di9g  in- 
Ittgrals,  the  (n  r-  1)  difFerienti^I  f^offfici^nts  may  be  eli- 
liAilM^;e49  and  ^  complete  integral  thus  obtwiecl;  ^^  if 
any  number  of  roots  less  than  the  entire  number  be  knoi^Pi 
the  order  of  the  equation  m^^y  jb^  F|i4u(?e4  by  (Jjie  fjivqgpa- 
tioq  of  as  m^ny  differe^iat^  coe^c^ents. 

j(378,)  We  shall  now  e?pl<^p  LflgFapgp'i^f  fla^hpd,  which 
IS  founded  upon  the  most  general  theorem  which  b^a  yet 
been  delivered  upon  theintegratjtf^U  of  di^^^ntial  equations. 

In  (371.)  it  was  proved  that  the  integr^  of  tbie  eq\i^tiio;ii 

was  of  the  form 

y  =  CiC'  +  Ca^"  +  c^^  ....  [2], 
where  yy  =  ^^  y%  =  (^^  ....  were  particular  values  of  y 
which  satisfied  the  equation  [1],  the  sum  of  which,  involved 
with  the  necessary  number  of  arbitrary  constants,  constituted 
the  general  solution. 

The  equation  to  be  integrated  ^  present  is  more  general 
than  [1],  being  of  the  form 

X  braig  any  function  of  x.  Let  it  then  be  proposed  to 
fguagDL  the  functions  pf  x^  into  which  the  arbitrary  constants 
Ci^  Cs,  •  •  •  •  in  [2]  should  be  changed,  in  order  that  [S] 
should  become  the  complete  integral  of  [3].  If  this  can  be 
effected,  it  will  foUoAy  that  the  several  tenps  pf  [2]  will  be 
so  many  particular  values  of  y,  which  will  satisfy  the  pro- 
posed equation  [3],  and,  therefore,  that  if  n  particular  values 
of  ^  be  given,  the  integral  of  the  equation  [3]  may  be  im- 
mediately determined. 

We  shall  investigate  the  values  of  the  fui|ctions  Ci,  C3, 
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•  •  •  •  in  an  equation  of  the  third  order,  and  tbe  principk 
may  thence  be  easily  generalised. 
Let  tbe  equation 

tf  =i  Oj^i  +  C2J/2  +  c^  •  •  •  •  •  [*] 
be  the  nought  integral,  c„  Cs,  Cs,  being  arbitrary  functions 
of  ar. 

By  differentiating,  we  obtain 

%  =:  Cidyi  +  C2%2  +  Cjdys  +  2/idCi  -»-  ^2^0,  +  y^,. 

Let  the  arbitrary  functions  Ci,  Cj,  c,,  be  limited  by  the 
condition 

wfaidi  reduces  the  differential  equation  to 

dy  =  c,dj^i  +  C2%2  +  c.f^„ 
the  form  it  would  have  had  if  Ci,  C2,  Cj,  were  constant 

Differentiating  this  agdn,  we  find 
ch/z=  c^d't/i  +  c^%  +  Cid%  +  dcirf^i  +  ^€2^2  +  dc,(fy,. 
Again,  limiting  the  functions  c^,  C2,  C3,  by  the  condition 

dcidj/i  +  dc^dt/i  +  dcsdy,  =  0, 
we  find 

d^j/  =  Cid%  +  c^d%  +  c^d%. 

Differentiating  this,  the  result  will  be 

d^= Cid^i  +  ^2d%+c,a^t/^ + dc^d%  +dc^^  +  dc^d^y,. 

By  substituting  these  values  in  the  equation 

d^y  d^y  dy  ^  ,  , 


we  find 


cd^y^  d'^y^  dvn  1 
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di'  (ir^  cir'  *  ^ 

But  since  by  hypothesis  ^„  yj?  J^s>  severally  satisfy  the 
equation 

S+-S+»^  +  ^^  =  « t«3. 

the  former  equation  is  reduced  to 

By  this  equation,  therefore^  united  with  the  conditions 

J/idCi  +  y^c^  +  j^sdCa  =  0, 
dt/idCi  +  (^2^C2  +  dt/iidCi  =  0, 
the  values  of  the  three  differentials  will  be  determined  as 
functions  of  ^i,  1^29  ^3>  which  being  themselves  determinate 
functions  of  or,  we  shall  obtain  by  the  methods  for  integrating 
functions  of  a  single  variable  values  of  Ci^  Cs,  c,,  of  the 
forms 

C,  =   x'   +   C|, 
C2  =  X     -J-  C2, 

C3  =  x"'  +  C3, 

^ly  ^39  ^89  being  arbitrary  constants.     Hence  the  equation  [4] 
becomes 

y  =  yi(x'  +  c,)  +  y2(x"  +  ^2)  +  y^ix^  +  c,), 

vhich  is  the  complete  integral  of  the  equation  [6]. 

If  two  values  only  of  y,  which  will  satisfy  the  equation 
[ffj,  be  known,  the  integration  of  the  proposed  equation  [5] 
will  depend  on  that  of  an  equation  of  the  second  order.  For 
let  the  known  values  be  yi  and  y^t  '•' 

•••  dy  =i  c^dyi  +  Cjdyj, 

yidCi  +  ^2*^2  =  0. 
As  only  one  of  the  functions   Cj,   Cj,   is  disposable,  the 
equation 

d«y  =  Ci£%,  +  Cjd^a  +  dy^dci  +  dy^dc^ 
cannot  be  further  reduced,  and  by  differentiation,  it  gives 
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Making  these  substitutions  in  [5]|  it  bebomes,  after  mul- 
tiplying by  dafly 

dyidH^t  +  dt/^d^Ci  +  id^y^dci  +  2d^j<fc, 

+  Ad>ifidCidx  +  Ady^iCjfix  +  xdr*  s=  0. 

The  differentials  dc^^  d^^  may  be  eliminated  by  diis 
equation  united  with  the  equation 

Sfidci  +  yiflfct  =  0, 
and  its  differential,  and  the  resulting  equation  will  only 
contwi  dci  and  d^^  and  functions  of  a?. 

This  equation  is  therefore  reducible  to  a  differential 
equation  of  the  first  order  by  (368.). 

If  only  one  value  of  y^  which  satisfies  [6],  be  known,  an 
auxiliary  equation  of  the  third  order  may  be  found,  inr- 
duding  dCi  and  d^c^^  which  may  be  reduced  to  one  of  the 
seocmd  order  by  (SG9.)* 

The  method  which  we  have  just  explained  bong  extended 
to  equations  of  every  order,  we  conclude,  that  if  n  particular 
values  of  ^  satisfying  the  equation  [1]  be  given,  the  general 
solution  of  this  equation  may  immediately  be  obtained,  and 
thence  the  general  solution  of  the  more  general  equation  [3]. 
And  further,  that  if  (/i  —  1)  particular  values  of  y  only  be 
given,  that  the  integration  of  [3]  may  be  reduced  to  the  inte- 
gration of  an  equation  of  the  first  order  and  first  degree  *. 

*  See  Lacroijt,  4 to,  torn.  ii.  p.  529. 
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SECTION  XXIV. 

Praxis  on  the  integration  of  equations  of  the  second  and 

superior  orders. 

In  the  arrangement  of  the  examples  on  the  integration  of 
equations  of  the  second  and  superior  orders^  we  shall  follow 
the  order  of  the  preceding  section. 

I. 

^  Examples  on  eqtuttions  of  the  second  order. 

(879.)  1.  Equations  of  the  form  -f(j/"x)  =0. 
Ex.  1.  d^y  =  ddx^.    Hence  we  have  dy^  =  adx,  •.• 

y  =z  ax  +  c, 
•.•  dy  =  axdx  +  cdx, 
%  =  ax^  4-  ScjT  +  </, 
c  and  d  being  the  two  arbitrary  constants. 
ds*     d^y       1  X 

ds  =  Vdx^  +  d^  is  constant, 
•••  dsd^s  =  dxd^x  +  dyd^  =  0 ; 
and  since 


lit/*' 


where  y'  =  ^,  •.• 


dy 


(fa;  (/ar* 


.  .       dx         X 
•.•  ay  =  —  COS.  -T-, 


a 

A  A  S 
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b     .       X 

^         a  b 

bdx  ,     X  _ 

^         a  b 

b^  X 

•.•  M  = COS.  -T-  +  ex  -h  dy 

^  a  b 

c  and  d  being  arbitrary  constants. 

Ex.  3.  A  body  moves  uniformly  along  a  given  right  Knet 
and  another  moves  uniformly  in  pursuit  of  ity  to  find  tlu 
path  of  the  latter. 

Let  the  given  right  line  be  the  axis  of  x^  and  let  yx  be 
the  co-ordinates  of  the  place  of  the  pursuer,  and  let  c  be  the 
exponent  of  the  ratio  of  the  velocities  of  the  two  bodies.  The 
pursuer  may  be  considered  at  each  instant  as  moving  in  the 
tangent  to  the  curve  of  pursuit,  and  the  tangait  itself  as 
continually  passing  through  the  pursued  body. 

The  distance  of  the  point  where  the  tangent  meets  the 
axis  of  X  from  the  origin  is 

xdy—ydx 
dy 

Now,  if  J  be  the  arc  of  the  curve  of  pursuit  measured 

from  the  point  where  the  tangent  is  perpendicular  to  the 

axis  of  X,  in  which  position  we  may  assume  the  axis  ofy, 

we  have 

xdy—ydx 

= =  cs, 

dy 

Differentiating  this  equation,   considering  y  as  the  inde- 
pendent variable,  we  find 

d'^x  cdy 

""  ^/dy^+d^^ "  H'' 
dx 
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cdy  ^      dsxf 

where  a  is  an  arbitrary  constant.     Hence 

a*y^+»  1 

^  ^  2(0  +  1)"^  gflc(c-l)r-'  "^  ^' 
This  is  the  simplest  case  of  curves  of  pursuit.      See 
Peacock^  p.  370. 

(380.)  %  Equations  of  the  form  FCy'^y)  =  0. 
Ex.  1.  a^^y  —  ydx^  =  0,  •.• 


a' 


multiplying  by  ^y^  and  integrating,  we  obtiun 


'.•  dir  = 


ady 


•y*+c' 


or 

a  a 

y  =  of^  +  de^^, 
Ex.  a.  d^y*/ay  —  dir^  =  0,  •.• 

multiplying  by  Sd^^  and  integrating. 


dy  _  \/4  ^/y-c 
which  becomes 


^ ^Vy-c 
which  is  integrated  by  the  established  rules. 
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(381,)  3.  Equations  coming  undei  the  form  F(yy)=0^, 
Ex,  1.  Let  a^I*^/dx  +  ((/y  +  (ic»)'  =  0.  Let  £  =y. 


The  equation,  therefore,  becomes 

and  since  dt/  =  ijdr,  '.• 

a+y')*^ 

lotegratiog  tliese,  we  obtain 

Eliminating  y 

This  example 

which  the  rndi 

Ex.2,    adj, 

EUminatingy, 

(1  +!/•)-•            (1  +y'r 

vrefind 

(i  _,).  +  (._ J,).  =  „.. 

proves  that  the  circle  is  the  only  curve  of 

s  of  curvature  is  constant. 

-  di/dx.     By   the   usual   suhstitutior,  m 

d.  =  f.   v.  =  .,y  +  c, 

we  find 

Ex.3.  Tojind  the  curve  in  wJiich  the  radius  ^cvr- 
vMure  varies  as  the  angle  under  its  tatigent  and  ihe  axis 

Taking  the  arc  s  of  the  curve  as  the  independent  variable 
the  radius  of  curvature  is 
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R  = 


But  since  cfo*  =  dy^  +  da?*,  •.• 

Afd^y  +  dxd*x  =  0. 
Eliminating  d'^y  by  this,  we  obtain 


Hence  by  hypothesis. 


_  dsdy 


^  =  a  tan.-'#. 
a*a7  da; 


But  if  y  =  -^,  •.•  ds  =  (1  +y*)*da?,  •.•  diflferentiating 


j/dxdff 


•  "  ^ TTW' 

Hence  the  equation  becomes 

ax  = 2 — jtan.~'y. 

[ntegrating  this,  we  obtain 

a  a 

y  :=.  c  •\'     -  tan.-y  — 


>v/r+y*      -^     A/i+y* 

Eliminating  y^  we  obtain  the  required  curve. 
Ex.  4.  -^  =  --T—,  8  being  the  independent  variable, 


md 


jfdy^dx 


1  +y* ' 
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y(fe(l-fy)^_   a 
Hence  we  obtain 


»r  =  e ==  +  al- 


y  =  c*  - 


(382.)  4.  Equations  of  the  form  F(f/^y'x)  =  0. 

Ex.  1.  To  find  the  curve  of  which  the  radius  qfcuroaimn 
varies  inversely  a^s  the  abscissa. 

By  (137.), 

_  _  (1  +yy 

Since  k  varies  inversely  as  x^  let 

a  being  constant.     Hence  the  equation  to  be  integrated  is 

ay  +  2x{\  +  y")^  =  0. 

This  has  been  already  integrated  in  (356.),  and  the  result 
is  the  equation  of  the  elastic  curve.  See  Poisson^  vol.  i. 
p.  219. 

Ex.  2.  To  find  the  curve  in  which  the  radius  ofcurvattiTi 
is  a  givenfiunctmi  of  the  abscissa. 


In  this  case 


Vl  -  x" 
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This  formula  solves  all  the  inverse  problems  relating  to  the 
radius  of  curvature. 

Ex.  3.  Let  the  given  equation  be 

(1  +  y')  -  ay\\  +  y'*)^  +  xyY  =  0; 
by  the  usual  transformation,  this  may  be  reduced  to 

^(1  +  y'O  +  ^y'dj/  =  adyv/1  +  y*, 

dividing  by  -^  1  +  y *,  and  integrating 

ay^+b 

X  =  —  . 

But  y  ==  y^x  ^Jxdy\  •.' 


y  =  yx  -  as/\  +  y^' —  b .l[y'  +  v^  1  +y*] .+  6/c, 

By  this  and  the  former,  j/  being  eliminated,  we  find 

y  =z  z  —  0  .  /-— r ^. , 

•^  c(6  -  2) 


where  z  =  \/o*  H-  />*  —  ^*. 

Ex.  4.  a{dx*  +  ^*)*  =  x^dxd^y.     Hence 


y  = 


•••  a'  =/- 


{cx—a)dx 


(1-cT  '       Vl-e*  • 

■f  Vx*-(ca:-a*)  ^  +  c^ 

Ex.  5.  ctr^cf^  —  xds*d^y  =  ada?cb  >v/d*^*  +  d'^%  *  being 
the  independent  variable,  and 

ds  ^  ^/dy*  +  dx\ 
Hence  we  obtain  d^s  =  0,  *.• 


^  dx  dx ' 

which  comes  under  Clairaut's  formula  (360.1. 


Ex.  6.  adxdj/^  4-  x''dxd'y  =  nxd^  >/ dx*  +  a'^d'-y^,  ' 
:■  ai/'dx  +  x^dy'  =  nx;^^~dx^  +  a"di/'. 

This  being  homogeneous   witli   respect  to   x  and  ■)/', 

X  =  yu,  ■.• 

di/  _    „      aw'  +  TiHv^l  — n'a'a*+a'u» 


dx      du  jt'a'K'—  1 


(383.)  5.  Equations  of  the  form  F(yy^)  =  0. 
Ex.  1.  yCsc/  +  a)  =  y(l  +  y).     since  yrfj,  =1/6;/, 
this  is  reduced  to 

This  being  integrated  by  Cliuraut's  formula  (350.),  ^ves 
i/  =  m/  +  c^l  +y'. 


Eliminating  y  by   these  equations,    the  integral   may  be 
found. 

Ex.  2.  Let  the  equation  be 


this  becomes,  after  substitution, 


To  integrate  this,  let  y  ^  y^,  and  tlie  equation  becomes 
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abzcfy  —  abydz  =  x^dy  Vz*  +  o*. 
The  variables  in  this  equation  are  separable  by  making- 

>v/2*  ■+-«*  =  tz,  by  which  the  values  of  z  and  dz  being 
found,  the  equation  is  reduced  to 

dy  ^btdt 

which  is  integrable  by  rules  already  given. 
Ex.3.  Let  the  equation  be 

yf  +  Ay  -f  By  =  0, 
A  and  B  being  constant.     This  becomes,  by  the  usual  sub- 
stitution, 

y^dt/  +  Ai/dj/  -f  Bydy  =  0, 
which  being  homogeneous,  may  be  integrated  by  the  sub- 
stitution y  =  try.     Hence 

dy,         —tidu  —udu 

y  ""tt*4'Att-f  b""  (tt— a)(w  — i)* 
a  and  h  being  the  roots  of  the  equation 

«*  +  AU  f  B  =  0. 
Also, 

dy       d«^  _         —du 
^  "  y  ~  "i^  ■"  (w-a)(M— ft/ 

d/u           ,          — dw 
•.— ^ aar  =  j, 

dy        ,  ,          —  d(/ 
-^  —  hdx  =  , 


•.•  ly  —  ax  =^  I       ,, 
ly  ^  bx  =  I , 

!/  y 

Hence 

y{b  —  a)  •=.  n^'  —  w^% 
which  is  the  complete  integral. 
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This  result  may  also  bi;  obtained  by  the  process  in  (371.), 
which,  when  the  roots  a,  0,  are  imaginary,  gives 

y  =.  de^cos.(Jix  +/); 
and  when  they  are  equal,  gives  an  integral  of  the  form 

y  =  ccT'^x  +  A). 

This  being   liomogeneous   with  respect  to  y  and  y,  t« 
*  =  ?". 

y  ""  a +«■)(»— vT+?)' 

»du 

^.6  -fi:±L)i 


ydy  +  j«i!/  =  y*  +  y<fe  =«i>, 

ads: 
which  ^veB 


which  is  an  equation  of  the  first  order. 

(384.)  6.  Equations  of  the  second  order,  which  include 
both  variables. 
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Comparing  this  with  the  formula  [S]  (361.)i  we  find 

1       .  1       ..  a 


X  =  -r,  x'  =  -  — ,  x''  = 


Hence  the  equation  [1]  (363.)9  becomes 

which,  by  putting  z  =  e-^"^^  gives  (362.), 

du 
dx 

This  equation  is  rendered  homogeneous  by  making  u  =  —  ? 

the  variables  are  then  separated  by  putting  x  =  si/.  Hence 

dwf  ^*+^— 1 


+  (»'+T-i)  =  <'- 


1^        ~  5(52—1) 

•  '^ "  5  V  5-r 


ib. 


^2+1  ^    ^  ^»-l  ^  ^g— 1 


^ 


neglecting  the  constant.     Substituting  for  t^  and  5,  their 
values,  we  find 

^2+1  jr*- 

Also, 

r  =  e-^*^  =  ^-^  =  07. 

Hence  we  find 

Jk"vzdx  ^fadx  -rz  ax  -^  h^ 
and,  therefore. 


which  is  integrated  by  the  rules  for  rational  differentials. 

II. 

(385.)  Integration  of  eqiuitions  which  do  not,  include 
either  variable. 

_     ,   a'^d^y     dhi    ^  d^u        d^u      d*y    __ 

Ex.  1.  -TT  =  j~.    Let  w  =  ^«,   •.'  j-T  =  3^.   Hence 
daf^       dafi  dr'*        dx^      dx* 


$06  ru%  iNTEoitAL  cAhtvfiVif.       Bjtati  urK 


the  proposed  equadoo  becomes  -  ?    '  ;  ^  ) 

Multiplying  by  Zdu^  and  integrating,  we  find 


Hence 


adu 


And 


^  =ykte  =  aVt**  +  5  +  *". 


Hence  we  find 


y  =:a'u  +  aV^i[u  +  y/u^  +  ft]  +  A'", 

*  — — 

or  y  =  ce^  +  c'e   «  +  c"j7  +  c*'. 

Ill,  IV. 

(386.)  Integration  of  equations ^  including  y  only. 

Ex.  1.  Let  the  equation  be 

dSj         S?y         dhJ         dy 

This  equation  being  homogeneous  with  respect  to  y  and  its 
diflferentials,  and  of  the  first  degree,  comes  under  [1]  (370.). 
By  comparing  the  coefficients,  we  find 

The  equation  [3]  (371.)  becomes,  therefore, 

m*  —  %m?  -f  ^«  -  27»  +  1  =  0, 
or  (1  —  w)«(l  -f  w«)  =  0. 
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Hence  its  complete  integral  is 

y  =  (a  +  bx)e''  +  ce  +  de         , 

or  y  =  (a  +  &a?)e'  +  a  cos.a?  +  b  sin.ir. 


SECTION  XXV. 

OftM  integration  of  simidtaneous  differential  equations  of 

the  first  degree. 

(387.)  If  m  equations  be  given,  involving  (m  +  1)  varia- 
bles, all  these  variables,  except  one,  may  be  considered  as 
determinate  functions  of  that  one.  The  forms  of  these 
functions  are  determined  by  eliminating  every  combination 
of  (w  —  1)  variables,  which  can  be  obt£uned  from  the  entire 
number  of  variables,  except  that  one,  on  which  the  others 
are  supposed  to  depend.  This  process  will  give  m  equa- 
tions by  which  each  of  the  m  variables  are  connected  with 
the  independent  variable,  and  by  which  they  will  be  implicit 
functions  of  it.  By  the  solution  of  these  equations,  they 
would  become  explicit  functions  of  it. 

If  the  equations  between  the  several  variables  be  dif- 
ferential equations,  the  process  of  elimination  would  be  at- 
tended with  considerable  difficulty.  Instead,  therefore,  of 
eliminating  first,  and  then  integrating  the  several  differential 
equations,  so  as  to  obtain  each  variable  as  a  function  of  the 
independent  variable,  we  shall  explain  a  method  of  inte- 
grating simultaneous  differential  equations  without  any  pre- 
vious elimination. 

(388.)  Let  it  be  proposed  to  integrate  simultaneously  the 
two  equations 
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,       dy  dx  .    ,:i 

i<y  +  ir'j?  +  P*^  +  qI-^  =  t', 

which  are  the  most  general  equations  of  the  first  Aegxt 

between  the  variables  x^  y^  and  the  differential  coefficienti 

d^       .  dx 

m"  ^     "HT'     ^"   these  equations   the  several  coefficients 

M,  m',  n,  n',  •  •  •  •  are  supposed  to  be  functions  of  the 
independent  variable  t. 

Let  these  equations  be  expressed  thus, 

(m^  +  TAx)dt  +  vdy  +  Qjdx  =  tdt^ 
(viy  +  ii/x)dt'{-  f^dy  +  oldx  =  tfdL 

Multiplying  the  second  by  an  arbitrary  function  (9)  d^^ 
and  adding  the  product  to  the  first,  we  obtain  the  equalioa 

nydt  +  is.xdt  +  Tidy  -{-  adx  =  vcUj 
where 

H  =  M  4  U%  K  =  N  +  N^d, 

R  =  P  +  p'd,  S  =  Q  +  a'9, 

U  =  T  +  t'^. 

This  equation  may  be  expressed  under  the  form 

K                             s 
u(y  H x)dt  +  H(dj/  H dr)  =  vdt. 

XX  R 

This  will  become  a  linear  equation  of  the  first  order  with 

H  H 

respect  to  ?/  +   —x  and  rf(//  -\ x)^  if 

It  K 

_             ,               S         , 
£/2  =  dy  -| .  dX^ 

-^  R 

H 

where  z  ^  y  A x ;  for  in  that  case  we  have 

-I  "  J.  U  7 

R  R        ' 

which  is  of  the  form  integrated  in  (314.). 
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The  conditioti 

K  S 

gives 

H    /      R     ' 

•••  — air  4-  a?a —  =  — ax. 

H        *        H        R  ^ 

H  H  B 

Substituting  for  k,  h,  s,  and  b,  their  values,  and  dif. 
ferentiating  and  eliminating  9,  the  resulting  equation  between 
the  coefficients  m,  m',  •  •  •  •  will  be  the  condition  under  which 
the  integration  of  the  proposed  equations  can  be  effected  by 
the  formula  (314.). 
(389*)  The  simultaneous  integration  of  the  equations 
(Afy  +  N:r)cfe  +  vdy  +  ojdx  =  tJ/, 
(m'^  +  N'a?)A  +  ^dy  +  ^dac  =  T'd^, 
may  also  be  effected  thus :  let  dy  and  dx  be  alternately 
eliminated,  and  the  results  will  be  two  equations  of  the 
Forms 

dy  4-  (py  4-  Qix)dt  =  Td^, 
dx  +  (pjy  +  <^x)d^  =  T'd^, 

llie  coefficients  representing  th^  functions  of  the  former  co- 
efficients, which  are  determined  by  the  process  of  elimina- 
don.  Multiplying,  as  before,  the  second  by  d,  and  adding, 
IPC  find 

£%^  +  «dx  +  [(p  +  p'6)y  +  (a  +  ^i)x']dt  =:  (t  +  T'9)d^. 

Let^  +  flj:  =  ;8r,  ••• 

dy  +  ^dx  =  d»  —  fl?(Z0,    ^  =  z  —  9a:. 
By  these  substitutions,  the  equation  becomes 
i2J,+(p+p'fl);sd^-a:[d9+[(p  +  p'a)-.((i+ q'S)]^^  =  (t+ T'fl)(ft. 

B  B 
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Let  such  a  value  be  assigned  to  the  function  A  as  inB 
satisfy  the  equation 

d6  +  [(p  +  p'fl)fl  -  (a  +  (^6)]dt  =  0; 
and  the  equation  will  be  reduced  to  the  form 

dz  -f  Txdt  =  t'As 
T  and  t'  expressing  new  functions  of  t.    This  form  is  in- 
tegrated as  before  by  (314.), 

(890.)  If  the  coeflScients  p,  p',  •  •  •  •  instead  of  bring 
functions  of  i^,  as  we  before  supppsed,  be  constant  quandttes, 
we  have  the  conditions 

d9  =  0,    (p  +  p'9)9  -  (a  +  a'9)  =  0. 
The  function  9  then  becomes  a  constant  quantity,  and  its 
values  are  the  roots  of  the  latter  equation.     Let  these  be  Ht 
V^.     The  equation 

&  +  (P  +  ^6)zdi  =  (t  +  T'i)dt 
becomes 

dz  +  mzdt  =  vcfe, 
by  putting 

m  =  p  +  p'S,     V  =  T  +  t'O, 
The  integral  of  which  is,  (314.), 

z  =  e'^'^Je^^vdt 
Whence  we  deduce 

by  substituting  successively  the  two  values  of  6,  and  tlie  cor- 
responding values  of  m  and  v. 

(891.)  We  shall  now  apply  the  same  principles  to  two 
differential  equations  between  three  variables.  These  may 
by  alternate  elimination  be,  as  before,  reduced  to  the  fonns 

dii  +  (PM  +  Qa7  +  ^y)dt  =  idty 
dx  +  {j^u  +  q'^  +  'R^y^dt  =  T^dty 
dy  +  (p''7/  +  a"^  +  ^^y)dt  =  T^dt. 
Multiply  the  second  by  9,  and  the  third  by  S',  and  add 
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the  results  to  the  first.  In  the  ^uation  resulting  from  this 
process  let 

%•  du  +  idx  +  Vdy  =?  dg  r-  xdi  -r  yd6\ 

«  =3  jg  —  flO?  ^  9[y. 

By  these  mibstitationi^  an  equation  being  obtained,  Wt  the 
coefficients  of  a?  axidy  in  it  be  supposed  to  becoipe  =s  0  by 
the  values  of  the  arbitrary  quantities  d,  d'.  This  ^ves  the 
6quationis 

dS' 

-^  =  R  +  r'9  +  rwq'  -.  (p  +  p'fl  +  p'/aoe', 

for  the  determination  of  B,  These  conditions  reduce  the 
proposed  equation  to 

dz+(v  +  !'&  +  v^&')zdt  =  (t  +  t'9  +  T"fl')d^. 
Substituting  in  this  values  of  9  which  satisfy  the  former 
equations,  it  will  be  integrable  as  in  the  former  case. 

If  the  several  coefficients  ?,?',••••  be  constant  quan- 
tities, we  have  d9  =  0,  d9'  =  0,  ••• 

(p  +  f'B  +  P"^)fi  =  a  +  tt'9  +  q''9', 

(p  +  p'fl  +  P"9')^'  =  E  +  r'9  +  r"9', 

whidb,  by  puttbg  p  +  p'9  +  ?"9'  =  «i,  becotpe 

(m  -.  q')9  -r-  qI'V  =p  q, 
(f»  -  R'')fl'  -  r'9  =  R. 
These  equations  will  give  values  for  9,  S'^  which  b^ng  suhp 
Mituted  in  the  value  of  m,  will  give  an  equaticm  of  the  third 
dqpee  to  determine  m.  Ei^ch  of  the  roots  of  this  equation 
gives  corresponding  values  for  9  and  &.  If  then  we  put 
T  +  1^9  +  t"9'  =  V,  we  obtain  three  systems  of  values  for 
(,  fl'^  m,  V ;  scil. 

9i,  9'i,  Wi,  v„      9„  9*2,  »i,,  Va,    9j,  9^3,  Wg,  v,, 
being  successively  substituted  in 

B  B  ^ 
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give 

Ic  18  unnecessary  tx)  pursue  this  process  to  a  greater  niiitilMf 
of  equations,  as  it  is  very  easily  generalised.  We  ghattook 
enter  here  into  an  examination  of  the  consequences  of  die 
values  of  d,  d',  becoming  imaginary  or  equal,  as  it  vonU 
protract  the  discussion  to  an  undue  length. 

The  same  principles  are  applicable  to  equations  of  su- 
perior orders,  by  reducing  them  to  equations  of  the  fiist 
order. 


SECTION  XXVI. 

■       t 

The  integration  of  equations  by  approanmafion. 

(392.)  When  a  differential  equation  cannot  be  integrated 
in  finite  terms  by  any  known  methods^  it  becomes  necessary 
to  approximate  to  the  value  of  the  differential  coefficient  by 
a  series.  A  method  has  already  been  explained,  by  whkJli 
the  integral  may  be  obtained  in  a  series  of  ascending  integral 
powers  of  a:.  But  it  sometimes  happens  that  the  nature  of 
the  functions  engaged  in  the  equation  is  such,  that  this  form 
of  development  is  inapplicable.  In  such  cases,  the  form  of 
the  series  must  be  obtained  by  other  analytical  contrivanees. 

If  the  form  of  the  series  for  y  in  powers  of  ;r  be 
y  =  A»r*  +  Bx^  +  caf  -!-..•• 
the  problem  is  reduced  to  the  determination  of  the  ex- 
ponents a^  b,  c,  •  '  '  '  and  the  coefficients  a„  b,  c,  •  •  •  •  so 
as  to  satisfy  the  proposed  differential  equation.     To  effect 
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this,  let  the  values  of  dy^  dhfy  d^y^  •  •  •  •  be  derived  from 
the  series  and  equated  with  the  same  quantities  derived 
from  the  proposed  equation.  The  several  results  should  be 
identical,  and  therefore  the  coefficients  of  the  corresponding 
dimensions  of  the  variable  should  be  equal.  The  values  of 
the  ooe£Sdents  and  exponents  will,  in  general,  be  derived 
fixMn  these  conditions. 

A  few  examples  will  render  these  general  principles  easily 
opaaprehended. 

(393.)  Ex.  1.  Let  the  proposed  equation  be 

(dr +  dy)3^  =  dr; 
and  let  the  series  be 

y  =  AiT"  +  Bx*  +  cx^  .... 
the  exponents  being  in  ascending  order. 

By  differentiating,  we  find 

dy  =  aAof^^dx  +  bBx^^^dx  +  ccaf^^dx  .... 
Making  this  substitution  for  dy  in  the  given  equation,  and 
expunging  the  common  factor  dr,  we  find 

(1  +  AflU?'"»  +  Bia?^*  + )(a^  +  ba?^  +  €0:^  ••••)=  !• 

Hence 

A%M?*»-*+AB(a+*)^'*^^*  +  Ac(^+c)a?«+^*  + 
— 1  +  Aj;«  +B«6x»«^» 

This  will  be  rendered  identically  0  by  the  following  conditions, 
2a  —  1=0,    a  +  A  —  1  =  «,    a  +  c  —  1^=6«^'' 
A^fl  =  1,     AB(a  +  &)  +  A  =  0  •  •  •  • 
Hence 

1  3 

_      -        _       2         _  a/2 

-.1       2    *       V2   |. 
•.\y=  v/2  ^  — -g  ^^  +  "18"*^ • 

If  the  law  of  the  exponents  t9  t?  It  * '  *  *  ^^  l^^^^  known 


+  ....  ^ 

+ S=D. 

+  ••••  3 


I 
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ilk  tlie  fim  instance,  th«  eo^detattB  m^t  have  been  ikw^ 
itiediat^ly  <)educed,  or  the  sieried  t)f  Miudaliriti  niigllt  hM 
been  fanmedilitely  applied  by  subiftitutkkg  i^  fblr  ir. 
Kt.  S.  Let  th6  equation  be 

tet 

y  =  Aflf  +  Ba?*+*  +  ca^"^^  .... 
Diflbtehtktiiig  this,  Aad  substituting  the  valu^  oF^  atad  (^ 
in  the  proposed  equation,  and  omitting  the  feetor  dr^  the 
result  arranged  by  the  dimehdons  of  a?  is 
aAa;«-»+(a+l)B^+(a+S)c««+»+(a+8)Dj;«-»^+ •  •  •  • )    jj 
-WJ7»+  aj:^+  Ba?«+'+  i3d?*«-*+-^--) 

This  is  rendered  identically  0  by 

^  -  a{u+l){a+9>y   ^  ""  £i(rt+lKfl+«)tAf+8)' 
Hence  we  obtain 

^  ~  ^^  )  Hhl  ""  (n+l)(n+2)"''(w+l)(n+2)(n+3)""  { 
the  law  of  which  is  evident.  This  series  is,  howeterj  not 
the  complete  integral,  unless  the  arbitrary  constant  be  in- 
troduced. This  is  always  the  case  when  the  arbitrary  con- 
stant in  the  development  of  y  in  powers  of  x  cannot  be 
separated  from  x. 

We  may,  however,  obtain  the  complete  integral  in  the 
following  manner.  Let  f(xj/c)  =  0  be  the  integral  soti^. 
To  determine  the  constant  c,  it  would  be  necessary  to  find 
some  one  system  of  values  of  the  variables  ar,  y,  which  will 
satisfy  the  primitive  equation.  Suppose  a,  6,  be  such  a 
system.  The  condition  t(a,  b,  c)  =  0,  would  give  c  in 
terms  of  a  and  b.  Let  the  expression  for  y,  derived  from 
the  differential  equation,  be  prepared  in  such  a  manner, 
that  when  z  becomes  equal  to  a,  y  will  necessarily  be  equal 
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to  6.  This'  may  he  done  by  substituting  2  -f  o  for  db,  and 
u  +  bfor  7fy  and  then  developing  t^  in  a  series  of  powers  of 
Zy  so  that  u  and  z  should  =  0  at  the  same  time ;  then  sub- 
stituting ^  — •  a  for  Zf  and  ^  —  6  for  2^  Under  these  cir- 
cumstancesy  the  resulting  condition  would  give  x  =  a  and 
y  s=s  6  at  the  same  time,  and  the  quantities  U  kad  b  Would 
supply  the  place  of  the  arbitrary  constant.  The  integtal 
would  therefore  have  all  the  necessary  generality. 
The  proposed  equation 

dy  +  i/dx  =  mx^dx 
becomes^  by  the  transformation  just  explained, 

du  +  {b  +  v)dz  =  m(a  +  zYdz. 
Let 

Hence  we  obtain 

aA«^»  +  (a  +  !)»«*  +  {a  +  g)cjK«+»  + 


•  •  • '  • 


•  •  • 


*  1  -=o. 

The  conditioti  a  -  1  s=  X),  gi^^ 

a  =  1^  A  =  ma   —  6,  b  = =-5 » 

c= 5-5;§ ,  &c. 

The  investigation  ma^  idso  be  conducted  by  f  aylor's 
series.  If  5  be  considered  as  a  function  of  a,  it  will  be- 
come 

db     z       d^b     &«   .  d%       :^ 


6  +  3-  •  "T  +:7::i'  1-©  + 


da     1    '  da«     1.2  '  da^     j^g^g  • 
when  a  is  changed  into  u  -^  z.    And  since  ^  =  6  +  t^, 
when  a?  =  a  +  «,  ••• 

Since  a  and  6  are  a  system  of  values  of  x  and  y,  which 


I 


376  THE  nTTECIlAL  CAXJCULU8.  SICT«  XXTI. 


satigfy  the  proposed  equatioD,  the  some  relatkm  must 

db  dy 

between  o,  L  and  3-,  as  between  a?,  y,  and  f-.    Hence  the 

value  of  ^  will  be  found  by  substituting  for  x  and  y  in  tbe 
differential  equation  the  values  a  and  b,  and  thence  defjiving 
J-.  The  successive  differentials  of  this  equation  will,  there- 
fore, give  the  values  of  ^,   ^, 

When  z  is  small,  the  series  will  converge  nqpidly*  To 
extend  numerical  calculadons  to  greater  values  of  a;,  it  will 
be  necessary  to  substitute  successively  Ci  for  a  +  z^  and  to 
change  x  into  a^  +  z,  and  then  substitute  a^  (or  Ui  +  z^  waA 
&2  +  z  for  Xy  and  so  on. 

This  process  becomes  inapplicable  when  any  dlG&rential 
coefficient  becomes  infinite.  Tliis  can  only  happen  when 
X  =:  a  renders  y  infinite,  or  when  the  development  of  y 
contains  fractional  powers  of  x.  If  the  series  of  exponents 
be  known  in  this  case,  we  may  frequently  employ  Taylor's 
series.    If  the  exponents  be  such,  that  they  are  all  mul- 

tiples  of  any  one  fraction  — ,  then  let  a?  =  z  « ,  and  the 

series  of  Taylor  will  be  applicable. 
Ex.  3.  Let  the  proposed  equation  be 

£py  +  cx'^ydx'^  =  0. 
Let 

y  =  AX^  -f  B.r'*+*  +  cx^+^  .... 

+  (a  +  h)(a  +  h-  l)Ba^+*-2 

+  (a  +  ^h){a  +  2A  —  l)c^+^«*-^  + ]dx^. 

Also, 
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It  is  obvioasy  that  it  is  impossible  that  the  terms 

a{a  —  IJAiT*-*,  —  cAJ^t*», 
can  be  idetitified  in  any  other  case  than  that  in  which 
n  =  —  2,  which  would  only  include  a  particular  case  of  the 
proposed  equation.  Therefore^  such  a  value  must  be  as- 
signed to  a  as  will  remove  the  first  term  altogether.  This 
is  effected  either  by 

a  =  0,  or  a  ==  1. 
We  may  then  identify  the  terms 

(a  +  A)(a  +  A  —  l)Bjr«+*-»,  —  ca^+% 
by  the  condition 

A  —  S  =  n,  •••  A  x=  n  +  2. 
The  two  series  will  then  agree,  and  the  coefficients  will  be 
determined  by  the  equations 

(a  +    h){a  4-    A  —  1)b  +  ca  =  0, 
(a  +  2A)(a  +  2A  -  l)c  +  cb  =  0. 


Since  the  number  of  arbitrary  quantities  a,  b, is 

greater  by  one  than  the  number  of  equations,  one  (a)  will 
remsun  arbitrary.  If  the  two  values  of  a  already  obtained 
be  substituted  successively  for  it,  we  find  the  two  series 

Aca?»+^  Ac»a?^+* 


A  — 


(w+l)(w+2)(2;i+3)(2;i+4)(3n+5)(3n  +  6) 


• .  •  • 


AX  .— 


•  •  •  • 


(n+2)(»  +  3)2w+4)(S«+6)(3w  +  6)(8w+7) 

Each  of  these  series  are  particular  integrals,  since  each  con- 
tains only  one  arbitrary  constant;  but  by  Ranging  the  a  in  the 
last  scries  into  a^  and  adding  them,  the  result  will  be  the 


1  4-  c«* 


iW      ill 


1+D^ 


1  + 


where  the  coefficients  and  exponents  are  indeterminate. 

Let  JL3f*  and  aAjai*~'^dx  be  first  substituted  for  y  and  dy  in 
the  proposed  differential  equation.  If  the  integral  corre- 
sponding to  an  indefinitely  small  value  of  the  independent 
Variable  be  sought,  let  all  the  terms  of  this  equation  in- 
volving the  powers  of  iT,  whose  exponents  exceed  the  lowest 
exponent,  be  rejected. 

By  a  comparison  of  the  corresponding  terms,  the  values  of 
A  and  a  may  be  determined.    Next  let 

be  substituted  for  y,  and  its  differential  for  dy^  and  by  a 
similar  process,  b  and  b  may  be  determined,  and  this  process 
may  be  continued  until  a  sufficiently  near  approximation  to 
the  integral  may  be  found. 

Ex.  1%  Let  the  proposed  equation  be 

mydx  -f  (1  +  ^)dy  =  0. 

Fltst  substitute  AW  for  g^  attd  atiO^^dx  for  dy.  HaMje 
>pre  find 
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comi^ete  int^al^  iiiiee  tkut  prqpdsed.  eqpmtton  is  iMmb* 
geneous  with  respect  to  y  and  d^ 

(S94.)  Another  method  of  approximatifig  to  the  intAgvdi 
of  equations  by  a  ootitintted  fraction  merits  attention.  I 

Let 

y  = 

1  +Ba?* 


ecting  tfie  te»n  aj^p^  we  find 

«A  s±»  0,  V'tt  abb, 

[uantity  a  remtaiiiftg  ArbitrAry;    Now  let 

A         ■ 

ib^ituted  in  the  proposed  ^untion^  and  the  i«uk  is   - 
^{l  +  Ba?*)da?  -  (1  +  a?)d(Ba?*)  ^  0, 
*.•  m '—  ifi^t^*  j|^  (^  ui.  6)Ba?*  ±tt  0. 
cting  the  last  terfii,  we  find 

b  is  satisfied  by 

6  =  1,      B  x=  m. 

let 

A 

3^  =  :; 

1  +  mx 


1  +  ca?*' 
ibstituting  this  for^,  and  its  diiBTerential  for  dy^  as  be- 

97}"  1 

,  we  obtfun  €  =x  1  and  o  =  —  — g-— ,  and  by  continuing 
process,  we  find 

A 

y  =  — ^— "— 

mx 

1+ 


1  _(„_!)£. 

it      ill 


X 


\+i{m  +  1).^ 
1  _  ^(m  -  2).|. 


1  +4<«  +  2>'|- 


1  + 


•  ••         •  t  • 

.    .    I  •    ■ 
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(395.)  When,  as  is  frequently  the  case,  the  int^ral  of  the 
proposed  equation  can  also  be  obtiuned  in  finite  tenns,  tlus 
method  furnishes  a  mean  for  converting  the  function  wfaidi 
expresses  the  integral  into  a  ^ntinued  fraction.  Henc^  t6 
convert  a  function  of  x  into  a  ccmtinued  fraction,  <££• 
ferentiate  it,  and  integrate  the  result  by  the  continued 
fraction^  supplying  the  arbitrary  constant;  this  fiaction 
will  represent  the  proposed  function.  Thus,  in  the  ex- 
ample just  given,  the  integral  in  finite  terms  is  a(1  +  x)"^. 
Hence  this  function  is  equivalent  to  the  continued  fractioo 
already  found,  and  dividing  both  by  the  arbitrary  constant 
A,  we  find  , 

(1  +  a:)~  ss  1  +    mx 


1  -  i(^  -  1)^ 


1  +  i(m  +  1)-|- 


1-4(^-2)4 


2 


1  +  i(m  +  2).-| 


1  + 


( 


By  comparing  the   developments    of  e'  with  that  of 

1  H )  ,  we  find  that  they  become  identical  when  m  is 

supposed  infinite.     Hence,  if  in  the  fraction  just  found, 

—  be  substituted  for  m,  and,  in  the  result,  m  be  supposed 
m  ** 

infinite,  we  obtain 
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e*  =  1  +  d? 


1  ^ 


i+i4 


s 


2 


1 


Ex.  S.  Let  the  proposed  equation  be 

do:  -  (1  +  ar«)rfy  =  0. 

By  a  similar  process  to  that  used  in  the  former  example, 
we  obtain 


cue 

X 

1+a;* 

1 1      "'"'' 

t 

'  (»  +  l)(2«+l) 

(«+l)«x» 

(««)»^- 

'  (8»+l)(4»+l) 

1+ 

In  this  case,  if  n  =  1,  we  find 


1(1  +  x)  = 


X 

1  4---' 


1  4-  — 


i  +  - 


14-  — 
^5.2 

1  +  . 


If  n  =  2,  we  find 


X 


14 


14 


,2 


'  5.7 


1  + 


There  are  other  methods  of  approximation,  one  depend- 
ing on  the  method  of  substitutions  used  by  Newton,  to 
resolve  by  approximation  algebraic  equations,  combined 
with  the  methods  of  integrating  equations  of  the  first  degree; 
also  one  derived  from  Lagrange  s  theory  of  the  variation  of 
arbitrary  constants ;  but  the  discussion  of  these  would  lead 
us  into  details  unsuitable  to  the  ends  of  this  treatise. 
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SECTION  XXVIL 

Integration  of  differential  equations  of  two  varialles  by  the 

geometry  of  plane  curves. 

(396.)  Before  the  methods  of  approximation  to  the  root^ 
of  algebraic  equations  were  known,  a  method  of  representing 
them  by  the  co-ordinates  of  the  intersections  of  plane  curves 
was  used.  (Geometry,  Sec.  XX.)  This  method  is,  how- 
ever, now  introduced  into  the  elements  of  mathematical 
science  only  on  account  of  its  elegance,  since  it  blEis  bo^n 
altogether  superseded,  for  practical  purposes,  by  the.  mor^ 
accurate  process  of  approximation*  In  the  same  manner 
the  calculus,  when  in  its  infancy,  borrowed  methods  of  in*- 
tegration  from  geometry,  which,  though  they  have  since 
been  abandoned  for  the  more  useful  and  accurate  m^ods 
of  approximation,  yet  merit  notice  for  their  elegance,  as  well 
as  because  they  constitute  the  particular  connexion  with 
geometry,  which  first  led  philosophers  to  the  discovery  of 
the  calculus. 

The  problem  which  called  this  science  into  existence 
(Geometry,  Introduction,  p.  xxv.),  was  ^^  to  draw  a  tangent 
to  a  given  curve,^  and  hence  the  differential  calculus,  inuner 
diately  after  its  first  discovery,  was  called  '^  the  metlwi  ^ 
tangents.*'  Erflhlemft  of  another  kind  present^  themsielve^, 
which  proposed  the  discovery  of  the  curve  from  some  ^yen 
property  of  its  tangent.  As  the  former  depended  oil  what 
is  pow  called  **  differentiation,^  so  the  latter  depended  on 
what  is  now  called  ^'  integration." 

The  integral  calculus,  when  in  its  infancy,  was  therefore 
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called  '*  the  inverse  method  of  tangents.^  As  the  calculus^ 
however,  advanced  to  a  greater  state  of  perfection,  and 
became  more  extended  in  its  applications,  these  deno- 
minations were  nccessarUy  abandoned,  being  in  no  respect 
adequate  to  the  extent  of  the  science.  They  include  no 
application  of  either  calculus  but  a  geometric  one,  and 
even  in  that,  contemplate  no  differential  coefficient  beyond 
the  iSrst. 

The  **  inverse  method  of  tangents"  consisted  in  constructing 
the  curve  represented  by  a  given  differential  equation  of  the 

first  order.     If  the  equation  be  solved  for  ^,  let  this  bey. 

The  sub  tangent  is  therefore  ~,  and  the  tangent  is  '^ — j —  • 

Hence  by  means  of  an  equation  between  the  ordinate  jy  and 
the  differential  coefficient  y,  the  curve  piay  be  constructed 
by  points,  and  this  will  represent  the  integral  of  the  pro- 
posed equation. 

(897.)  Let  the  proposed  differential  equation  be  F(;pj(y')=0, 
y  being  the  first  differential  coefficient.  Let  the  curve  be 
assumed  to  pass  through  a  point,  of  which  the  co-ordinates 
are  x  =  a  and  y  =  b^  a  and  b  being  values  which  do  not 
render  j/  in  the  equation  f{x^i/)  =  0  imaginary.  The 
equation  F(abt/)  =  0  will  give  the  value  of  y,  by  which  the 
position  of  the  tangent  will  be  known.  A  point  indefinitely 
near  the  assumed  point,  and  also  upon  the  tangent,  being 
assumed,  and  its  co-ordinates,  in  like  manner,  substituted  in 
the  proposed  equation,  another  value  of  y  may  be  deduced, 
which  will  determine  the  direction  of  another  tangent 
Then  a  third  point  being  assumed  upon  this  second  tangent 
indefinitely  near  the  second  assumed  point,  a  third  tangent 
may  be  found,  and  by  continuing  the  process,  and  not  pro- 
ducing the  several  tangents  beyond  the  several  assumed 
points,  a  polygon  will   be  determined.     Tlie  smaller  tlie 
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distances  between  the  several  points  are  assumed,  the  more 
Heerly  will  this  polygqn  approach  to  a  curve,  and  the  curvCf 
which  is  its  limits  when  the  several  distances  are  supposed 
actually  to  vanish,  is  the  geometric  representation  of  the  in- 
tegral of  the  proposed  equation. 

(398.)  A  still  more  accurate  and  rapid  approximation  to 
the  curve  may  be  obtained  by  the  following  process*  Let 
the  equation  v[a?t/j/)  =  0  be  differentiated,  and  the  value  of 
the  second  differential  coefficient  obtained,  as  a  function  of 
the.  two  variables  and  the  first  differential  coefficient.  Hence 
niay  be  found  the  radius  of  the  circle  osculating  at  any  pro- 
posed point.  As  before,  let  a  point  be  assumed,  and  the 
taogait  at  that  point  found  by  the  proposed  equation,  and 
thence  the  normal.  The  radius  of  the  osculating  circle 
being  determined  in  the  manner  already  described,  let  a 
part  equal  to  it  be  assumed  upon  the  normal  in  a  direction 
determined  by  the  sign  of  the  second  differential  coefficient 
(151.),  and  let  a  small  arc  of  the  osculating  circle  passing 
through  the  given  point  be  described.  Upon  this  arc,  and 
near  the  ^ven  point,  let  another  point  be  assumed,  and  the 
circle  osculating  at  that  point  being  found  as  before,  a  third 
point  may  be  assumed  upon  its  arc,  and  so  on. 

By  this  process  a  polygon  will  be  found,  the  sides  of 
which  are  circular  arcs,  and  the  smaller  these  arcs  are  as- 
sumed^ so  much. the  nearer  will  the  polygon  approach  to  the 
curve  which  represents  the  integral  of  the  proposed  equation. 
.The  limit  of  this  polygon,  when  its  sides  actually  vanish,  is 
the  geometric  representation  of  the  integral  of  the  proposed- 
equatioiL  The  first  point,  arbitrarily  assumed  in  these 
cases,  represents  the  arbitrary  constant. 

(3990  If  the  proposed  differential  equation  be  of  the  second 
order,  it  is  necessary  not  only  arbitrarily  to  assume  a  point 
llirough  which  the  curve  is  supposed  to  pass,  but  also  the 
direction  of  the  tangent  at  that  point.     This  is  equivalent  to 

c  c 
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assigning  particular  values  to  Xy  y,  and  y,  in  the  eqttatk« 
F(xyi/^)  =  0.  Hence  the  value  of  ^  is  determined,  and 
the  direction  of  the  curvature  and  the  radius  of  the  oscu- 
lating circle  are  known.  Proceeding  then  as  in  the  last 
case,  a  polygon,  whose  sides  are  small  circular  arcs,  may  be 
determined,  the  limit  of  which  represents  the  integral  of  the 
sought  equation. 

(400.)  In  approximating  to  the  integrals  of  equations  of 
the  higher  orders,  the  osculating  parabolas  (184.)  are  ttsed, 
their  several  parameters  representing  the  arbitrary  conataal^ 
The  osculating  parabola  of  the  second  order  may  also  sup 
ply  the  place  of  the  osculating  circle  in  the  former  oases. 

(4f01.)  When  the  variables  in  the  proposed  diflbrestU 
equation  are  separable,  its  integral  may  be  otherwise  » 
presented  by  geometrical  construction.  Let  it  be  redneri 
to  the  form 

rdt/  +  xdx  =  0, 
where  Y  is  a  known  function  of  ^,  and  x  of  ^. 

Let  two  curves  be  constructed  relatively  to  the  same  axes 
of  co-ordinates,  represented  by.  the  equations 

X  =  Y, 

\'f{\dx  4-  Ycfe/)  =f{ydx)  +f(xdy)  =  0. 
But  the  area  of  any  part  of  the  first  curve  intercepted 
between  the  axis  of  y,  and  any  proposed  value  of  y,  repre- 
sents the  first  integral ;  and  the  area  of  the  second  intercepted 
between  the  axis  of  x,  and  the  value  of  x  correspondiag  to 
the  same  value  of  y,  represents  the  other.  Their  com- 
bination, therefore,  represents  the  integral  of  the  sought 
^nation. 

The  preceding  results  also  show  that  every  differential 
equation  between  two  variables  has  an  integral,  a  theorem 
which  was  before  established  in  Sect.  XVI. 
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SECTION  xxvra. 

7%e  problem  of  trqfcctories  and  oiher  geometrical  appKcor 

tions  ^ihe  mtegral  caktUtts, 

(402.)  Amongst  the  different  questions  to  which  the  in« 
veyiticm  of  the  calculus  gave  rise,  and  which  were  proposed 
r&rj  Boon  after  its  invention,  one  of  the  most  interesting 
is  the  ^^  problem  of  trajectories.^  In  the  correspondence 
between  Bernoulli  and  Leibnitz,  on  subjects  ariidng  out  of 
ifae  new  calculus,  Bernoulli  proposed  the  solution  of  the 
problem,  *^  to  find  the  curve  which  intersects  at  right  angles 
a  system  of  curves  of  the  same  kind  described  according  to 
some  given  law." 

This  problem,  he  considered,  would  lead  to  the  solution 
of  the  phyrical  problem,  to  determine  the  path  of  a  ray  of 
Ught  through  the  atmosphere,  light  being  supposed  to  be 
propagated  according  to  the  Huygenian  hypothesis.  The 
problem  soon  became  generalised  to  that  of  the  determination 
of  the  curve  winch  intersects  a  system  of  similar  curves  at 
the  same  angle ;  such  a  curve  is  called  a  trajectory  *  of  the 
proposed  system  of  curves,  and  if  it  intersect  them  at  ri^t 
«.gl«,  it  is  caUed  the  rectangular  trajectory. 

By  ^  inmilar  curves,"  is  here  meant  curves  whose  equar 
tions  having  the  same  form,  differ  only  in  the  value  of  one 
of  the  constants,  which  we  shall  call  in  general  the  variable 
parameter. 

*  The  term  "  trajectory,"  used  here»  has  no  relation  to  the 
same  term  used  in  physics,  where  it  signifies  an  orbit  described 
by  a  projectile  round  a  centre  of  force. 

c  eg 
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(403.)  Let  the  equation  of  the  proposed  system  of  curves 

be  T{an/c)  =  0,  the  constant  c  representing  the  varnUe 

parameter,  and  for  every  particular  value  of  which  the 

equation  v(xt/c)  =  0  represents  some  one  of  the  proposed 

system  of  curves.     Let  the  equation  of  the  sought  trajectoij 

bey*(j?y)  =  0.     Let  the  differential  coefficient  deduced  fhrni 

the  equation  f{si/c)  =  0  be  |?,  the  variable  constant  e  being 

eliminated,  and  the  value  of  p  obtained  as  a  function  of  tbe 

variables  or,  t/^  and  the  other  constants.     This  value  of  p 

being  independent  of  c,  will  be  common  to  the  entire  of  the 

proposed  system  of  curves.     Let  the  differential  coefficient 

dy 
deduced  from  the  equation /(^ry)  =  0  be  -p,  and  let  the 

angle  at  which  the  sought  trajectory  is  to  intersect  the  pro- 
posed system  of  curves  be  (p*    Hence 

dy 

dy 
•.•  -j-ip  ^an.(p  —  1)  +p  +  tan.<p  =  0. 

This  being  integrated,  considering  tan,<p  as  a  constant 
quantity,  will  give  the  equation /(a;y)  =  0  of  the  sought 
trajectory.  It  is  obvious  that  p  expresses  a  given  function 
of  the  variables  a:,  t/. 

(404.)  In  order  to  find  the  rectangular  trajectory,  let  the 
above  equation  be  divided  by  tan.<p,  by  which  it  becomes 

dy 

-~(p  -  cot.<p)  +  p  cot(p  +  1=0-     •     •     •  [1]. 

If  <p  =  90^,  •.'  cot.<p  =  0,  •.•  the  equation  becomes 

pdi/  +  dx  =  0 [2], 

the  integral  of  which  is  the  rectangular  trajectory. 

(405.)  If  the  variable  parameter  c  be  not  eliminated  by 
the  given  equation  F{a:i/c)  =  0  and  its  immediate  differential, 
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then  p  in  [1]  will  be  a  function  of  c,  as  wdl  as  of  the 
variables.  In  this  case  the  differential  equation  of  the  trar 
jectory  may  be  found  by  eliminating-  c  by  the  equation  [1] 
and  the  equation  of  the  proposed  system  of  curves,  or  by 
[1]  and  the  differential  of  that  equation.  As  an  arbitrary 
constant  is  always  introduced,  there  is  always  a  system  of 
trajectories. 

t. 

We  shall  now  subjoin  a  few  geometrical  problems  il- 
lustrative of  these  principles. 

PROP,  CIV. 

(406.)  A  system  qf  parcAoIas  having  a  common  vertex 
and  axis^  or  hyperbolas  having  a  common  centre  and  asym- 
ptotes, is  given f  tojind  the  trajectory  intersecting  them  at  a 
given  angle. 

The  equation  of  parabolic  and  hyperboUc  curves  in  ge- 
neral is 

y  =  car, 

'.'  p  =  mcx"^^  =  m  •^. 
^  X 

Hence  the  differential  equation  of  the  sought  trajectorjris 
dy[m^  —  cot.^)  +  w— cot.^  dx  +  dx  ^0, 

X  X 

%•  rhydy  +  xdx  +  coi.(p{mydx  —  jrc^)  =  0. 

This  equation  being  homogeneous,  and  of  the  first  order,  is 
integrated  by  (313.).  We  shall  not  pursue  the  general  in- 
tegral here,  as  its  results  have  not  any  particular  interest. 

If  ;7i  =  1,  the  curve  is  the  right  Une.  In  this  case  the 
equation  becomes 

{y  —  X  cot.^)c^  +  («  +  y  cot.p)dte  =  0, 
or 

xdx  +ydy  +  cot<[>{ydx  —  xdy)  =  0. 
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lis  beoomes  integraUe  by  dividing  it  by  x*  4^^;  sod 
since 


/(2S^='^:?7?. 


j^±^^  =  tan -A 
Tliefefore  the  equation  of  the  trajectory  is 


X 


K  Vs^  +  y^)  +  cot.<j>  tan  "^ —  =  c, 
c  being  an  arbitrary  constant. 

Let  a«  =5  ;r«  +  yS  and  ai  =  tan."^ — ,  •.• 

ot^  if  when  eo  =  0^  we  suppose  that  z  ss  0,  *.*  c  =;  0,  and 
the  equation  assumes  the  form 


— w .  cot.(p 


Let  «  =  a, 


•  • 


which  is  the  logarithmic  spiral,  of  which  it  is  a  characteristic 
property  to  intersect  at  the  same  angle  all  lines  through  its 
pole*. 

In  this  case,  for  the  rectangular  trajectory  cot<p  =  0,  •/ 
z  is  constant,  which  shows  that  the  solution  is  a  drcle, 
whose  centre  is  at  the  origin  and  radius  arbitrary. 

In  general,  the  rectangular  trajectory  of  the  system  of 
parabolas  is  determined  by  integrating 

mi/cb/  +  adx  =  0, 
•••  my^  +  a?«  =  c. 

If  m  >  0,  the  trajectories  are  a  system  of  similar  ellipses, 


*  Geoxn.  (433.)- 
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I  a  common  centre  at  the  common  vertex  of  the  system 
abolasy  and  an  axis  coincident  with  the  axis  of  the 

I,  the  ratio  of  their  axes  being  1 :  ^m.  If  the  parabola 
parabola  of  the  second  degree,  m  =z  it.  This  case  is 
<:able  for  having  been  the  first  to  which  the  problem 
ectories  was  applied.  The  general  problem  having 
3roposed  by  Bernoulli,  Leibnitz  gave  a  general  me- 
)f  solving  it,  and  effected  the  solution  in  this  in- 
as  an  example.  Lcibnitz'^s  method  was  founded  upon 
riation  of  the  constant  c  in  passing  from  one  curve  of 
3posed  system  to  another,  from  which  he  deduced  his 
i  of  differentiation  de  curvd  in  curvam, 
»  <  0,  the  proposed  equation  represents  a  system  of 
x>las  having  a  common  centre  and  asymptotes,  and 
ijectories  are  also  a  system  of  conical  hyperbolas,  of 
the  axes  coincide  with  the  common  asymptotes  of  the 
I. 

be  given  system  of  hyperbolas  be  equilateral,  the  tra« 
ss  are  also  equilateral  hyperbolas. 

PEOP.  cv. 

7.)  To  determine  the  trajectory  of  a  system  of  circles 
ng  a  given  right  line  at  a  given  point. 

\  right  line  being  assumed  as  axis  of  ^,  and  the  given 
is  origin,  the  equation  of  the  drcles  is 

y«  +  ar*  -  9,rx  =  0, 

•••  /?y  +  (^  —  ^)  =  0, 
•.•  r  =  py  -^  X. 

»eing  substituted  in  the  first,  we  find 
the  differential  equation  of  the  trajectory  is 
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This  equation  being  homogeneous,  may  be  integrated  by 

(813.). 

If  the  rectangular  trajectories  be  sought,  cot.p  =  0,  •/ 

dt/{y^  —  ^•)  +  2y^da?  =  0. 
This  is  immediately  integrable  by  putting  z  =  x^y  by  which 
the  equation  becomes 

{ydz-zdy) 

z 
•.•3/  = +  c, 

y 

•••y  4-  ^*  —  cj/  =  0. 
Hence  the  system  of  rectangular  trajectories  are  drcles 
passing  through  the  given  point  of  contact,  and  having  their 
centres  upon  the  given  tangent. 

(408.)  Instances  of  the  class  of  problems  which  gave  the 
name  of  the  inverse  method  of  tangents  to  the  integral  cal- 
culus are  not  infrequent.  In  these,  some  property  of  the 
tangent,  or  some  line  depending  on  the  tangent,  as  the 
normal,  subtangent,  subnormal,  &c.  is  given,  to  determine 
the  curve.  It  will  be  sufficient  here  to  give  a  few  examples 
of  these,  to  show  that  they  are  always  capable  of  solution  by 
the  integration  of  equations  of  two  variables. 


PROP.  cvf. 


(409.)  To  determine  the  curve  in  which  the  normal  is  a 
given  Junction  of  the  intercept  of  the  axis  ofx  between  Hand 
the  origin. 

The  intercept  between  the  normal  and  the  origin  is  the 
sum  of  the  subnormal  and  the  value  of  x  for  the  point 
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where  the  normal  meets  the  curve.    Hence  the  problem  is 
reduced  to  the  integration  of  the  equation 


v-£=<-t> 


The  integration  of  this  equation  will  solve  the  proposed 
question. 

If  the  normal  be  supposed  equal  to  the  intercept,  the 
equation  becomes 

The  integral  of  which  is 

y  +  a:'  —  %TX  =  0, 
r.being  an  arbitrary  constant.     The  curve  sought  is  there- 
fore the  circle. 

If  the  normal  be  the  ordinate  of  a  parabola,  of  which  t^ie 
absciss  is  the  intercept 

{«  +  *  i^)  =■«<'  + y^) 

Ob  tuning  from  this  the  value  of  ^X '  *°^  dividing  by 

the  radical,  we  find 

dy 

+1=0. 

Integrating  this,  and  supplying  the  constant,  we  find  an 
equation  of  the  form 

^a  ^  ^2  —  grj?  +  A  =  0, 
which  is  that  of  a  circle.    This  is  the  general  solution. 


F 
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The  angiilir  soliitkm  is  obtained  by  putting  the  radical 
t=  0  (Saa)>  *.'  it  it 

y  =  2a«  +  a*, 

which  18  the  equaticm  of  a  parabola.    This  parabola  i»  the 
curve  to  which  aU  the  drctes  included  in  the  general  so- 
hition  are  tangents. 
If 


K^+y^)  =  ^  +  ^ 


a  being  a  constant  quantity,  we  have 

•.•  ^«  =  2ax  +  c, 
which  shows  that  the  parabola  is  the  only  curve  whose  sub- 
normal is  constant. 

(410.)  Geometrical  questions  which  relate  to  the  oscu* 
lating  circle  are  solved  by  the  integration  of  differential 
equations  of  the  second  order.  The  following  proposition 
furnishes  an  example  of  this. 


PROP.  evil. 

(411.)  To  determine  the  curve  in  whiclt  tJie  radius  qfthe 
osculating  circle  is  a  given  Junction  of  the  normal. 

This  problem,  reduced  to  an  equation,  is 

the  integration  of  which  will. solve  the  problem. 

If  the  radius  be  equal  to  the  normal|  the  equation  be- 
comes 

MhAi^^^i^H^PMa^HaHM       "^^       ^^tf         ^x^w 

d^ydx  dx* 


SECT.  XXVni.    THB  IHTBOBAL  CALCULUS.  800 

The  first  integral  of  which  is 

ydjf  +  xdx  s=  cdXf 
whidi  being  again  integrated,  ^ves 

y«  +  ipfli  ^  8c^  +  c*  =  0, 

which  is  the  equation  of  a  circle  of  which  the  centre  is  on 
the  axis  of  ^. 

(412.)  The  student  will  find  no  difficulty  in  redudng 
geometrical  questions  relating  to  contact  or  curvature  to 
equations.  These  equations  are  generally  of  the  first  or 
second  degree,  and  integrable  by  the  rules  already  esta- 
blished. To  extend  the  examples  on  tliis  farther  would 
occupy  more  space  here  than  the  difficulty  of  the  inves- 
tigation requires.  We  shall  therefore  conclude  this  section 
with  the  following  proposition,  as  an  example  of  another  and 
diffisrent  species  of  problem. 

PROP.  cvin. 

(418.)  A  system  of  parahclM  having  a  common  ver^ 
tex  and  axis^  or  hyperbolas  having  common  asymptotes^ 
being  given^  to  find  the  curve  which  intersects  them  all,  so 
that  the  areas  vncluded  by  the  coordinates  of  the  point  of 
intersectionj  and  the  arc  of  the  parabola  or  hyperbola  bektoeen 
that  point  and  the  axis  qfj^  shall  be  constant. 

Let  the  equation  of  the  proposed  system  of  curves  be 

y  =  pxT. 
The  area  included  by  the  <XM>rcBnates  and  the  are  is 

fydx  ^  jlf^rdx  ^'^;j^^. 

No  constant  is  added,  as  the  area  is  supposed  to  commence 
when  a?  =  0. 
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If  m  ss  —  1,  the  integral  is 

Jydx  =  pl{x),  .       , 

and  if  m  <  >—  1,  the  area  is  infinite  when  ^  =  0^  which 
is  also  the  case  when  m  =  —  1.  These  cases  will  then  be 
excepted  in  the  following  investigation,  which  will  therefore 
only  apply  to  parabolas,  and  to  such  hyperbolas  as.haTe 
wi  >  -  1. 

Let  the  given  area  be  a,  *.* 

A  =  p r. 

Eliminate  p  by  this  and  the  equation  of  the  proposed  system, 
and  the  result  is 

ifo:  =  A{m  +  1), 
which  is  the  equation  of  a  comn)on  hyperbola. 


SECTION  XXIX. 

Of  {he  integration  of  total  differential  equations  qfihejint 
degree  of  several  variables^  which  satisfy  the  conditions  of 
integr ability, 

(414.)  A  total  differential  equation  of  the  first  order 
between  three  variables  must  always  come .  under .  the 
formula 

vdx  +  Qjdy  +  rJjs  =  0. 

If  the  first  member  of  this  equation  satisfy  the  criterion 
of  integrability,  (286.),  for  functions  of  three  variables,  its 
integral  may  be  immediately  obtained  by  the  rules  for  these 
functions,  and  will  be  of  the  form 

v{xyz)  +  0  =  0, 
c  being  an  arbitrary  constant. 
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If  any  one  of  the  three  variables  be'  capable  of  being 
separated  from  the  other  two^  the  equation  may  be  integrated 
by  the  rules  for  the  integration  of  functions  of  two  variables. 
For  if  z  be  separable  from  x  and  y,  the  equation  may  be 
reduced  to  the  form 

zdz  =  vdx  +  adj/y 

where  z  represents  a  function  of  «. 

This  separation  is  easily  effected  whenever  the  given 
equation  has  the  form 

z(pcir  +  ody)  +  Ez'ffe  =  0, 

by  dividing  the  whole  equation  by  zr;  p^  a,  and  R,  being 
functions  of  x  and  t/  only. 

(415.)  If  the  proposed  equation  be  not  an  exact  dif- 
ferential of  an  equation  of  three  variables,  it  may  sometimes 
be  rendered  so  by  the  introduction  of  a  factor.  To  de- 
termine the  condition  under  which  it  is  rendered  integrable 
by  a  multiplier,  let 

TPdlr  +  TQjdy  +  TBdz  =  0 

be  the  equation  after  the  introduction  of  the  factor  t.    If 
this  be  an  immediate  or  exact  differential,  it  follows  that 

TPdir  +  Tddj/  =  0 

is  the  exact  differential  of  the  same  equation,  z  being  con- 
sidered constant,  and,  in  like  manner,  that 

Tvdx  +  TBdz  =  0, 

TQdy  +  TB,dz  =  0, 
are  the  immediate  differentials,  y  and  a?  being  taken  suc- 
cessively constant.  It  appears,  therefore,  that  any  factor 
which  renders  the  total  equation  integrable,  also  renders  all 
the  partial  equations  integrable;  and  it  is  obvious,  that  if 
the  same  factor  render  all  three  piartial  differential  equations 
integrable,  it  will  render  the  total  equation  also  integrable. 
In  order  that  the  three  partial  equations  should  be  exact 
differentials,  it  is  necessary,  (286.),  that  the  conditions 
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d{n)  _  djTd)    d(n)_d(n}    il(Tft)     d(n) 
ify    '"    dx  ^      dz         dx^      dr    ^    <% 

should  be  fulfilled.    Hence  we  find 


c2r        cZt 
djf        asp 


\dy    dx)^ 

(dn     rfp\  dr  ^^  _  n 

da?  ""(fe  /  £&  ""    (£»  "" 

<da     dR\  dr  ^^  _  #1 

d&'^dy)  dz  '^   dy  '^ 


\s\ 


Multiplying  the  first  by  R,  the  second  by  %  and  the  third 
by  P,  adding  them,  and  dividing  the  result  by  its  factor  t, 
we  obtmn 

<dp     rfa\       /da     rfp\       /da    rfuN      ^         r^. 

This  equation  must  therefore  be  satisfied  by  the  proposed 
equation  when  it  is  capable  of  being  rendered  integraUehy 
a  multiplier.  On  the  other  hand,  if  the  proposed  equatiott 
do  not  satisfy  this  condition,  there  is  no  multiplier  by  which 
it  can  be  rendered  integrable.  It  will  not  be  di£Scult  to 
generalise  these  principles,  and  obtain  conditions  of  in- 
tegrability  for  equations  of  four  or  more  variables.  The 
number  of  equations  of  condition  is,  however,  greater, 
being  always  the  number  of  combinations  of  two,  which  can 
be  made  with  m  —  1  things,  m  being  the  entire  number  of 
variables.     The  number  of  equations  of  condition  is,  there- 

fore,  in  general, =-^ . 

« 

Equations  of  three  or  more  variables,  therefore,  differ 
from  equations  of  two  in  the  same  manner  as  functions  of 
two  or  more  variables  differ  from  functions  of  a  single 
variable.  Equations  of  two  variables,  and  functions  of  one, 
can  always  be  integrated,  either  exactly  or  by  approxima- 
tion ;  but  there  are  cases  in  which  differential  equations  of 
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three  or  more  variables,  and  fimctioiia  of  two  <Mr  more, 
admit  of  no  integral  either  exact  or  by  approximation. 

(416.)  When  the  condition  [2]  b  ftilfilled,  the  integration 
of  the  proposed  differential  equation  of  three  variables  may 
be  shown  to  depend  upon  the  integration  of  an  equation  of 
two  variables.  Let  z  be  supposed  constant,  so  that  dzssO, 
and  the  proposed  equation  becomes 

Tdx  +  Qjdy  =  0. 

Let  this  be  integratedi  and  the  result  will  have  the 
form 

u  +  z  =  0, 

where  u  is  a  function  of  x,  y^  z,  and  z  an  arbitrary  functioil 
of  z,  which  takes  the  place  of  the  arbitrary  constant. 

Let  this  equation  be  differentiated  with  respect  to  x,  y^ 
and  Zj  and  let  the  function  z  be  so  assumed,  as  to  render  the 
differential  equation  thus  deduced  identical  with  the  pxH 
posed  equation.  The  value  of  the  function  which  satisfies 
this  condition  being  substituted  tat  it,  gives  the  sou^ 
integral. 

The  following  examples  of  the  application  of  this  rule  wit! 
render  it  more  easily  apprehended. 

Ex.  1.  Let  the  proposed  equation  be 

(y  +  z)dx  +  (^  +  z)dy  +  (x  +  y)dz  =  6. 
Let  dis  =  0,  ••• 

(y  +  z)dx  +  («  +  z)dy  =  0, 


. . 


x-\-z     y  +  z 

Since  z  is  considered  constant,  the  integral  of  this  is 

(x  +  z)(y  +  2)  +  z  =  0. 

To  determine  the  function  z,  which  will  render  this  tiie 
integral  sought,  let  it  be  differentiated  with  xeq)ect  to  at,  y^ 
Zf  and  the  result  is 

{y  +  z)dx  +  (^  +  z)dy  +  ( y  +  x  +  ^z)dz  +  </z  =  0. 
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That  this  may  be  identical  with  the  proposed  equatioDi 
we  must  have 

■ 

Zzdz  +  dz  =  0, 
•••  «•  -i-  z   =  c. 
Hence  the  integral  sought  is 

ay  +  zy  +  zx  +  c  =sO. 
Ex.  2.  Let  the  proposed  equation  be 

zdx  +  xdy  +  .yd2  =  0. 
In  this  case  p  =  z,  a  =  ^>  and  r'=  t/^  by  which  it  ap- 
pears that  the  equation  [2]  is  not  fulfilled,  and  therefore  the 
proposed  equation  is  not  integrable.  If  this  equation  were 
submitted  to  the  preceding  process,  we  should  find  that 
z  could  not  be  disengaged  from  x  and  ^,  so  that  we  should 
find  z  =  v(xyz). 

Ex.  3.  Let  the  proposed  equation  be  such,  that 

E  =  J7«  +  ory  +  y«. 
In  this  case  the  criterion  [S]  is  satisfied.     If  cfo  =  0,  we 
have 

^  ^ ^ 


+ 


Since  z  is  constant,  the  integral  of  this  is 

zx/a^  zVS  zVS    -> 

If  an  arc  be  a  function  ^f  z,  its  tangent  must  be  also  a 
function  of  z ;  and  hence  by  taking  the  tangents  of  both 
sides,  we  find 

z"—zx—zy — ^y  *" 
Differentiating  this,  and  identifying  the  result  with  the  pro- 
posed equation,  we  find 

9,[x^z  +  ^xyz  +  yH  +  z'^x  +  z^y  +  se'^y  +  y^x)dz 
•\-(z^  --  zx  ^  zi/  ^  ^xyydz  =  0. 
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minating  the  latter  parenthesis  by 

[  expunging  the  common  factor  (^  +  ^  +  ^)f  ^^  obtain 

^{^  +^  +  ^z)z*dz  +  (^  +y  +  z)z*dz  =  0. 
ID  by  th^  integral  just  obtained,  we  find 

«*z— 2*-&rwz 
xz+^z  = —^ . 

iking  this  substitution,  and  dividing  by  the  common 
JOT  2z(2*  —  xy),  we  obtain 

z(z  —  l)dz  +  zdz  =  0, 


dz 

3i 

dz 
z 

dz 

"z-r 

•••  z 

= 

cz 

z-r 

•/  Z  = 

z 

• 

z-c    . 
noe  the  integral  required  is 

(xy  -^  xz  +  yz)  —  c{a  +  y  -\'  z)  =  0, 
[417.)  If  the  proposed  differential  equation  exceed  the 
it  degree,  these  methods  are  only  i^licable  when  it  can 
decomposed  into  rational  factors  of  the  form 

Tdx  +  Qdy  +  Kdas  =  0; 
3  bdng  the  only  form  it  can  have  when  it  is  an  immediate 
^erential. 

[f  for  example  the  proposed  equation  be 
a?8  +  ady^  +  Rdz^  +  ^sdxdy  +  ^Tdxdz  +  ^vdydz  =  0. 
hen  this  is  solved  for  dz,  the  quantity  under  the  ra- 
alis 

(t*  —  pa)dr«  -h  2(TV  —  Rs)dxdy  +  (v^  —  QR)dy. 
is  necessary  that  this  should  be  a  complete  square,  which 
i  only  take  place  under  the  condition 

(tV  —  RS)*  —  (T^  —  PR)(V*  —  QR)  =  0. 


1)  1) 
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SECTION  XXX. 

Integration  of  total  differential  equations  whidk  do  not 
satisfy  the  criterion  qfvntegrabilMy. 

(418.)  Differential  eguations^  which  do  not  satisfy  the 
criterion  [2]  established  in  the  last  section,  were  long  con- 
sidered as  absurd  or  impossible  relations;  and  all  questioiis, 
whose  solution  was  reduced  to  such  ^nations,  were  con- 
sidered as  involving  some  contradiction,  as  is  the  case 
when  the  solution  involves  the  even  roots  of  n^attfc 
quantities. 

MoNGE,  however,  has  shown  that  this  is  not  the  case,  and 
that  such  equations  indicate  a  real  relatimi  between  the 
variables.  It  happens,  however,  that  the  integral  of  sudi 
an  equation  is  not,  like  those  which  satisfy  the  criterion,  one 
equation  between  three  variables,  but  it  is  expressed  by  two 
equations  between  three  variables  whidi  must  subsist  to- 
gether, and  which  involve  an  arbitrary  function  of  one  of 
the  variables. 

(419.)  The  integral  of  an  ordinary  differential  equation 
of  three  variables,  which  satisfies  the  criterion  of  integrability, 
would,  if  represented  geometrically,  be  a  curved  surface, 
since  the  integral  is  an  equation  of  three  variables.  The 
integral  of  an  equation  which  does  not  satisfy  the  criterioni 
if  represented  geometrically,  would  be  a  class  of  curve3  of 
double  curvature,  enjoying  some  common  characterisdc  pro- 
perty. 

For  each  value  of  the  arbitrary  function  which  enters  the 
system  of  equations,  there  is  a  particular  curve  of  douUe 
curvature.  The  part  of  the  equations  which  does  not 
depend  on  this  function,  being  common  to  all  particular 
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▼allies  of  the  fuiKtion,  gives  the  general  geometric  cha- 
racter to  the  class  of  curves. 

(4@0.)  To  determine  the  system  of  equations  which  re- 
presents the  integral  of  any  given  equation  of  this  kind,  let 
z  be  considered  as  constant,  %* 

vdx  4-  ody  —  0. 

Let  T  be  the  factor  which  renders  this  integrable,  and  let 
IT  +  z  =  0  be  the  integral  of 

Tpdr  +  li^dy  =  0. 
Differentiating  u  +  z  =^  0,  and  identifying  it  with 

iifdx  -h  tiidy  +  TR{fe  =  0, 
we  obtain 

u  -h  z  =  0, 

dz  du 

dz  dz' 

dz 
In  this  case  -j-  is  not  a  function  of  the  variable  z  akme, 

for  if  it  were,  the  equation  would  be  integrable  by  the 

process  (416.)9   ^md  would  fulfil  the  criterion,  which  is 

contrary  to  hypothesis.     These  equations  must  then  subsist 

together,  z  being  an  arbitrary  function  of  2.     Let  z  =  f{z\ 

-  dz 
aiid^  =  f'(^),  ••• 

u  -h  r{z)  =  0, 
du 

^    -h  f'(z)  -  TR  =^0, 

which  are  two  equations  between  the  three  variables,  and 
taken  together,  represent  a  relation  between  xyzj  which 
mtisBeB  the  proposed  differential  equation. 

(42L)  Since  the  function  f(;i:)  is  absolutely  arbitrary,  it 
fidlows  that  there  are  an  infinite  number  of  systems  a[  two 
aquations  which  satisfy  the  proposed  equaticm,  and  that, 
therefore,  it  has  an  infinite  number  of  systems  of  integrals. 
[f  the  integral  be  represented  geometrically  for  eadi  form 

D  D  2 
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angned  to  the  function  v{z),  ihete  is  a  £fiief«&t  cnrvs  cf 
double  curvature.  The  terms  v,  t,  and  E,  llo#iever^;Hl 
i»hflngitig  ^th  the  form  of  this  funcdmiy  will  -gM'^mk' 

t 


common  diaracter  to  all  these  curves. 

As  an  example,  let  the  prc^posed  eqliation  b 

dz xdx+yAf 

In  this  case, 

iX!dx'{'ydy 

1 


»i 


r..  ■) 


^^ 


X  — c  ■    ' 


Let 


We  find 


Hence 


T  =  x{x  —  a)  +  y(y  —  6). 
u  =  jj»  +  y*;  ' 


a7(ar  —  «)  +  y{y  —  6)  =  F^a?)  •  («  —  c). 

in  which  f(2)  is  absolutely  arbitrary. 


,  1,  ■ 


SECTION  XXXI. 

Of  the  integt'(iti(m  of  partial  dijffirefUialeqtuUions^ike 

Jirst  order. 

(4SS.)  The  integration  of  partial  differential  equatioDsli 
a  part  of  the  calciilus  which  has  not  yet  reached  that  sti^ 
of  perfection  which  might  enable  an  elementary  author  to 
introduce  such  an  exposition  of  its  principles  as  is  suitable  to  ' 
the  class  of  students  for  whose  use  his  work  is  intended,  b 
thiS;  as  in  some  other  parts  of  the  calculus,  the  utmost  wluicli 


'1 
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am  be  attempted  in  the  present  work'  is  to  explain  the 
methods  of  integrating  some  particular  classes  of  equa- 
tions, which  are  most  suited  to  our  object,  referring  students, 
dearous  of  further  information,  to  such  works  as  the  com- 
plete treatise  of  Lacroix. 

(423.)  The  most  simple  class  of  partial  differential  equa- 
tions are  those  which  involve  but  one  partial  differential  co- 
efficient The  integration  of  these  may  be  always  reduced 
either  to  the  integration  of  functions  of  one  variable,  or  to 
the  int^ation  of  equations  of  two  variables.  Let  ^  be  a 
partial  differential  coefficient  of  z  with  respect  to  x,  i.  e. 

dz  ■*  .  - 

/>  =  -p,  and  let  24  be  a  function  of  x  and  several  other 

variables,  and  let  the  given  partial  differential  equation  be 

F(p,  u)  =  0. 
First,  suppose  that  u  does  not  include  the  variable  z.    Let 
the  equation  in  this  case  be  solved  for  p;  and  its  valve  sub- 
stituted, '.• 

dz 

•.•  dz  ^fi^)  •  dx, 

dz 
Since  the  coefficient  -r-  was  obtained  by  differentiating  z 

as  a  function  of  x  only,  all  the  other  variables  being  con- 
adered  constant,  so  the  integration  must  be  effected  upon 
the  same  supposition.  Let  x  therefore  be  considered  to  be 
the  only  variable  in  t^,  all  the  others  being  taken  as  con- 
stants, and  let  the  integral  o{J'(u)  •  dx  be  found  by  the 
rules  for  the  integration  of  functions  of  one  variable.  Let 
the  integral  be 

2  =  U  +  C, 

u  expressing  the  function  of  all  the  variables  obtained  by 
the  integration,  and  c  the  arbitrary  constant. 
Since  all  functions  of  the  variables,  not  including  x,  wliich 
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enteied  the  ori^^nal  fuDctiaa,  ntoemanbf  cBtqEipeHMd  %  Iki 

diffieientiatioa  which  gave  ^,  it  therefitfe  fbUoifi  .tM  oj 

arlMtnnry  function  of  these  variaMei  AouldbaintwddBaii 
the int^ratioD.  We, must  then  conddar  c,  not  M-av'^ 
Mtfary  constant,  but  an  aifaitraiyfunctiott  of  aUtltfvalMb^ 
except  iiranddr. 

(4M.)  If,  however,  the  function  u  contain  x  as  wdl  is  J^ 
the  equation  may  be  int^rated  as  a  diffiefeHtial  tqaa/tm 
between  x  and  at,  the  other  variaHes  hmag  comsdMl  il 
constants;  and  in  place  (rfan  arlntcary  ewistatit^  inftndwii^i 
in  the  int^ration  an  arbitrary  functkm  of  the  oidMr  n^ 
riahles. 

(485.)  The  most  general  partial  diffbreirtSal  mfuAm  d 
the  first  dqpree,  including  two  partial  differential  codlhagiit^ 
is  of  the  form 

vp  +  oq  =z  y  -  .  .  •  [1]. 

We  shall  consider  p  and  q  as  the  partial  difierential  09* 
efficients  of  z  with  respect  to  the  variations  of  x  and  ^,  */ 

^  dz  __  dz 

If  other  vaiiables  enter  the  functions  p,  o,  v,  bendes  jr,^t 
and  z,  they  are  to  be  treated  as  constants ;  and  in  place  of 
arbitrary  constants,  arbitrary  functions  of  these  othor  ta- 
riables  should  be  introduced  in  the  integral.  In  what  Mr 
lows,  we  shall  consider  the  equation  [1]  to  include  only  tk 
variables  .r,  y,  and  z. 

(4S60  By  the  definitions  of  partial  differentials  (9i}»  we 
have 

dz  =  pdx  +  qdy  ....  [2]. 

Eliminating  p  by  this  equation  and  [1],,  the  result  will  he 

Tdz  —  vdir  =  j(P(fy  -  adr)  ....  [8],  , 

This  equation  must  be  satisfied  independently  of  q,  since  in 
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the  proposed  equation  q  is  indeterminate.    The  integration 
proposed  may  be  reduced  to  two  cases : 

1^  When  vdz  —  vdr  does  not  contain  y,  nor  vdy  —  odlr, 
Zy  or  what  amounts  to  the  same,  where  these  variables  may 
be  disengaged  from  them. 

9P.  Where  one  or  both  of  these  quantities  contain  all 
three  variables  x,  y,  z,  ^ 

(447.)  1°.  If  the  quantity 

vdz  —  \dx 
do  not  contain  y^  it  either  is  an  exact  differential  of  a  func- 
tdon  of  j?9  Zf  or  may  be  rendered  so  by  a  factor.     Let  the 
&ctor  which  renders  it  exact  be  jx,  and  let  the  function  of 
which  it  is  a  differential  be  m,  -.* 

vdz  —  vdx  =  — . 

In  like  manner,  since 

Tdy  —  adx 

does  not  contain  z,  we  have 

,  _         dM' 

Fdy  —  Qoa?  =  -y. 

Hence  the  equation  [3]  becomes 

dM  =  ^dMl, 

This  is  only  integrable  when  ^  is  a  function  of  m'.     Let 

^(m')  =  -^^m',  and  let  the  integral  of  this  be  f(m'),  •/ 

M  =  f(m'), 
whore  9(9^  is  an  arbitrary  function  of  m'. 

Had  q  been  eliminated  by  [1]  and  [2]  mstead  of  p,  the 
result  would  have  been 

odz  —  ydy  ^^p{Qdx  —  pfl^), 
and  the  integration  would,  in  this  case,  depend  on  the  in- 
tegration of  the  formulae 
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Qjix  —  vdy. 
It  therefore  follows  in  general,  that  if  any  two  of  the  three 
equations 

Pcfe  —  vdx  =  0  V  •  •  •  •  [4], 

qdz  —  vdy  =  OJ 

be  integrated,  and  that  their  int^rals  be  m,  m',  each  of 
which  represent  functions  of  Xy  y,  2,  the  integral  of  [1] 
will  be 

M  =  F(m'), 

the  form  of  the  function  being  absolutely  arbitrary. 

(4^.)  We  have  supposed  that  each  of  these  formulas  [4] 
excludes  one  of  the  variables.     The  principles  we  have  just 
established  are,  however,  applicable,  even  if  any  two  of  the 
formulas  [4]  included  all  the  three  variables,  provided  that 
the  third  contained  only  the  two  variables  whose  differen- 
tials are  engaged  in  it.     For  this  being  integrated  as  a 
function  of  two  variables,  and  its  integral  being  m  =3  0, 
either  of  the  two  variables  may  be  eliminated  by  means  of 
this  integral;  and  either  of  the  other  two  formulae,  in- 
cluding the  three  variables,  by  which  a  formula  may  be  ob- 
tained, including  only  two  of  the  three  variables  and  their 
differentials,  whose  integral  m'  being  obtained,  the  integral 
of  [1]   will   be   M  =  f(m'j,  the  function  as   before  being 
arbitrary. 

(429.)  Even  if  the  three  equations  [4]  should  all  contain 
the  three  variables,  yet,  if  any  two  of  them,  and  therefore 
the  third  (since  they  are  not  independent),  be  satisfied  by 
the  equations  m  =  0  and  m'  =  0,  the  integral  of  [1]  will  be 
M  =  f(m')  as  before.  To  prove  this,  it  will  be  necessary  to 
show  that  the  differential  of  m  =  f(m')  satisfies  the  cou- 
ditions  [4]  independently  of  the  form  of  the  function. 
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Let  the  differential  of  the  equation  m-  :^  f(m')  be 

dM  =  F'(M')dM'. 

That  this  may  be  satisfied  independently  of  f'(m'),  the  form 
of  which  depends  on  that  of  f(m'),  it  ie  .necessary  that  the 
conditions 

dM  =  0,     dvi!  =  0, 
should  be  fulfilled.     Since  m  and  m'  are  functions  of  x^  y^  z, 
their  difierentials  must  be  of  the  form 

Ada?  +  ndy  +  cda;  =  0, 
A'da?  +  B'dy  +  ddz  =  0. 
If  the  equation  m  =  f(mO  be  difierenliated  with  respect 
to  z  and  x,  we  shall  have 

Ada:  -f  cdz  =  F'(M')(A'da:  +  c'dz); 
and  if  it  be  differentiated  with  respect  to  z  and  y, 

Bdy  +  cdz  =  f'(m')(b'(^  +  ddz). 

Substituting  for  -r-  and  -r-  their  values  p  and  q,  we  find 

[c  -  d^(M!)]p  H-  A  -  aV(m')  =  0, 
[c  —  c'f'(m')]  gf  +  b  -  b'f'(m^  =  0. 
Deducing  hence  the  values  of  jp  and  q,  and  substituting 
them  in  [1],  we  find 

AP  +  Ba  +  cv  =  f'(m')(a'p  +  B'a  -f  cV). 
Substituting  in  the  values  of  dM,  dn',  the  values  of  dx,  dy, 
obtidned  from  [4]^  and  taking  out  the  common  factor  dzy 
we  find 

AP  +  BQ  +  cv  s=  0  )  ^ 

a'p  H-  b'q  +  c'v  =  0  $   *  '  *  *  ■•  J' 

Hence  the  above  equation  is  satisfied  independently  of  the 
form,  of  f^(m').  It  follows,  therefore,  that  unless-  die  dif- 
ferentials of  M  and  m'  combined  with  [4<]  satisfy  the  con- 
ditions [6],  the  equation  m  =  f(m')  cannot  be  the  integral 
of  the  proposed  equation. 

It  is  obvious  that  m  =  a  and  m'  =  i  are  particular  in- 
tegrals, a  and  b  being  arbitrary  constants,  for  f(m')  may  be 


t 

conaidered  ciwtinty  and  %'  the  <qMtfan  ii  »  f(W)  beceiw^ 
inthispart&nilarcaae^M  =b  0;  or  Y~^(ii)*  may  be  constant; 
in  wBidi  ete  die  6q(aatiiift  bsoomes  a/  tak 
(4800  If  ▼  aa  0,  the  equatiod  [1]  beeomes 

and  the  equaikms  [4]  beemne 

Henoe  «  =  m,  and  there  can  be  only  tmo-  variaUes  in  the 
first,  the  integral  of  which  being  m',.  the  complete  integnd 
will  be  X  ai  F(H^. 

For  example,  let  the  i»opoeed  eqttatifMif  be  jpor  ss  ^^  v 
scdf  '^}fds  =s  0^  V  jr »  Ajf,  anda  s>  y(x)»  v^ s  K')* ^ 

or  X  ss/r^V  which  is  the  general  equalnon  of  conial 

smfiMies. 

MfH  •=.  jpr,  •••  p  =  y,  Q  ^  —  iif,  ••• 

*••  ^  +   a?«  =  m', 

which  is  the  general  equation  of  surfaces  of  revolution  round 
the  axis  of  x. 

Let  q  =ivp,r  not  containing  z.    The  integral  is 
z  =  p(m'),    rf  -fT(dr  4-  PifX 
T  bdng  the  factor  which  renders  the  proposed  equation  in- 
t^grable. 

If  two  of  the  equations  [8]  contain  but  two  of  the  three 
variables!  the  intc^gratiiHi  presents  no  difficulty.  For  ex* 
ample,  let  the  proposed  equation  hepsc  +  qjf  ssuz.  Hence 

adx  s  uzdx, 
xdjf  =  ydxy 


*  F-^^H^)  mecms  a  quantity  » ,  such,  that  B(fi)  s  m. 
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Z    __ 


This  result,  applicable  to  homogeneous  functions,  has  been 
already  obtained  in  (3^0- 

(431.)  Ex.  1.  Let  the  proposed  equation  be 

px^  +  qt/^  =  z", 

1        1    _  11 

z      w  y      ^ 

or =  Fl ^  ). 

zx        \  yx  / 

Ex.  S.  Let  the  proposed  equation  be  j  =  xp  +  v,  where 
X  and  V  are  functions  of  x  only.     Hence 

iidz  +  \dx  =  0^ 
xi^  4-  (2a?  =  0, 

Ex.  3.  Let  the  proposed  equation  be 

•••  x'^z  -l-yda  »:  0,    afichf  +  arydar  ar  0.' 

Ill  this  case^  one  of  the  equations  [4]  raclodeft  but  two 

variables.    This  being  integrated,  gives  ay  sx  u/^    Sub- 

il'  . 

stituting  in  the  first  —  for  y,  it  becomes 

j^d»  +  yl^dx  ^  0^ 
which  being  integrated,  gives 

z  =  ^^ar*  -f  M. 
Substituting  xy  for  M^,  and^F(jry)  for  m,  we  find,  for  the 
integral  sought, 

3za:  =  J/*^  +  3jrF(a?y). 
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Let  the  equation  be  


•/  sdz  =  nV«*+y  di^    «%  -  yAr  =  0. 
The  latter  being  int^pratedy  gives 

by  whicfay  being  eliminated^  the  former  beoonies 

••• «  —  furv'l  4-  m'*  =  M, 
Hence 

»  =  «•«• +  y*  +  »(f)- 

(ISS.)  2^.  In  general,  wben  each  of  the  equatioiui  [4] 
oontuns  all  the  variables,  they  cannot  be  integrated  seps- 
rately,  because  we  cannot  suppose  two  of  the  variaUes  to 
change^  while  the  third  remains  constant  Various  analyiicii 
artifices  have  been  suggested  for  obtaining  the  intqfnl  is 
these  cases. 
By  integration  by  parts,  the  equation 

dz  =  pdx  +  q^^ 
may  assume  any  of  the  three  following  forms : 

^  =  jP^  ^rf(qdif  -  xdp), 
^  =  ay  +/Cp^  -  ydjr), 
z  =  px  -{■  gy  -f{xdp  +ydq). 
It  frequently  happens  that  we  can  obtain  the  sought 
integral  by  substituting  the  value  of  p  or  q  derived  fran 
the  proposed  equation  [1]  in  any  of  the  preceding. 

'For  example,  i£  p  be  a  function  of;,  so  thatp  =  q,  the 
last  of  the  preceding  equations  becomes 

z=^  Qz  +  gy  S{xq!  +y)dq, 

where  q'  =  -3—.    Hence 
dg 

ara'  +  y  =  F'(g), 

\'  z  =  (^  +  qy  -  ¥{q), 

where  the  function  f  is  arbitrary.     The  integral  for  par- 
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ticular  forms  of  the  function  T{q)  may  be  found  from  these 
equations  by  eliminating  q. 

(433.)  The  integration  of  partial  differential  equations  of 
the  first  order  is  sometimes  efiected  by  the  following  process. 
Let  the  given  difierential  equation  be 

F'ixyzpq)  =  0. 
Let  this  be  solved  for  either  of  the  partial  differential 
coefficients  (p\  and  let  the  value  o(p,  thus  determined,  be 
substituted  in 

dz  =  pcLv  +  qdyy 
by  which  we  obtain  an  equation  of  the  form 

dz  =^f{xyzq).da!  +  qdy. 
Let  6  be  such  a  function  of  q^  as  being  considered  constant, 
this  equation  will  become  an  exact  difierential ;  and  let  its 
integral  be 

•  u  =  F'(a[y«9)  =  c, 
c  bdng  an  arbitrary  constant  This  equation  bdng  dif- 
ferentiated, 6  being  considered  constant,  ought  to  reproduce 
the  differential  equation  from  which  it  was  obtained ;  and  it 
should  also  reproduce  it,  if  0  being  conadered  variable  in 
the  first  member,  c  were  such  a  function  of  9  as  would  fulfil 
the  condition 

du  dc 

J 

For  differenjtiating,  as  if  0  and  c  were  both  constant,  we 
should  get 

du  .     ,    du  ,     ^    du  ^ 

and  differentiating,  considering  9  variable,  and  c  a  function 
of  0,  we  should  obtain 

du  .         du  ^     ,    du  ,         du  ,.       dc  ,. 

tn  order  that  this  and  the  former  may  be  identical,  we 
must  therefore  have 
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Htsocep  if  by  takug  (  as  ooostant,  tlie  equtttkm.beebnes 
«a  exapt  diffmntialt  we  obtam  by  inu^giataan  aa  aqiialioa 
of  the  foami 

u  3=  F(jry*J)  «/(•), 
tbaftwlkm  I  bduig  restricted  by  the  ocmdkkm 

These  two  equatibns  will  satisfy  the  proposed  equatioo^  die 
funcdon /(I)  being  arbitrary.  If  this  fiinetioii  be  detop- 
imned,  the  diinination  of  i  by  the  two  equatkos  will  gve  the 
integral  df  the  ppppoasd  eqiuitidii. 

As  w  acavple  of  the  ai^plioatioii  of  thii 
ptopoeed  equation  be  2  a  ^.    Substituting  in 

the  ?al«ieof/)  derived  jbpm  the  proposed  equatioiPb 

dz  =  —dx  4-  qAf, 


adx — xdx 


This  will  be  an  exact  differential,  if  6  =  ;  —  x  and  i  be 
ccHisadered  as  constant,  *.* 

z      _  df(6) 

These  two  equations  conjointly  represent  the  integral  of 

«  =  «?• 

(464.)  The  integration  of  partial  differential  equations 

of  the  first;  carder  is  often  effected  by  the  introduction  of 

an  indeterminate  quantity.     Let  the  proposed  equation  be 
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f{px)  =  F(y^).  Let/(par)  =  w,  •/  PCyy)  =  w.  Deducing 
from  these  the  values  ofp  and  9,  we  obtmn  equations  of  the 
forms 

p  =  f{xuj),    q  =  p'Cya;), 
•.•  di  =y'(47ci;)  .  da?  +  v^{yw)c^. 
Let  the  integral  oif\xw)dXi  integrated  with  respect  to  x 
be  P;  and  that  of  ^\y(jn)dyj  integrated  with  respect  to  ^  be 
a.    Hence,  considering  that  p  and  a  must  be  also  functions 
of  the  indeterminate  a;,  we  have 

f{x,  uj)dx  =  -^dx  =  dp  -  -^dw, 

do,  dot 

F'(y,  uj)dy  =  -^dy  =  dft  -  -^dw. 

Henee  we  find 

duf  =  dp  +  da  —  f -T-  +  'Trf'^' 

This  equation  can  only  be  an  exact  differential  when  the 
quantity  within  the  parentheses  is  a  function  of  w^  i.  e. 

dr       da         , 

■5;  +  -g^  =  «'(-). 

thw»  the  combination  of  equattons 

dp       da 

^(^>  =  -&;+*?' 

where  ^ut)  is  an  arbitrary  (unction,  represent  the  integral 
of  the  {NToposed  equation. 

As  an  example  of  this  pvaoess^  let  the  proposed  equation 
bno^Pjpa  j?y .    Heace 

op  __  y^ 

x^        aq^ 
a?*  ^     aq 
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•  •  •  •. 

T     . ..  -  .   '  H    -  •  €lftl   • 

Hence  the  integrai  is  represented  bjr  the  equations 

(485.)  If  the  propoeed  equation  of  the  fonn 

be  homogeneous  with  respect  to  the  diree  TariaUe^  kt 
^  x=^tz  Bodjf  =s  ux*  The  quantities  p,  q^  y,  e?idciili]r » 
sume  the  fonns  p';e*,  q!z\  y^x\  n  being  the  'aum  eC.4fe 
dimensians  of  the  Tariables  in  eadi  term  ci  the  pKopaRil 
equation.    Henod  the  three  equatbns  [4r]  (4S7.)t  faeooms 

(p' -  v'Qcfa  =  jrr'A, 
(rf  —  y'tf)dx=  xsi^du, 
•••  (p'  -  ^V)di«  =  (rf  —  inr^&. 
The  last  being  integrated  as  an  equation  between  the 
variables  t  and  u,  will  enable  us  to  eliminate  either  totu 
from  one  of  the  preceding  equations,  which  may  then  be  in- 
tegrated.   This  bding  effected,  and  u  and  i  finally  eliminated 
by  0?  =  tzaxidy  =  uz,  we  shall  obtain  the  sought  integral 
As  an  example  of  this  process,  let  the  ^ven  equation  be 

pwz  +  gyz  =  ^, 
•••  (1  -  t^)dz  =  ztdt, 
u(l  —  t^)dz  =  «^, 

•.•  udt  =  ^fo,    %•  *  =  MU,    «Vl  —  *•  =  m', 
•••  z  =  My,     V2*  —  fl?^  =  rf,  '.•  2«  =  a?*  4-  ^  — }• 
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/ 


SECTION  XXXII. 

Of  the  integration  of 'partial  differential  equations  qftJie 

higher  orders, 

(436.)  A  partial  differential  equation  of  the  nth  order,  in 
'j&  most  general  form,  should  include,  besides  the  ori^nal 
unction  and  independent  variables,  all  the  partial  differential 
oefficients  from  those  of  the  first  to  those  of  the  nth  order 
iclusive.  It  is  not  consistent' with  the  objects  of  this  work 
>  enter  at  length  into  the  subject  of  partial  differential 
quations.  We  shall,  therefore,  in  the  present  section, 
onfine  ourselves  chiefly  to  differential  equations  of  the 
3cond  order  between  three  variables,  first,  however,  stating 
Dme  cases  of  equations  of  the  higher  orders  which  admit  of 
sduction. 

(437.)  1^.  Equations  between  three  variables  of  the 
>rm 

^y^y'df'    dxdy^^"'d^^\^^ 

'  d'^z 

lay  be  reduced  to  the  mth  order  by  putting  v  =  -^"V'  ^^^ 

1  this  case  they  become 

dv     d^v  d^v  1  \_  ^ 


F^^,i^,  t'. 


•  •  •  . 


'  dx'  dx^'  darS 
lince  all  the  differential  coefficients  which  enter  this  equa- 
Lon  relate  to  the  variation  of  J7,  of  which  v  is  a  function,  it 
aay  be  integrated  as  an  equation  between  two  variables 
',  Xj  the  variable  y  being  treated  as  a  constant,  and  intro- 
lucing  m  arbitrary  functions  of  ^  in  the  integration  in  place 

£  E 
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of  the  m  arlntrary  constants.  The  quantity  v  being  ob- 
tained  by  this  process  as  a  function  of  w  and  y,  the  final  b* 

tegral  wm  be  obtained  by  integrating  5j^=..  In  this !«. 

integration,  jt  being  taken  as  constant,  it  will  be  neoeasaiy 
to  introduce  n  arHtrary  functions  of  x.  Thus  the  complete 
integral  will  include  m  arbitrary  functions  of y,  and  n  aiti- 
trary  functions  of  a* 

(438.)  9P.  Equations  of  thfe  nth  order,  which  include  partial 
differential  coefficients  with  respect  to  one  variable  oqly,  waj 
be  treated  as  differential  equations  between  two  vaiiablesb 
sdl.  the  function  and  the  variable  with  respect  to  which.the 
differentials  are  taken.  In-  this  case,  however,  in  jdaoe 
of  introdudng  arbitrary  constants,  it  will  be  neoessaryto 
introdyce  arbitrary  functions,  of  the  remaining  variables. 
Under  this  case  come  the  two  follcvmig  forms  of  equations 
of  three  variables :  * 

The  equations 

where  p  and  a  contain  no  variables,  except  x  and  y,  also 
come  under  this  class.  For  let  -r-^  =  v,  •/  the  former  be- 
comes 

d'^v 

^  +  rf  =  a. 

And  by  a  similar  substitution,  the  latter  assumes  the  form 

d"v 

h  pt?  =  a. 
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If  771  =  1,  the  former  equation  will  become 

dv 

^  +  pt;  =  «, 

which  is  of  the  first  order  with  respect  to  v  and  y,  and  may 
be  integrated  according  to  the  rules  already  given,  sup- 
plying an  arbitrary  function  of  x  in  place  of  the  constant. 

(439.)  Before  we  proceed  to  consider  more  general 
equations,  we  shall  illustrate  the  preceding  cases  by  some 
examples. 

£x.  1.  Let  the  proposed  equation  be 

d'^z  _    dz 

where  p  and  q  are  functions  of  op,  y,  and  z.     Let  ^-=p,  •.• 

dp 

•.•  dp  =i  vpdx  +  Qdr. 
If  u  =^JvdXj  the  integral  of  this  equation  is  (314.), 

dz 

—  =  e-[f(r*Q^  ^f{y)l 

f{y)  replacing  the  arbitrary  constant. 

Integrating  this  again,  we  obtain  the  sought  integral,  in- 
troducing another  arbitrary  function  o(y, 
Ex.  2.  Let  the  proposed  equation  be 

d^z  dz  ^    . 

^  =  ^'  ••'  ^  =>^  +-^<y>' 
•••  z  =fdx:f(^dx  +  xf(y)  +f\y)j 
/(y)  andy(^)  being  arbitrary  functions  of  y. 
Ex.  3.  Let  the  equation  be 


•  • 


dz 

> 

dy 

xy^ 

1 

+/(^), 

'.'  z  = 

xy^ 
"  6a 

+  5«/(-r)  +/'(*) 

EE  S 

400  .THE  IMTEGBAL  CAIXULUS.  BCT.XZiaJ 

Ex.  4.  Let  the  proposed  equation  be 

dxdif ""    • 
x  being  a  function  of  w^  jfy  z.    First  integrating  with  m 
spect  to  jc^  we  obtain 

And  int^rating  with,  respect  to  x^  we  find 

z  ^/d3(/kA,  +fAx)dx  +fQf\ 
jXx)  andy(^)  being  arbitrary  functions. 
Ex.  &  Let  the  proposed  equation  be 

where  f(^X  ^(^)>  ai^  arbitrary  functions. 

Ex.  6.  Let  the  proposed  equation  be 

dfiz     __^     dx 

dxdy  ""     dx         * 

dz 
M  and  N  bdng  functicHis  of  x  and  y.    Let  -j-  =s  p,  %* 

<^ 

^  =  m;;  +  N. 

,  Integrating  this  by  (314.)^  we  find 

p  =  ^[f(x)  +fe'^Ndi/]. 

Integrating  this  with  respect  to  x,  we  find 

z  ^fie^dxfe-^^dy)  +/^F(x)(?a?  +  F'(y), 
where  y(x\  f'(^),  are  arbitrary  functions. 
Ex.  7.  Let  the  proposed  equation  be 

dH  ,   dz 

•••  ^  =  -  (rife  +  ^^(^)' 
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avbw 

(440.)  We  shall  now  proceed  to  consider  the  method 
of  integrating  partial  differential  equations  of  the  second 
order  and  £rst  degree.  The  most  general  equation  of  this 
kind  is 

d^z  d^z  d^z     __ 

d^^  +  iMy^  "*■  ^^  ""  ^' 
where  R,  s,  t,  v,  are  given  functions  of  J7,  y,  Zy  and  the 
partial  differential  coefficients  of  the  first  order. 
Let 

dz  dz 

d^z  ^        d^z    _        d^z  ^, 
dr»  ■"  ^'    d^  '^^'    W  ^' 
•,•  dp  =  rdx  +  5dy,     dy  =  sdx  -f  ^fl^. 

By  the  last  two  equations,  and  the  general  equation 

rR  +  *s  +  ^T  =  V, 
any  two  of  the  three  differential  coefficients  r^  Sy  t,  may  be 
eliminated;  the  third  will,  however,  still  remain  indeter^ 
minate.     If  r  and  t  be  eliminated,  the  result  will  be 

-Rdpdy  +  idqdx  —  ydxdy  =  ^(Rdy*  —  ^dxdy  +  Tda?'). 
This  is  simplified  by  putting 

dy  =  mdxy 
•/  dz  =  pdx  +  ijmdxy 
by  which  substitution,  it  becomes 

Timdp  +  Tdg  —  vmdx  =  *(Rm*  —  sm  +  t)  •  •  •  •  [!]• 
Since  the  quantity  s  must  remain  absolutely  indeterminate' 
the  integral  sought  must  satisfy  the  conditions 

Rm*  —  sw  +  T  =  0      •     •     •     •    f  2], 

-BLfndp  4-  Tdjr  —  ymdx  =  0   •     •     •     [8]. 

If  M  =  «,  m'  =  a',  be  two  equations  which  satisfy  these 

conditions  [2],  [3],  m,  m',  being  functions  of  Xy  jfy  Zy  p,  and 

qy  and  a,  e/y  being  arbitrary  constasts,  then  the  equation 
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M  =  f(m') [4], 

in  which  the  form  of  the  function  is  arbitrary,  will  be  the 
first  integral  of  the  proposed  equation.  To  prove  this,  it 
will  only  be  necessary  to  show  that  the  differential  irf  [4] 
will  always  be  satisfied  by  the  conditions  [2]  and  [S],  inde- 
pendently  of  the  form  of  the  function  f(m'). 
Let  the  differential  of  [4]  be 

f'(m')  being  the  differential  coeflicient  of  f(m')  with  respect 
to  the  variation  of  m'.  Since  m,  m*,  are  functions  of  the 
three  variables,  and  the  two  first  differential  coefficients,  the 
total  differentials  dM,  Jm',  have  the  forms 

dM  =  Adx  +  Bdfy  +  cdz  +  jydp  +  Edj, 
dw'  =  A^dq;  +  B^dy  +  ddz  -f  vidp  +  E'dg, 

which,  by  the  substitutions  of  mdx  for  dy^  and  pdx  +  qmk 
for  dz,  become 

dM  =  (a  4-  Bm  +  cp  +  cqm)da:  +  ^dp  +  Edy, 
Jm'  =  (a'  +  b'w  -f  c[p  +  dqm)da:  +  jJdp  +  E'dy. 

Substituting  in  these  the  value  of  dq^  derived  from  [3],  they 

become 

-  ,  EV  DT  — ERW  , 

dM  =  (a  +  Biw  -I-  c/>  -I-  cg'W  +  — mjaa;-] dp, 

If,,       f         t     ,    f          ^'^    ^j     ,  d't  — E'Rm, 
dM'  =  (a'  +  Bhn  +  c'p  +  c'g'm  H m)ax  -\ dp. 

Since  by  hypothesis  the  functions  m,  m',  are  constant,  these 
differentials  must  each  =  0 ;  and  since  dr  and  dp  are  in- 
determinate, these  conditions  must  be  satisfied  by  their 
coefficients.  Hence  we  obtain  the  four  equations  of  con- 
dition, 

t(a  +  B7n  +  cp  -I-  cqm)  +  evtti  =  0, 
t(a'  +  B'm  +  dp  +  dqm)  +  e'v?»  =  0, 
DT  ■—  ERm  =  0, 
d't  —  e'rw  =  0. 
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The  four  quantities  a,  a',  d,  d',  being  eliminated  by  these 

conditions,  and  the  equation 

Ajda:  +  Bdj/+cdz+j)dp+^dq==:ie^{}s)[A^dx+B'di/+ddz  + 

B'dp+Eldq]^ 
the  result,  after  substituting  pdx  +  qdy  for  dz^  will  be 

E 

(b  +  cq){dy  —  mdx)  H —  (janndp  +  Tdq  —  vmdx)  = 

e' 
f'(m')[(b'  +  dqXdy  —  wiAr)  H (amdp  +  Trfgr  —  vmdr)], 

•••  RTTidp  +  Tdq  —  vwdb  =  w(d^  —  mda:), 
where 

B  +  cy— f'(m')(b'+c'3') 
a;= J . 

^[e-f'(m')e'] 

Substituting  rdx  +  ^^^  for  dp,  and  ^dr  +  ^dy  for  dy, 
we  shall  obtain  an  equation  between  the  independent  dif- 
ferentials da?,  dy,  which  being  fulfilled  independently  of 
them,  will  give  the  equations 

nmr  +  t*  —  vm  =  —  oum, 
Rms  +  T^  =  w. 
Eliminating  co  by  these  equations,  we  obtain 

Rmr  +  Rm^s  +  t*  +  Tmt  —  Ym  =  0. 
But  by  the  equation  [2] 

Rm^  =  sm  —  T. 
Hence  we  obtain 

m{Rr  +  S5  +  T<  —  v)  =  0, 
•.•  Rr  +  S5  +  T«  —  V  =  0, 
which  is  the  proposed  equation. 

(441.)  Hence  we  conclude  in  general^  that  if  the  proposed 
partial  differential  equation  have  the  form 

Rr  +  S5  +  T^— 'V  =  0; 
and  that  either  value  of  m  deduced  firom 

RW*  —  sw  +  T  =  0 
bding  substituted  in  the  equations 


4M  THX  IKTJBOEAL  CALCULUS.  SACT*  XXXSh 

dgf  —  mdx  a  0, 

Kmdp  +  Tdq  —  TUMb  =  0; 

these  equfttioiis  are  iatiiififld  by  the  diffiecentialf  of  At 

equations 

M  ss  a,    u'  =  & 

M  and  m'  bdng  functions  of  x,  y,  z,  p,  g,  the  first  integnlflf 

the  proposed  equation  is 

M  =  f(m09 
the  form  of  the  function  bdng  perfectly' arintraiy. 
Since  there  are  but  three  equations,  viz.  > 

ify  ^  mdw  =  0, 
umdp  +  rdq'-  rnUbc  =  0, 
dz  =B  pdx  +  qdy, 
between  the  fiVe  Yariidbles  w,  y,  z^  p,  q,  the  elimination  cl 
two  will  give  a  differential  equation  between  the  renuumng 
three ;  thb,  therefore,  may  not  fulfil  the  criterion  of  integn- 
bility  (S84.)9  and  the  equation,  in  that  case,  cannot  have  t 
single  equation  for  its  integral  (418.). 

(442.)  The  following  examples  will  serve  as  illustratiCHm 
of  these  geperal  principles. 

Ex.  1.  To  integrate  the  equation 

q^r  —  9pq8  +  pH  =  0. 
In  this  case, 

K  =  j%     s  =  —  2pg,     T  =  />*,     v  =  0. 
Hence  the  equation  [2]  becomes 

q^m^  +  2pqm  -f  p*  =  0, 
•.•  qm  ■{■  p  =z  0. 
Eliminating  97?  from  the  equations  ch/  —  mdx  2=  0  and  [3], 
we  olbtain 

P^  +  ?^y  ^=  O9    gdp  —  pdq  =  0. 
Integrating  the  latter,  we  find  p  =  bq,b  being  an  arintraiy 
constant.     The  former  ^ves  dz  =  0,  •.•  »  =  a ;  where  a  is 
also  an  arbitrary  constant.     Hence  the  functicms  m  and  v! 

are  in  this  case  —  and  z,  and  therefore  the  first  integral  of 
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the  proposed  equation  is 

P  =  ?F(5:), 
where  the  form  of  the  function  is  arbitrary.     In  .order  to 
arrive  at  the  primitive  equation,  it  will  be  necessary  to  in- 
tegrate this  equation.     To  effect  this,  it  must  be  observed, 
that 

P 
w  =  —  ~,  •••  dy  =  --  F(z)dWf 

which  being  integrated,  gives 

y  +  xF{z)  =  f'(»), 
which  is  the  primitive  equation. 

Ex.  S.  Let  the  equation  to  be  integrated  be 

a/^r  +  ^t/s  +  yH  =  0. 
Hence  e  =  j?*,  s  =  %cy^  t  =  j/',  \'  mx  ^  y  =i  0,  and  the 
equations  dy  —  mdx  =  0,  and  [3],  become,  in  this  case, 

ydx  —  wdy  =  0, 
xdp  \-  ydq  =  0. 
The  former  being  integrated,  ^ves 

y  =  ax\ 
and  eliminating  y  from  the  second,  we  find 

dp  +  adq  =  0, 

'-*  i>  +  «J  =6. 
Hence  the  equation  M  =  f(m')  becomes 


px  +  qy 


--(0 


This  being  treated  by  the  methods  for  partial  differential 
equations  of  the  first  order,  we  have 

dz  =  'E{a)dXf 
•.•  z  =  xF{a)  +  F'Ca). 

y 

But  since  a  =  -^,  ••• 


X 

z 


= Kf )  -  <0 


(443.)  If  the  coefficients  of  r,  s,  tj  in  the  equation 

Er  +  s*  +  T^  =  V 


4S6  THE  INTE6BAL  CALCULUS.  SECT.  XXXH. 

be  all  constant,  and  the  quantity  v  be  a  function  of  the  inde- 
pendent variables  alone,  the  equation  [^]  becomes  a  nu- 
merical equation,  the  roots  of  which  are  therefore  constant. 
Let  these  roots  be  tw',  m";  which,  being  substituted  in 
dx/  —  mdx  =  0  and  [3"|,  and  the  results  respectively  in- 
tegrated, give  the  two  systems  of  equations 

y  —  m'x  =  o  7 

Rmlp  -\-  Tq  —  rnl/ydx  =63 

y  —  fnl'x  =  a!  ^ 

Rm"p  +  Tj  —  ml'Jvdv  =  6^5' 

in  which  v  may  be  considered  as  a  function  of  x  alone, 
since  it  may  be  rendered  so  by  substituting  m'jp  or  m"x  for^. 
Hence  we  have  the  two  first  integrals 

Rfn'p  +  Tj  —  vfijvdx  =  f(^  —  wlx)^ 

B,fn"p  +  Tj  —  m'l/Ydx  =  ¥^(j/  —  m"x) . 

By  integrating  either  of  these  equations,  we  shall  obtain  the 

primitive  integral  of  the  proposed  equation.     If  the  former 

be  solved  for  /?,  we  find 

T  fwdx       1    ,  , 

T 

But  since  by  the  equation  [2]  mW  =  — ,  this  becomes 

It 

,,        fydx       1  ,  ^ 

p  =  —  rnJ^q  + 1 f(^  -  mx). 

R  It 

Substituting  this  value  of  p  in  the  equation 

dz  =  pdx  +  gdy, 
we  obtain 

-Rdz  —  dxjydx  —  dx'Eiy  —  rnlx)  =  Rq{dy  —  m^^dx). 
The  equations  therefore  to  be  integrated  are 

dy  —  nJ^dx  =  0, 
B.dz  —  dxjvdx  —  dxF(y  —  m'x)  =  0. 
The  former  gives  y  — •  m"^  =  a',  and  the  latter  becomes 
Rz  — fdxfsdx  ^jdxF^y  —  ttJx)  =  b. 
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In  efiPecting  the  integrations  indicated  in  this  equation,  the 
following  circumstances  should  be  attended  to. 

P.  In  determining  yVda?,  y  should  be  replaced  in  vby 
vfiuD  -f  a ;  and  after  the  integration  of  vda?  has  been  effected, 
a  should  be  replaced  by  ^  —  rrix.  Then  before  effecting 
the  integration  of  dxfsAx^  y  should  be  replaced  mjvdx  by 
rri^x  +  fl'»  suid  after  the  integration  has  been  effected, 
y  —  rri^x  should  be  substituted  for  d. 

2^.  Before  the  integration  of  dx^{y  —  mla:)^  tri^x  +  d 
should  be  substituted  for  y ;  and  after  the  integration  has 
been  effected,  y  —  rri^x  should  be  substituted  for  d. 

3P,  The  constant  b  is  an  arbitrary  function  of  y  —  m"x. 

Hence  the  complete  integral  has  the  form 

Rz  zsLfdxfsdx  +  F(y  —  iirix)  +  F'(y  —  7i(i^x\ 
where  the  functions  f,  f',  are  arbitrary. 

(444.)  The  following  examples  will  illustrate  the  pre- 
ceding formulae. 

Ex.  1.  Let  the  equation  be 

k 
r  —  5  —  2^  =  — . 

y 

Hence  tw*  +  m  =  2,  •.•  rd  =  I,   w"  =  —  2,  •.•  j/  =  a'  +  a, 

3^  =  —  ar  +  a',  •.' 

kdx 
fvdx  =fj^^  =  fcl(^  +  ^)  =  %, 

fdxfsdx  -zufkdxly  '=.fkdxl{d  —  Sa?). 

This  becomes,  after  substituting  9,x  -\-  y  for  a', 

fdxfsdx  =.  —  kx  —  kyl»/y^ 

V  z  +  A;(^  +  ylsfy)  =  f(j^  —  a?)  +  ^(y  +  ac). 
Ex.  2.  Let  the  equation  be  r  —  ^^  =  0,  %• 

d^z  _     dH 


dx^  dy^' 

This  equation  is  remarkable,  being  that  of  vibrating  chords. 
In  this  case  R  =  1,  s  =:  v  =  0,  arid  t  =  —  6*.    Hence 
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(44£.)  The  mXBgnSiaa  of  pordal  diflferential  eqaadflM 
of  the  secxnid  order  is  tometiines  effected  by  a  pnoeNi 
nmilar  to  that  used  m  (4SS.),  scil*  by  the  mtroductioii  of  an 
indetenninate  functioii  9. 

The  equaoon  c^  developable  surfaces  rt  =  j^^  givei 

s       t         • 

•.• « =  rt, 

r  =  *9, 

This  equation  is  ooly  integrable  when  0  is  a  fiinctioa  of  j^ 
and  in  that  case  the  first  integral  is  p  s  ^C?)*  The 
equation 

d!s  =  pdx  +  gdy 
becomes 

dz  ^  dx  v(q)  +  .;d^, 
*  Integrating  this  by  the  method  in  (433.),  we  find,  con- 
sidering q  constant, 

where  y(y),  y(y),  are  the  difiPerential  coeffidents  of  the 
functions  f(j),  F'(y). 


SECTION  XXXIII. 

Of  the  integration  of  partial  differential  equations  by 

series, 

(446.)  By  the  theorem  of  Taylor,  we  are  enabled  to  in* 
t^rate  partial  diiFerential  equations  in  se]:ies  by  a  method 
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similar  to  that  explained  in  Section  VI.  Let  x  and  y  be 
the  independent  variables,  and  z  the  dependant  variable  in  a 
differential  equation  between  two  variables.     Let 


be  what 


dx^   dx^  '  '  '  '  dx* 


dz      d^z  d^z 

^'     dF'    d^  '  '  '  '  d^ 


become  when  a?  =  0,  and  which  are  therefore  functions  of 
y^  and  the  constants  which  enter  z.  Hence  by  Maclaurin's 
series, 

dz  X      d*z     X*      d^z       sfi 

If  it  happen  that  any  coefficient  when  a;  =  0  become  in- 
finite, the  series  may  be  obtained  by  substituting  a?  +  a  for 
X  in  the  function,  and  developing  by  the  powers  of  jr« 

(447.)  If  the  given  partial  differential  equation  be  of  the 
first  order,  let  it  be  solved  for  either  of  the  partial  differen- 
tial coefficients,  so  that  it  will  assume  the  form 

dz         /  dz\ 

This  being  differentiated  successively  with  respect  to  a?,  and 
X  being  supposed  =  0  in  the  several  coefficients,  all  the  co- 
efficients of  the  series  [1]  will  be  determined  as  functions  of 
the  first  term  z,  which  is  an  arbitrary  function  of  y.  Thus 
the  series  in  this  case  will  include  one  arbitrary  function 
ofy. 

If  the  proposed  differential  equation  be  of  the  second 
order,  let  it  be 

d^z  _    (dS^z       d'z       dz^     dz  \ 

1^"^^'  dMf  1^'  'd^'^'y} 

It  is  plain  that  all  the  quantities  which  are  included  in 
the  parenthesis  depend  on,  and  can  be  derived  from  the 


yalues  of  is  and  -rr-y  by  making  <r  =  0  after  the  operatkms 

indicated  by  the  diffisrant  symbols  have  been  cflbisteJ,  ai 
the  subsequent  coefficients  of  the  series  [1]  may  be  ob- 
tained by  oontiAied   diJSerentiatson.     The  quantities  i^ 

rig 
-^^  are  in  this  case  arbitrary  functions  of  y,  and  th»^ve 

the  complete  integral  of  a  partial  differential  equation  of  the 
second  order  requires  the  introduction  of  two  arfakqarj 
functions. 

By  continuing  this  process,  we  find,  in  general,  that  t 
partial  differential  ejq[uation  of  the  nth  order  requires  in  its 
dani|dete  int€^!al  as  many  arbitrary  functions  as  there  aie 
units  in  n  the  exponent  of  its  order. 

(4i4S.)  As  an  example  of  integration  by  .series,  let  the 
proposted  equation  of  the  second  order  be 

S*  ^     %»• 
By  successive  differentiation,  we  find 

d^z  d^z  \dxj 

dar^  dxdjf^  dy^    ' 

,^z 


d^  ""     dxHt/^  ""  ^*"^  ""     i^* 

je^z 

d^z   __        d'^z  dr*  _ 

da^  ""  ^  dx^dy^  ""  ^    <^«  ""  ^      5j/^ 


These   several    quantities   depend   only    upon    the  co- 
efiicients 

dz      d^z 
li'    d^* 
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Let  F(y)  be  what  z  becomes  when  or  =  0,  and  f''(^) 
be  the  corresponding  value  of^^?  and  let /(^)  be  what 

-T~'becomes  when  a;  =  0.     Hence  we  find  t 
ax 

« 

In  this  case  the  functions  f(j/),  y(y),  are  both  arbitrary, 
but  the  succeeding  coefiicients  may  be  derived  from  them. 

The  equation  proposed  may  be  integrated  in  finite  terms 
by  the  rules  established  in  the  last  section,  and  its  integral 
will  be 

z  =  F(y  +  ex)  +/(3/  —  ex). 

By  developing  each  of  these  functions,  and  adding  the 
results,  we  shall  obtain  the  series  already  found  for  z. 

(449.)  Integrals  of  partial  difierential  equations  may  fre- 
quently be  obtained  in  series  by  the  method  of  indeter- 
minate coeflBcients.  This  method,  used  by  Lagrange  in 
his  Mecanique  Analytique^  consists  in  assuming  a  series  for 
z  in  powers  of  x^  as 

2?  =  Y  +  Y'a:  -I-  yV  -f  Y^^^x^ [2], 

which  being  successively  differentiated^  gives  values  for  the 
several  differential  coefficients.  These  being  substituted  in 
the  proposed  equation,  and  the  coefficients  of  the  same 
dimensions  of  x  being  equated,  the  successive  coefficients  of 
the  above  development  will  be  determined.  An  example 
will  illustrate  this.     Let  the  proposed  equation  be 

d^z       dz 
dx^       dy ' 

By  differentiating  [2]  twice  for  x^  and  once  for  j/,  we 
obtain 
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oir* 

dz  ^  dY       dy'  dy" 

dy  '^  dy       dy  dy 

Equating  the  coefficients  of  the  corresponding  powers  of  x 
in  these  series,  we  find 


=  '  T-  +  T—x  +  -5 — x^  4-  .  .  .  . 


M 

dY 

^              m 

dy' 

1 

y" 

dy 
dx 

dr-T- 

1.2'     ^    - 

dy 

1.2.3 

yf/ff 

•           1 

t 

dy 
dy 

•     • 

1 
1.2.3.4 

•         •         •         • 

•      •      • 
•          • 

Hence,  if  y  =  F(y),  and  y'  =if[y\  •.• 

z  =  F(y)  +  f(y)  Y  +  ^^y)^  -^^^y^T^ 

If  the  equation  to  be  integrated  be  the  following  between 
four  variables, 

d^(p     d^(p      dH 

Let 

^  =  (p'  +  fz  +  f^z^  -f  ^"''2'  •  •  •  • 

the  successive  coefficients  being  functions  of  x  and  y. 
Differentiating  twice  for  each  of  the  variables,  we  obtain 

dr«  ~"  d^  "*"  da?*  ^  "^    djr2  ^*  '  '  '  ' 

dv  _  dy    ^'      dy'  ^ 

dy^'^'dy^'^  df^  "^   dy  ^*  '  *  *  * 

Substituting  these  values  in  the  proposed  equation,  we 
obtain 

d«^'      dH^      ,  ^    ,„ 


+ 


rd«<p"      dV       ^^    „„  7 


9|[CT.  XXXIV.         THP  JMTEGEAL  CALCULUS.  433 

+ 

+ 

By  equating  the  corresponding  coefficients  in  this  and  the 
assumed  series,  we  obtain 

~  1.2.3.41  dr*  +    d(i?«%»  "*"  dj^  i  ' 


Hence  we  find 


•     •     •     •    » 


SECTION  XXXIV. 

Of  arbitrary  Junctions. 

(450.)  The  arbitrary  functions  introduced  in  the  integrals 
of  partial  differential  equations  are  analogous  to  the  arbi- 
trary constants  introduced  in  the  integrals  of  exact  dif- 
ferentials. The  differential  equation  itself  furnishes  no  data 
in  either  case  whereby  the  form  of  the  function,  or  the  value 
of  the  constant,  may  be  found.  But  the  differential  is  ge- 
nerally the  result  of  the  analytical  statement  of  some  pro- 

F  F 


I 
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posed  question,  and  is  often  more  geperal  than  the  questictf 
itselfy  which  may  be  subject  to  limitationB  whidi  the  dif- 
ferential equation  resulting  from  it  does  not  express.    Jn 
these  limitations,  we  sometimes  find  means  for  determiniiig 
the  form  <^  the  arbitrary  function,  or  the  value^tb«  axK- 
trary  constant  which  enters  the  solution,    fizamfdes^  boCfam 
geometry  and  physics,  of  the  determination  of  the  arbitruj 
constant  occur  so  firequently,  that  it  is  not  necessary  to  intro- 
duce many  here.     Let  a  body  be  accelerated  by  an  unifixm 
force,  commencing  to  more  along  the  axis  of  d?  at  the  distsnoe 
of  from  the  ori^,  its  initial  velociQr  bong  nothing.    The- 
differential  equation  resulting  from  this  statement  will  be 

ydv  =  Fdr, 
y  being  the  velocity,  and  f  the  force. 
This  bding  integrated,  ^ves 

V*  =  Hfx  4-  Cy 
c  bdng  the  arbitrary  constant.    The  differential  equation,- 
however,  does  not  include  the  limitation  of  the  body  com- 
mencing to  move  at  the  distance  or'.     In  order  to  apply  our 
integral  to  the  solution  of  the  question,  it  will  be  therefore 

necessary  to  introduce  this  condition,  scil.  that  v  =  0  when 

f  —  w  •  • 

—  2Fa/  =  c,     •.•  v^  =  2f(x  —  jtO. 
Thus,  the  condition  of  the  question,  which  was  not  ex- 
pressed by  the  differential,  is  introduced  by  assigning  a 
proper  value  to  the  constant,  and  therefore  serves  to  de- 
termine it. 

(451.)  The  arbitrary  functions  which  are  involved  in  the 
integrals  of  partial  differential  equations  are,  in  particular 
cases,  determined  in.  the  same  manner. 

As  an  example,  let  it  be  required  to  find  the  equation  cl 
a  cylindrical  surface  generated  by  the  motion  of  a  right  line 
parallel  to  that  whose  equations  are 

y  ^Vz^     X  ^  clz [1], 
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and  which  always  passes  through  an  ellipse  described  upon 

the  plane  of  xy^  and  represented  by  the  equation 

oy  +  6»^«  =  a«6«     .     .     .     .     .  [2]. 

-.       dz  dz 

Let  --r-  =  P9     "-J—  =  J.     Since  the  tangent  plane  to  the 

proposed  cylindrical  surface  is  always  parallel  to  the  right 
line  [1]^  its  differential  equation  is 

dx  dy  ^    ' 

This  equation  being  then  the  differential  equation  qS  the 
proposed  cylindrical  surface,  its  integral 

{y  -  Vz)  =  f(^  -  dz)  ....  [3], 
is  the  equation  of  the  cylindrical  surface.  In  this,  F(a7 — dz) 
is  an  arbitrary  function,  and  must  be  determined  by  the 
remaining  condition  of  the  question.  The  equation  [3]  is, 
in  fact,  a  general  equation  of  all  cylindrical  surfaces,  whose 
:angent  planes  are  parallel  to  [1].  In  order  that  the  inter- 
;ection  of  the  cylinder  with  the  plane  ocy  should  be  the 
ellipse  [2],  it  will  be  necessary  that  [3]  be  identical  with  [2] 
i^hen  «  =  0,  ••• 


f(x)  =  — -/«*  —  '^** 

Hence  the  form  of  the  arbitrary  function  is  determined. 

(452.)  In  like  manner,  to  find  the  equation  of  a  surface 
3f  revolution  round  the  axis  of  2,  of  which  the  generating 
curve  is  a  parabola,  we  find  the  differential  equation 

ydy  +  xdx  =  0, 
since  every  section  parallel  to  the  plane  :ry  is  a  drcle^  z 
being  taken  constant.     Integrating  this,  we  obtain 

y«  +  a?«  =  y(z). 
rhis  is  the  general  equation  of  surfaces  of  revolution  round 
he  axis  of  z.     The  equation  of  the  intersection  with  the 
>lane  zy  is 

y'*'  =  F(^) ; 

F  F  2 
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f 
a 

and  since  this,  by  supposition,  is  a  parabola)  *.* 

f(z)  =  aZf 
'.'  y^  +  ic^  =z  azy 

is  the  equation  sought. 

(453.)  In  general,  then,  the  arbitrary  iiinction  of  «,  which 
enters  the  integral,  should  be  determined  by  some  asagoed 
relation  between  x  and  y,  giving  the  function  z  some  known 
form,  just  as  the  arbitrary  constant  is  determined  by  some 
assigned  value  of  the  variable  giving  the  integral  some 
known  value. 

Thus,  let  the  integral  of  a  partial  differential  equation 
have  the  form 

mf(v)  =  1, 

where  m  and  v  express  explicit  functions  of  the  variables 
.ryzy  and  f(v)  an  arbitrary  function.  Suppose  that  it  is 
known  from  the  conditions  of  the  question  that  the  variables 
satisfy  at  the  same  time  the  two  equations 

F'(a:j/2)  =  0,    f{xyz)  =  0, 

where  the  functions  are  explicitly  given.  Let  v  =  ^,  and 
by  this  and  the  two  preceding  equations,  let  x,  y^  and  z,  be 
found  as  functions  of  t.  This  being  done,  substitute  those 
values  for  xyz  in  m,  and  let  the  result,  which  will  be  a 
function  of  ty  be  t.     Hence 

tf(^)  =  1, 

•••  F(/)  =    — . 
T 

Now,  since  x  is  a  known  function  of  t^  •.*  the  form  of  f(0 
becomes  known. 

(454.)  It  frequently  occurs,  that  there  are  more  arbitrary 
functions  than  one  to  be  determined.  In  the  following  ex- 
ample there  are  two. 

Let  the  integral  be 

mf(v)  +  nf'(v)  =  1. 
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In  this  case,  two  conditions  must  be  found  in  the  data  of  the 
proposed  problem,  to  determine  the  functions. 

Suppose  that  it  is  known  that  the  variables  satisfy  simul- 
taneously 

and  also, 

^\xyz)  =  0,   f\xyz)  =  0. 

As  before,  let  v  =  ^,  and  by  this  and  the  former  pair 
of  equations,  let  xyz  be  determined  as  functions  of  t^  and 
thence  m  and  n  determined  as  functions  of  ^;  let  these 
be  T  and  s.  Also,  let  them  be  determined  as  functions  of 
t  by  the  latter  psur,  and  let  them  be  t',  s'.  Hence  we  have 
the  two  equations 

TF(0  4-  sf!(0  =  I5 

t'f(0  +  s¥(0  =  1. 
From  which  the  values  of  the  two  functions  may  be  derived 
as  explicit  functions  of  ^,  and  therefore  their  forms  will  be 
known. 

This  process  may  easily  be  generalised  and  applied  to  all 
equations,  whatever  be  the  number  of  arbitrary  functions 
which  enter  them,  provided  they  be  of  the  form 

mf(v)  +  xf'(v)  +  of"(v)  •..•  =  !. 

If  the  integral  mf(v)  =  1  be  supposed  to  be  the  equation 
of  a  curved  surface,  the  supposition  that  the  variables  satisfy 
jdmultaneously  the  equations 

F'(ay2)  =  0,    f{iX!tfZ)=^0, 

is  equivalent  to  supposing  that  the  surface  passes  through  a 
line  represented  by  these  equations. 

(455.)  Very  frequently,  both  in  geometrical  and  phy- 
sical investigations,  the  functions  are  absolutely  indeter- 
minate, and  remain  so.  In  this  case,  the  results  point 
out  general  properties,  which,  without  particularising  the 
functions,  are   common   to  the  whole  class  included  in 
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the  general  equation.  The  function  may  not  even  be 
one  which,  if  represented  geometricaUy,  would  produce 
one  continued  line,  but  may  be  represented  by  any  line 
or  combination  of  lines,  however  irregular,  or  may  be  a 
curve  described  Uberd  matm  by  no  assignable  law* 


PART  III. 


THE  CALCULUS  OF  VARIATIONS. 


{ 


PART  III. 


THE  CALCULUS  OF  VARIATIONS. 


SECTION  I. 

Preliminary  Observations  ami  Definitions, 

(456.)  The  method  of  variations  derived  its  origin  from 
problems  in  geometry  and  physics,  relative  to  maxima  and 
minima.  An  extensive  class  of  such  problems,  as  has  been 
ahready  shown,  can  be  solved  with  considerable  eleglEmce  and 
facility  by  the  application  of  the  principles  of  the  differential 
calculus.  A  variety  of  most  interesting  questions  respecting 
maxima  and  minima  still,  however,  riemain,  and  very  fre- 
quently present  theknselves  iti  geometrical  and  physical  in- 
vestigations, to  the  solution  of  which  th6  methods  established 
in  difl^rential  calculus  are  inadequate. 

In  general,  these  methods  are  only  appUcable  when  some 
maximum  or  minimum  property  of  a  curve  or  surfabe  of  a 
given  species  is  to  be  determined.  But  when  ampng  all 
curves  or  surfaces  whatever,  which  can  be  drawn  under 
given  restrictions,  that  species  is  sought  which  possesses 
some  maximum  or  minimum  property,  the  methods  of  so- 
lution founded  oh  the  development  of  functions,  and  esta- 
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bUshed  in  Part  I,  fiul.  Such  questioiu;  are  solved  by  the 
calculus  of  variations. 

These  different  species  of  problems  respecting  nucdnii 
and  minima  will  probably  be  more  dearly  perodved  bj 
examples. 

Of  the  first  class  are  the  following : 

''  Round  a  given  triangle  to  circumscribe  an  elKpi^ 

whose  area  is  a  minimum.'*' 
^  In  a  given  triangle  to  inscribe  an  ellipse^  whose  aiesii 


a  maximum.'* 


In  these  cases,  the  species  of  the  sought  curve  is  gi?ai, 
h&ng  an  ellipse;  and  such  questions  can  always  be  sobd 
by  the  common  methods. 

The  following  are  examples  of  the  second  class  of  pio- 
blems  before  mentioned : 

<<  To  find  the  shortest  line  which  can  be  drawn  oannect- 

ing  two  points.*' 
^'  To  find  the  curve  of  a  given  perimeter,  which  shall 

enclose  the  greatest  possible  area.'' 
"  Of  all  the  curves  of  a  given  length  joining  two  points, 

to  determine  that,  which,  by  its  revolution  round  the 

right  line  joining  the  given  points,  produces  the  solid 

of  greatest  volume." 

The  class  of  problems  to  which  the  last  two  of  these  ex- 
amples belong  are  called  isoperimetrical.  They  form  one 
of  the  principal  subjects  of  investigation  which  led  to  the 
cakuJus  of  variations.  The  two  Bernoulli^  John  and 
James,  and  Taylor,  the  inventor  of  the  development  of 
functions,  were  the  first  who  obtained  solutions  of  these 
problems,  and  laid  thereby  the  foundation  of  this  science: 
the  methods  of  investigation  gradually  improving  for  a  series 
of  years  under  their  hands,  were  still  further  advanced  by 
EuLER ;  it  was,  however,  reserved  for  Laorange  to  render 
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it  an  uniform,  systematic,  and  perfect  science,  botli  in  prin- 
ciples and  notation  *. 

Those  who  wish  to  be  informed  in  the  history  of  the 
gradual  progress  and  improvement  of  this  interesting  de- 
partment of  science  without  the  trouble  of  tracing  it  through 
the  volumes  of  transactions  of  learned  societies,  and  the  va- 
rious tracts  of  the  Bernoulli's,  Taylor,  Euler,  and  Lagrange, 
will  find  a  very  compact  account  of  it  in  Professor  Wood- 
house^s  Tract  on  Isoperimetrical  Problems. 

In  these  latter  problems,  the  species  of  the  line  is  sought, 
and  such  investigations  are  attended  with  difficulties  of  a 
peculiar  kind,  which  we  do  not  meet  with  in  the  former 
class.  Problems  of  this  kind  occur  even  more  frequently  in 
physics  than  in  geometry.  The  following  are  examples  of 
them: 

**  To  find  the  line  joining  two  points  at  different  heights, 
by  which  a  heavy  body  would  descend  from  the  one 
point  to  the  other  in  the  shortest  possible  time;  or 
to  determine  the  bracpystockronous  cu7*ve^^ 

***  To  determine  the  curve  of  a  given  length  joining  two 
given  points,  of  which  the  centre  of  gravity  is  lowest." 

**  To  determine  the  solid  of  least  resistance  •f-.'' 

To  make  the  peculiar  difficulty  attending  the  solution  of 
such  problems  apparent,  it  will  be  sufficient  to  reduce  one  of 
them  to  an  analytical  form.  To  take  one  of  the  simplest, 
suppose  that  it  is  required  to  draw  the  shortest  possible  line 
between  two  given  points.    Let  the  co-ordinates  of  the  points 


*  The  name  **  calculus  of  variations'*  was  first  given  to  this 
part  of  analytical  science  by  Euler. 

f  This  appears  to  have  been  one  of  the  earliest  problems  of 
tliis  kind.  It  was  proposed  by  Newton  in  his  Principia, 
lib.  ii.  prop.  34.  Scholium. 
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be  yW,  ^3f\  and  let  the  equation  of  the  line  sought  be 
F(jry)  =  0.  The  length  of  the  line  will  be  expressed  by 
the  integral 

taken  between  the  limits  oi  and  o/K  But  since  the  form  of 
the  function  f(^)  is  unknown^  dy  cannot  be  eliminated,  and 

9 

therefore  the  integral  is  indeterminate,  and  the  integratioii 
cannot  be  effected .  We  are  here  required  to  assign  the  f<»m 
of  the  function  f(^),  which  will  establish  such  a  relatum 
between  the  variables  xy  as  will  render  the  integral  taken 
between  the  given  limits  a  minimum. 

If  such  a  state  of  the  integral  u  could  be  assigned,  thit 
every  variation  in  its  value  consistent  with  the  conditions  of 
the  problem  would  render  it  greater,  that  state  would  be 
the  sought  one,  and  would  solve  the  problem.  To  deter- 
mine  this  state,  it  must  be  considered  that  u  varies  on  two 
accounts,  first,  by  reason  of  the  variation  of  the  co-ordinates 
xy  of  the  sought  curve ;  and  secondly,  by  reason  of  the 
variation  in  the  form  of  the  function  F(a^),  which  con- 
stitutes the  relation  between  these  co-ordinates.  One  of 
these  causes  of  variation  will  be  removed  by  assuming  the 
integral  between  the  given  limits,  for  then  the  co-ordinates 
of  the  given  points  yW,  y^'',  will  take  the  place  of  the 
variables,  and  the  only  cause  of  variation  will  be  that  which 
depends  on  the  relation  between  x  and  y, 

(457.)  A  particular  notation  has  been  invented  for  ex- 
pressing that  variation  of  x  and  y  which  proceeds  from  a 
change  in  the  relation  between  them,  which  will  be  most 
readily  apprehended  by  referring  to  its  geometrical  ap- 
plication. 

Let  A  and  b  be  the  points  whose  co-ordinates  are  'ijof^ 

,2/V.     By  a  change  in  the  form  of  the  function,  let  the 

curve  be  supposed  to  change  from  a/?b  to  a/?'b.     Let  p  be 
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any  point  whose  co-ordi- 
nates are  xy.  If,  while 
the  form  of  the  function 
ren^ains  unchanged^  the 
v£jue  of  X  is  increased 
by  Mwi,  the  value  of  y  is 
changed  from  pm  to  /?m ; 
andi  if  these  changes  be 
assumed  of  indefinitely 
small  magnitude,  they  are  expressed^  as  has  been  explained 
in  the  differential  calculus^  by  om  =  a:  -f  <ir,  pm  =  y  +  <^. 
Thus  the  sign  d  implies  that  variation  of  x  and  y^  which  is 
made  on  the  supposition  that  the  equation  ^{xy)  =  0  re- 
mains unchanged,  otherwise  than  by  the  change  in  the 
variables;  or,  to  speak  geometrically,  differentiation  ex- 
pressed by  the  character  d  implies  a  transition  from  one 
point  to  another  of  the  aame  curve. 

Suppose  mow  that  the  form  of  the  equation  f(^)  =  0 
undergoes  a  change.  This  change  producing  a  change  in 
the  relation  between  x  and  j/,  it  follows  that  for  each  value  of 
^  there  will  be  a  corresponding  value  of  y  different  from  that 
value  oiy  which  corresponded  to  the  same  value  of  a?  before 
the  chibige  in  the  equation.  Thus  pm  being  the  value  oiy 
corresponding  to  om  before  the  change,  let  p'm  be  the  value 
corresponding  to  om  =  a?  after  the  change.  Thus  we  have 
a  variation  of  ^  of  a  kind  different  from  that-  expressed  by 
dy.  This  variation  of  y  depending  entirely  on  the  change 
in  the  equation  f(^^)  =  0,  is  usually  expressed  by  ^^,  and  a 
similar  variation  of  x  by  ^x» 

Thus  d  and  ^  both  signify  changes  in  the  variables,  the 
former  signifying  a  change  in  either  produced  by  a  corre- 
sponding change  in  the  other,  the  relation  between  them 
being  constant;  the  latter  expressing  a  change  in  either 
variable  produced  by  a  change  in  the  relation  between  them. 
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the  other  variable  being  constant.     The  one  is  the  di£Peren^ 
tial,  and  the  other  is  called  the  variation  of  the  variable. 

In  physics,  the  points  of  the  surface  of  any  body  being 
expressed  by  ayz  referred  to  three  axes  of  co-ordinates,  the 
variations  of  a:i/z  by  the  transition  from  one  point  of  the 
surface  to  another,  the  position  of  the  surface  being  un- 
altered, is  expressed  by  the  differentials  di/j  dx,  dz ;  but  a 
change  in  any  point  produced  by  any  motion  of  the  body 
itself  is  usually  expressed  by  the  variations  ix^  ^y,  fe.  The 
differentials  dr,  dy^  dzy  depend  altogether  on  the  figure  of 
the  surface,  but  the  variations  (or,  iy^  Sz,  depend  on  the 
time^  or  on  some  function  of  it. 

(468.)  The  differential  dy  being  a  function  derived  from 
the  primitive  function,  is  susceptible  of  variation  from  the 
same  causes  as  the  primitive  function,  and  the  same  may  be 
said  of  d^y  •  •  •  •  or  of  d"y, 

A  similar  observation  applies  to  the  other  variables  4?,  z^ 
&c.     Hence  the  meaning  of  the  symbols 

$dyy     U^y  ....  Wy^ 
$dx^     H'^x  ....  Wxy 


is  manifest. 

Also  the  variations  ^y,  $x,  &c.   being  functions  of  the 
variables,  are  susceptible  of  differentiation. 

Hence  we  perceive  the  meaning  of  the  expressions 

.  d^y,     d^^y     -     -  d^'^y, 
d$x,     d^$x  ....  d'^^x. 


In  the  same  manner  the  meaning  of  the  symbols 

^u,       fSu, 


will  be  readily  apprehended. 
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From  what  has  been  observed,  it  is  plain  that  the  de- 
termination of  the  variation  of  a  function  is  differentiating 
it  under  another  point  of  view,  that  is  to  say,  ascribing  its 
variation  to  another  cause. 


SECTION  II. 


Of  the  variation  of  a  Junction. 


PEOP.  cix. 


(459.)  In  any  formula  to  which  d"  and  B  are  prefixed 
tlie  transposition  qftliese  characters  does  not  affect  the  value 
of  the  quantity. 

That  is  to  say, 

Wy  =  d^'^y. 

This  might,  perhaps,  be  assumed  as  true  upon  the  general 
principle,  that  when  certain  given  operations  are  to  be  per- 
formed upon  a  function,  the  final  result  must  be  the  same 
in  whatever  order  the  proposed  operations  may  have  been 
effected.  It  may,  however,^  be  considered  satisfactory  also 
to  establish  it  independently  of  this  general  principle. 

Since 

'rpm=y\-dy, 
\'p'm  ^y\dy^  l{y  +  dy\ 
•rflm^^y-^rdy+hf+My. 
But  also, 

p'M=y4-^j^, 
'.'  plm=y-\-^y'\-d{y^r^y)y 

pfm  =y-\r^y-\-dy\  diy, 
•.'  ^dy  =  d^y. 
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Jn  general^  let  c^'y  ss  u^  •/  4*^  ssdum  By  what  has 
heen  juat  estabMahed, 

t.  e.  i€h/  =  d'ijy- 
Aa  thia  ia  the  fundamental  prindple  of  the  calculua  of  Taria- 
tkma,  it  may  be  proper  to  eatablidi  it  independently  of  the 
oonaderation  of  cunrea. 

Let  ^  =  v(x)j  and  when  the  function  by  a  diange  in  its 
toma  becomea  F'(d?),  we  have 

In  conaequence  of  the  auppoaed  relation  betweoi  the 
yariablesy  the  difference  of  theae  functiona  muat  be  aonie 
function  of  y.    Hence  we  have 

•••  iy  +  $dy  =/(y), 

•••  %  =/(y)  -/(y)  =  d/(y), 

•/  icb/  =  dSy- 
And  hence,  in  general, 

PROP.  ex. 

(460.)  In  anyjormvia  to  which  J^  and  $  are  prefix^  the 
transposition  of  these  characters  does  not  (iffect  the  value  of 
the  qtiantity. 

That  is, 
n  signifying  n  succes^ve  integrations. 

Let  y  =y>,  ••• 

Taking  the  wth  integral  of  these,  we  find 
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or  ^«(y)  =y^(^y). 


PROP.  CXI, 

(461.)  To  determine  the  variation  of  a  Junction  qfseverai 
variables  and  their  successive  differentiak. 

We  shall  consider  the  problem  applied  to  functions  of 
two  variables,  and  the  result  may  then  be  easily  generalised. 

Let 

u  =  F(ar,  y^  x^^  jr^,  ^3,  •  •  •  •  yi,  ^2,  ^3*  •  •  •  •) 
where  a?„   a:^,  ^Ts,  •  •  •  •  signify   dxj  d^x^   d?x^  ....  and 
yii  y%'»  ^3,  •  •  •  •  signify  dy,  d'-y^  d%  .... 

Let  u  become  u'  when  Xj  y,  Xxy  y\^  ....  become  x  +  ftr, 
y  +  ^j/,  a?!  +  ^a?!,  3/1  +  Jj^^,  .  .  .  .  and  by  developing,  we 
find 

,  C  d\3  ^  rfu .     ,     du  .       .    du  .  ■> 

+  {dr>  +••••}  + 

In  variations,  as  in  differentials,  the  change  of  the  function 
is  supposed  indefinitely  small,  and  therefore  the  terms  of  this 
development,  in  which  the  powers  of  the  variations  which 
exceed  the  first  enter,  may  be  rejected,  and  we  assume 
^  rfu .      .     (/u .  du  .      .    du  .  r,  _ 

If  there  were  a  greater  number  of  variables,  the  expression 
would  obviously  be  similar  to  this,  and  hence  we  derive  the 
following  rule : 

To  find  the  variation  of  a  function  qfseverai  variables 
and  tlieir  successive  differentials^  find  the  several  partial 
differential  coefficients  of  the  function  with  respect  to  the 
variables  x,  y,  •  •  •  •  and  their  successive  differentials  Xi,  Xj, 

G  G 


•  •  • 
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•  •  •  •  yi,  ja,  •  •  •  •  considered  as  so  many  independent  »a- 
riablesy  and  multiplying  each  coefficient  by  the  correspofiding 
variation ^  the  sum  of  the  produ^cts  is  the  total  variation  qf 
thejunction. 

The  method  of  finding  the  variation  of  a  function  of 
several  independent  variables  is,  therefore,  the  same  as  for 
finding  its  total  differential. 

By  the  result  of  (458.),  combined  with  the  preoeding 
rule,  it  follows  that  the  variation  of  a  function  (u)  of  sev^ 
variables  («r,  3^,  z  •  •  •  •),  and  their  successive  dificrentials, 
may  be  expressed  thus : 

iu  =  x^x  +  x'W^  +  x''^(?jr x^^^M^or, 

+  yo^y  4-  Y'Wy  +  Y^^^d^y y<'*^^c^j^. 


Where  x,  x',  ....  y,  y',  •  •  •  •  z,  z',  •  •  •  •  signify  the 
several  partial  differential  coefficients  of  u  considered  as  a 
function  of  r,  dxy  •  ...  z/,  dy,  ....  z,  rfz.  •••  . 

(46S.)  Cor.  If  u  contain  only  a:,  j/^  and  the  successive 
differential  coefficients  of  y  considered  as  a  function  of  x^ 
scil. 

dy        J     d^y         ..    dhj        ^„  d'y 

we  shall  have,  as  before, 

^U  =  X^^    +  Y^^  +  y'^'  +  y'^^I^"  •  .  .  .  Y^"^^^<">, 

where  y',  y'',  •  •  •  •  are  the  partial  differential  coefficients  of 
u  considered  as  a  function  of  y,  y.  .... 

(463.)  The  variations  ^y,  ly^\  ....  may  easily  be  ob- 
tained in  terms  of  ly^  $x. 


L^  ^  ^^y__  _^dy       dy     Ux 


dx       dx       dx      dx^ 
Uy-y'd^x      (dSy^y^Sx) 
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dx  dx^ 


These  being  substituted  in  the  value  of  ^u,  we  shall  have  it 
expressed  in  terras  of  ^x  and  ^. 


PROP.  CXII. 

(464.)  To  determine  tlie  variation  of  the  integral  of  a 
given  Junction  of  several  variables  and  their  differentials. 

Let  the  function  given  be  u.     By  (460.), 

JAr  =/^u. 
Let  us  first  suppose  u  to  be  a  function  of  two  variables  x 
and  y.    Hence  by  (46 1 . ), 

a/u  =/[x^a?  +  \!Ux  +  x''W«^ ], 

+/[Y^y  +  y'%  +  yW^^^ ]. 

This  may  be  .modified  by  the  following  substitutions  sug- 
gested by  integrating  by  parts  united  with  the  principle 

My  =  d'^y : 

yk'^dir = x'^o: -7/Sx'^r, 

fK"M^x = x"d$x  -/dx^dSx  =  x"d$x  -  dx'^x  +fd^K"$x, 

fand'x = x"'d'$jc  -  dx'"d$x  4/d^K!"dSx = x"'d«^x  -  rfx'Wi? 

-{'d^xf"^x-jWxnx.^ 


/x<«)^d'»x=x<*'>d*-^5x-dx»'d'»-^^x-|-£px«d«--'^jr  .... 

And,  in  like  manner^ 

dk  a  2 
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•     •     •     • 


4/(Y  _  4y'  +  dV  —  d»Y*  +  .  •  .  •  )'^» 

+  (y»  -  rfy"  +  d«T"  - \fy, 

-f  (v»  -  rfx"  +42«Y»''— )%, 

+  (y"  - yi^ijf, 

..*!*.'  .* ; .' .'  .* ."."..'..  [1]. 

This  value  of  ^u  consists,  therefore,  of  two  parts,  the 
one  depending  on  the  variation  of  x^  and  the  other  on  the 
variation  of  ^.  If  there  were  a  greater  number  of  variables 
involved  in  the  function  u,  we  should  have  as  many  more 
series,  and  each  of  them  of  the  same  form  as  the  preceding. 
Thus,  if  u  included  the  variable  Zj  as  well  as  x  and  y,  we 
should  have,  in  addition  to  the  above,  the  following, 
+/(z  -  rfz'  +  dV  -   .  .  .  •  )^«J     * 

+   (z^'  -  dz'"  + )d$z, 

+  (z"'— )d^z. 


ifr-'Y»*y±7ahr<%.    J 

Making  these  substitutions  in  the  value  of  {/u,  it  be-    j 

comes  # 

J^u  =/(x  —  dx'  +  cpx»  —  (Px*  ...•)«*, 

.+  (x'  —  dx*  +  d'x"'  — )Ap, 

+  (x"  -  dx*  +  d»x^^  - )dl:r, 

+  (x»'-. )l«J^ 
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It  may  be  observed,  that  the  value  of  y\j  will  include  as 
many  terms  affected  with  the  signy*as  there  are  independent 
variables. 

(465.)  Cor.  The  conditions 

X  -  «/x'  +  (/«x''  .  .  .  .  =s  0, 
Y-.  rfy'+rfV  .  .  .  •  =0, 
z  —  rfz'  +  rfV   ....  =0, 


-.  •  •  ;  t^3. 

leave  the  variation  ofyii  free  from  any  integral  sign. 

These  are  the  conditions  which  determine  the  function 
u  to  be  an  exact  differential,  or  to  be  integrable.  The 
general  process  for  establishing  this  criterion  by  the  prin- 
ciples of  the  integral  calculus  is  not  sufficiently  elementary 
to  render  its  introduction  in  the  second  part  of  this  work 
proper.  We  shall  here,  however,  establish  the  conditions  by 
the  method  of  variations. 

Let  u  be  supposed  to  be  the  exact  differential  <»f  a  func- 
tion u„  and  let  u  =  dfui,  •.• 

^u  =  Wu,  =  d^Uj. 

It  appears  from  this,  that  if  u  be  a  complete  differential, 
to  will  also  be  one.  Hence,  when  all  those  terms  which 
are  susceptible  of  integration  shall  be  brought  from  under 
the  signyj  those  which  remain  must,  collectively,  =  0, 
independently  of  any  relations  between  the  variables  or 
their  variations. 

PROP.  CXIIL 

(466.)  To  determine  the  variation  of  the  integral  of  a 
given  differential  vdx,  when  v  is  ajiinction  of  several  va- 
riables, and  their  differential  coefficients  considered  asj'unc- 
tions  of  one  common  variable  x. 

As  before,  wc  shall  first  consider  the  problem  applied  to 
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two  Tariables.    Let  v  then  be  a  function  rfy,  x,  tf^ff 
where 

y^i^'  y^  =  s?'  •  •  •  • 

In  the  present  case,  u  s  vdx,  *.*  (460.), 

Ifvdx  ss/t(ydx)  =fydSx  +yar*v. 
But 

•••  J/Vcir  =  v*jr  +y'(rfx^v  —  rfvte). 
The  values  of  ty  and  £^r  are,  (46S.), 

Jv  =  xjr  +  yJ^  +  y'^  +  ¥*•/  •  .  .  . 
dtvs=  xdx  +  rdtf  +  y'c*/  +  lr*dy  .... 

By  which  substitutions,  we  obtun 

By  the  values  of  ay,  St/', ... .  found  in  (46S.),  we  obtus 

dx^y  —  rfyJj?  =  dx(^y  —  y^a?)  =  fiAr, 


•  •  • 


•  •  • 


.  •  •  • 


where  w  =  3^  —  ^'Ji:. 
Hence  we  obtain 

/(dx$v  -  dvjx)  =zfYudx  ^fx'da^\f^'d  -^ 

Integrating  by  parts  each  term  which  contains  differentials 

of  u,  we  find 

dv' 
fY^du-Y'u-f—udx, 

^„Ju       „du         dY"  „du    dv"        ^1    My"    , 
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Hence  we  find 

y\fdx  =  \^x  +  I  y'  —  2 ^  ....  J  M, 

w---- 1^. 

+ 

+ 

This  is  the  variation  sought. 

(467.)  Cor,  Since  u  =  ^i/  -^  jflx^  it  appears  that  the  co-' 
efficients  of  ^y  and  ix^  under  the  sign  of  integration,  have  a 
common  factor ;  and  it  therefore  follows  that  the  same  con- 
dition will  make  them  both  vanish^  and  leave  the  variation 
independent  of  any  integral.    This  condition  is  evidently 

dY'       1   Ax'^ 

Y  — :7-  +  :r"j . . . .  =  0. 

ax      ax   ax  ■  , 

From  what  has  been  already  observed,  it  is  plain  that 
this  is  the  condition  which  determines  ydx  to  be  integrable. 


SECTION  III. 
On  the  maxima  and  minima  of  indeterminate  integrals. 

(468.)  We  shall  now  proceed  to  the  investigation  of  the 
class  of  maxima  and  minima  problems  already  mentioned^ 
and  to  which  the  methods  explained  in  the  differential  calculus 
do  not  reach.  These  problems,  when  reduced  to  an  analy** 
tical  statement,  generally  come  under  the  following  form : 

"  Given  a  differential  expression  u  between  any  variables 
"  and  their  differentials  to  asMgn  that  relation  between 
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*^  the  variables  for  which  the  integral  of  the  proposed 
^*  expression  taken  between  any  assigned  limits  will 
^^  have  a  maximum  or  minimum  value.^ 
To  apply  the  method  explained  in  the  differential  cal- 
culus^ it  would  be  necessary  to  know  the  form  of  the  in- 
tegral ;  whereas,  in  the  present  case,  the  form  is  the  thing 
sought,  and  must  be  deduced  from  the  very  circumstance  of 
the  integral  being  a  maximum  or  minimum. 

If  the  problem  be  geometrical,  the  integral,  whose  maxi- 
mum is  sought,  usually  expresses  some  quantity  depending 
on  a  curve  or  surface.     Thus  the  integrals 

fVdy^  +  dx\   fydx,  ^ 

although  really  indeterminate,  since  no  relation  is  given 
between  x  and  y,  yet  express  quantities  depending  on  the 
sought  curve,  the  former  signifying  its  length,  the  latter  its 
area. 

In  Kke  manner,  if  the  question  be  physical,  the  inde- 
terminate integral  may  express  the  time,  velocity,  force,  &c. 
the  maximum  or  minimum  of  which  is  sought^ 

The  principles  of  variations  already  established,  however, 
will  enable  us  to  extend  the  method  for  finding  the  maxima 
and  minima  of  determinate  functions  to  indeterminate  in- 
tegrals. 

(469.)  Let  u  be  the  indeterminate  function  of  which  the 
maximum  or  minimum  is  sought,  and  let  u'  be  what  this 
becomes  when  jr,  2/,  dxy  dy^  ....  are  changed  into  x  +  Ix^ 
y  +  (Jy,  dx  +  Mxy  dy  +  ddy  ....  In  order  that  u  may  be 
a  maximum  or  minimum,  it  is  necessary  that  the  sign  of 
u'  —  u  may  be  independent  of  the  signs  of  the  increments 

Jr,  dy Hence  the   term  which  involves   the  first 

powers  of  these  must  =  0,  *.*  ^u  =  0.  Thus,  that  the  in- 
determinate function  may  be  a  maximum  or  minimum,  it  is 
necessary  that  its  variation  should  vanish.  This  condition 
is  necessary y  bat  not  svjficicnt.     Besides  this,  it  is  required 
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that  the  terms  involving  the  increments  in  two  dimensions 
should  coUecUvely,  as  to  sign,  be  independent  of  ^.r,  ^^ .  •  •  • 
and  hence  all  the  circumstances  incident  on  common  maxima 
and  minima  of  function^  of  several  variables  are  also  to  be 
attended  to  here. 


PROP.  cxiv. 

(470.)  To  determine  the  relation  between  the  variables 
"anhich  mU  render  an  indeterminate  integral  taken  between 
assigned  limits  a  maximum  or  minimum. 

If  the  proposed  indeterminate  integral  beyii,  it  is  neces- 
sary that  5/u  =  0.  Assuming  the  value  [1]  of  this,  deter- 
mined in  (464.)>  it  is  necessary  that  this  should  =  0.  This 
value  consists  of  very  distinct  parts,  some  affected  by  the 
agn  of  integrationy,  others  free  from  it.  Since  the  varia- 
tions ^Xj  ^7/y  ....  are  supposed  to  be  independent,  the 
terms  affected  by  the  sign  f  are  integrable,  and,  therefore, 
of  the  whole  value  of  8/\j  =  0,  those  parts  which  are  affected 
by  the  sign  y  must  separately  =  0;  for,  otherwise,  they 
would  be  equal  to  the  remaining  part,  and  would  be  there- 
fore integrable.  Hence  the  condition  Sfu  =  0  requires 
that  the  system  of  equations  [1]  and  [2]  should  be  both 
satisfied. 

The  number  of  equations  in  the  system  [S]  is,  in  general, 
equal  to  that  of  the  independent  variations.  In  case,  how- 
ever, of  but  two  variables,  u  assuming  the  form  vt/ar,  these 
equations  may  be  reduced  to  one  (467.). 

The  conditions  [2]  reduce  [1]  to  the  form 

y^u  =  x'^a:  +  xW^  +  x^'d^^x,  .... 
+  Y^y  +  yWj/  +  Y'"d^ii^, 


•  •  t 


where  x',  x",  .  •  •  .  y',  y",  •  •  •  •  signify  the  quantities  in- 
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eluded  in  the  parentheses  in  [1].  Let  the  values  of  the  va- 
riables  corresponding  to  the  limits  of  the  integral  be  ^y^/  •••• 
sPjf^  ••••  and  when  these  are  substituted  for  the  variables^ 
let  the  values  of  the  integraiy*^  become  l'  and  l''.     Hence 

/Ju  =  l"— l'; 
and,  therefore, 

l"  -  l'  =  0 
is  a  condition  of  the  proposed  maximum  or  minimum. 

This  equation  will  then  contain  no  variables,  except 
those  which  correspond  to  the  limits^  which,  however, 
may  or  may  not  be  variable  according  to  the  conditions 
which  regulate  the  proposed  limits.  The  system  of  equa- 
tions [^]  express  the  sought  relation  between  the  varia- 
bles. If  the  problem  be  geometrical,  these  will  be  the 
equation  of  the  curve  or  surface  sought,  observing,  however, 
that  it  is  to  be  modified  by  the  conditions  of  l"  —  l'  =:  0, 
and  the  relation  between  the  proposed  limits.  The  process 
of  solution  will  be  more  readily  perceived  by  considering* 
successively  the  different  conditions  which  may  affect  the 
limits  of  the  integral,  and  illustrating  these  conditions  by 
their  geometrical  application. 

(471.)  1^  If  the  limits  of  the  proposed  integral  are  abso- 
lutely given  and  fixed.  In  this  case,  x^i/^  ....  ocf^j/^J^ ....  being 
supposed  to  be  the  particular  values  of  the  variables  cor- 
responding to  the  limits,  are  fixed,  and  subject  to  no  varia- 
tion. Hence,  in  l''  and  l'  we  must  put  ^af  =  0,  d^af  =  0, 
. .  •  .  jy  =  0,  rf^y  =  0  . . . .  and  since  these  quantities  enter 
every  term  of  l"  and  l'  as  factors,  the  condition  l''  —  l'  =  0 
will  be  fulfilled  independently  of  the  coefficients.  In  this  case 
the  relation  between  the  variables  is  found  by  integrating 
the  system  of  equations  [2],  and  ascribing  such  values  to 
the  arbitrary  constants,  that  the  integral  will  satisfy  the  con- 
ditions of  the  proposed  limits. 

Thus,  in  geometry,  if  the  curve  sought,  and  which  must 
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have  the  proposed  maximum  or  minimum  property,  is  also 
required  to  pass  through  two  given  pmnts,  the  co-ordinates 
of  these  points  determine  the  limits  of  the  integral. 

The  equations  [S]  being  integrated,  give  the  general 
equation  of  the  curve  sought;  but  it  will  be  necessary  to 
assign  such  values  to  the  arbitrary  constants  introduced  in 
the  integration,  that  the  curve  shall  pass  through  the  two 
given  points. 

(47S.)  ^.  If  the  limits  be  absolutely  arbitrary  and  in- 
dependent, it  is  necessary  that  the  equation  l"  —  l'  =  0 
shall  be  fulfilled  by  its  coefficients;  that  is^  that  the  co- 
efficient of  each  variation  in  it  shall  separately  =  0. 

(473.)  3^.  If  the  values  of  the  variables  corresponding  to 
the  limits  be  subject  to  any  conditions  expressed  by  equa- 
tions, these  equations  will  give^  by  differentiation,  relations 
between  the  variations  of  the  variables  c(»rresponding  to 
the  limits.  As  many  variations  may  be  eliminated  from 
l"  —  l'  =  0  as  there  are  independent  equations  of  condition. 
The  remaining  variations  being  absolutely  arbitrary  and  ia- 
dependent,  the  resulting  equation  must  be  fulfilled  by  its 
coefficients;  that  is^  the  coefficient  of  each  remaining  varia- 
tion must  separately  =s  0. 

(474.)  The  same  may  be  effected  upon  another  principle 
Let  li  =  0  and  i;  =  0  be  the  equations  by  which  the  par- 
ticular values  of  the  variables  corresponding  to  the  limits  are 
restricted. 

Hence  the  conditions  W  =  0,  ^w"  =  0,  must  subsist  at 
the  same  time  with  l"  --  l'  =  0.  These  three  equations 
may  be  expressed  by  one,  thus, 

l"  -  l  +  aW  +  a'W  =  0, 
the  coefficients  a',  a",  being  supposed  to  be  arbitrary  con- 
stants entirely  independent  of  l"  —  l',  Jw',  or  $u'^.    This 
supposition  evidently  renders  the  one  equation  equivalent  to 
the  three  former,  for,  otherwise,  it  would  express  a  relation 
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between  the  quantities  a^  a',  and  the  quantitiea  'if  — 14 
Mf,  and  iyF^  which  b  contmy  to  hypotheoi. 

This  principle  is  of  very  eztensiTe  use  in  the  appfica* 
tim  of  the  calculus  of  variadons  to  geometry  and  phjw 
ncs.  In  place  of  elinunating  the  dependant  TariatiaiM^  we 
treat  them  as  independent  quantitaes  in  the  above  equatioii, 
and  equate  each  of  thor  coeflSdents  with  0^  and  fiom  the 
equations  thus  resulting,  the  arbitrary  quantities  a'^  a",  •'•• 
being  eliminated^  the  result^  which  wiU  be  obtained,  w31  be 
equivalent  to  that  which  would  have  been  found  by  eS- 
minating  the  variations  by  the  equatimis  of  condition.  Hie 
method  wluch  we  have  now  explained  is,  however^  in  noit 
cases  preferable. 

.  (4^5.)  Thus,  in  geometry,  if  the  curve  sou^^t  be  not  is 
before  restricted  to  terminate  in  two  fixed  pcnnts,  but  imij 
to  tenninate  in  two  ^ven  curves  or  surfaces:  in  tins  case^ 
the  co-ordinates  of  the  limits  are  only  restricted  to  satisfy  the 
equations  of  the  limiting  curves  or  surfaces.  In  this  case^ 
the  variations  of  the  co-ordinates  at  the  limits  must  be  re- 
lated to  each  other  in  the  same  manner  as  the  differentials 
of  the  co-ordinates  of  the  given  curves  or  surfaces*  .  These 
conditions  being  introduced  into  l''  —  l'  =  0  by  elimination} 
OS  already  described,  the  coefficients  of  those  independent 
variations  which  remain  must  be  put  separately  =  0. 

Again,  the  limits  may  be  still  further  restricted.  Let  the 
sought  curve  be  not  only  required  to  be  terminated  in  given 
curves  or  surfaces,  but  also  to  touch  them.  In  this  case  it 
will  not  be  enough  that  the  co-ordinates  of  the  limits  satisfy 
the  equations  of  the  limiting  curves  or  surfaces,  but  the  dif- 
ferentials of  the  co-ordinates  must  also  satisfy  them.  Hence 
the  variations  of  the  differentials  of  these  co-ordinates  must 
be  equivalent  to  the  second  differentials  of  the  co-ordinates 
of  the  limiting  surfaces.  By  these  conditions,  the  number 
of  variations  which  may  be  eliminated  ai'c  increased,  and 
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the  independent  equations  involv^  in  l"—  l'  =  0  are  there- 
fore diminished. 

In  these  cases,  as  in  the  first,  the  constants  introduced  in 
the  integration  of  [2]  must  be  so  assumed  as  to  satisfy  the 
equations  resulting  from  l"  —  l'  =  0. 

(476.)  From  the  formof  the  differential  equations  [2],  itis 
evident  that  their  order  may  be  marked  by  any  number  not 
exceeding  twice  that  which  characterises  the  formuhi  u,  and 
therefore  the  integral  may  involve  any  number  of  arbitrary 
constants  not  exceeding  this. 

The  number  of  terms  in  the  equation  l''  —  l'  =  0  in- 
creases with  the  order  of  the  formula  u,  and,  therefore,  with 
the  number  of  arbitrary  constants  in  u.  In  general,  then, 
the  higher  the  order  of  the  formula  u,  the  greater  number 
of  conditions  we  are  at  liberty  to  impose  upon  the  hmits ; 
these  conditions  being  always  satisfied  by  the  values 
ascribed  to  the  arbitrary  constants  in  the  integrals  of  [2], 

(477.)  When  the  co-ordinates  of  the  limits  are  variable^ 
as  in  the  cases  last  mentioned,  and  enter  the  formula  u, 
which  sometimes  happens  in  taking  the  variation  of  u,  these 
co-ordinates  are  to  be  considered  as  independent  variables, 
and  their  variations  must  enter  the  total  variation  of  u. 
But,  in  integrating  ^u  with  respect  to  the  variables  J?,  y,  », 
.  •  •  •  the  co-ordinates  of  the  limits,  and  their  variations,  are 
to  be  regarded  as  constants,  and  brought  outside  the  sign  of 
integration,  so  that  any  term  of  the  formyX W  may  be  re- 
placed by  ^J^yX.  This  is  evident,  since  the  integration  may 
be  conceived  to  respect  the  variation  of  xyz ....  through 
the  sought  curve,  and  not  from  one  of  its  positions  to  another. 
An  instance  of  the  necessity  of  attending  to  this  circumstance 
occurs  in  investigating  the  brachystochronous  curve. 

(478.)  It  sometimes  happens  that  the  variations  5^a7,  ^^, 
8Zf  '  '  '  *  are  restricted  by  equations  of  condition  altogether 
independent  of  the  limits  of  the  integral.     Thus,  for  ex- 
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ample,  when  the  curve  sought  is  required  to  be  drawn 
upon  a  given  curved  surface,  as  in  the  case  of  finding 
the  shortest  distance  between  two  points  upon  a  ^ven 
surface. 

Since'  in  this  case  a  relation  subsists  between  the  varia- 
tions, it  is  not  necessarv.  in  order  that  the  integral  »gn 
should  disappear  fro^  iiie  value  of  ^u,  that  the  several 
terms  which  it  affects  should  severally  =  0.  The  number  of 
these  terms  may  be  diminished  by  eliminating  as  many  of  tbi 
variations  as  there  are  independent  equations  of  condition 
given,  and  then  putting  the  coefficients  of  the  remaining 
variations  =  0.  The  number  of  equations  in  the  system 
[2]  wiU,  in  this  case,  not  be  equal  to  the  number  of  va- 
riables, but  to  the  number  of  independent  variations. 


SECTION  IV. 

Examples  on  the  calculus  of  variations, 

PROP.  cxv. 

(479.)  Tofmd  the  shortest  line  between  two  points. 
In  this  case 


/u  ^f^dx^  +  df  +  dz^  -fds, 
dx  ^^     ,    dy  .  dz  ^^ 

Comparing  this  with  the  formula  for  ?u  in  (461.),  we 
find 

X  =  0,     Y  =  0,     z  =  0, 

ds'    "^  -  ds'  ds' 

and  all  the  other  coefficients  =  0. 
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The  system  of  equations  [2]  become 

<t-)  =  "■  <l)  =  •>'  <f  )  =  0' 

\'  dx  =  adsy     dif  =  icfc,     d«  =  c&, 
a,  6,  c,  being  arbitrary,  subject,  however,  to  the  condition 

a«  +  6*  +  c*  =  l. 
Eliminating  ds^  and  integrating  the  resulting  equations 
between  dx^  dy,  dz^  we  find  two  equations  of  the  forms 

2  =  Ao:  +  B, 
2/  =  a]}/  +  b', 

which  are  equations  of  a  right  line.  Since  the  limits  of  the 
integral  are  absolutely  fixed,  the  equation  l"  *—  l'  =  0  is 
necessarily  fulfilled ;  so  that  all  which  remains  to  complete 
the  solution  is,  to  subject  the  right  line  to  pass  through  the 
two  given  points,  by  which  condition,  the  arbitrary  con- 
stants a,  b,  a',  b',  are  determined. 

Let  x't/z^^  w''y"z'f^  be  the  co-ordinates  of  the  limits. 

The  equations  become 

which  are  the  equations  of  the  line  sought. 

PROP,  cxvi. 

(480.)  Tojind  the  shortest  line  between  two  surfaces^  of 
which  the  equations  ar^  given. 

The  solution  of  this  problem  is  precisely  the  same  a^ 
the  last,  except  in  the  elimination  of  the  arbitrary  con- 
stants.    Let  the  equations  of  the  two  limiting  surfaces  be 
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't  1 


^^ 


■  % 


^  =3  jfSaf  +  5'»y» 
Since  the  value  of  ^  is,  in  this  case, 

or  dafx  +  dy^y  +  ^i*  ==  0. 

'  Sobstitating  mioceMvely  for  the  variables  af^Jitfffi 
and  eliminatiDg  is/f'ijfl,  we  find 

l"  -  l'  =  (cfa'  +  i^ds/)Saf  +  (rfy  +  9'dy)ay 

Smce  the  variaticms  here  are  independent^  their  cocffiflmti 
must  severaHy  vanish,  */ 

daf+jIdsl^Q,    dy  +  ^dJ^O, 
daf+fj/'dTf  =  0,    4/.  +  j^dy'  =  0. 

But  by  differentiating  the  equations  of  the  line^  we  find 


Hence 


dz 

*=A' 

1 

1 

A'=-y, 

1 

From  which  It  is  evident,  that  the  line  must  be  a  normal  to 
both  the  given  surfaces. 

(481.)  Cor,  1.  If  the  line  were  drawn  from  a  fixed  point 
to  one  of  the  surfaces,  it  would  in  like  manner  follow,  that 
it  must  be  normal  to  that  surface. 

(482.)  Cor.*^.  A  process  exactly  similar  will  show  that 
the  shortest  line  which  can  be  drawn  between  two  curves  in 
the  same  plane  is  their  common  normal. 
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FEOP.  CXVII. 

(483.)  Tojmd  the  eqtUition  of  the  shortest  line  joining  two 
points  upon  a  given  curved  surface* 

In  this  case  the  variations  ix^  ^y^  fo,  are  connected  by  an 
equation  found  by  differentiating  under  the  character  iy  the 
equation  t^  =  0  of  the  ^ven  surface ;  '.*  (461.) 

du  ^         du  ^         du  ^        ^ 

■^*^  +  Vj'+ir**  =  <^' 

and  since  the  values  of  the  coefficients  x,  &c.  are  the.  same 

as  in  the  former  proportions,  we  have  by  the  equation  [1  j 

(464.) 

dx'Sx  +  dr^iy  +  dz'&  =  0 ; 

Eliminating  ^z  by  this  and  the  first,  we  find 

C  du   ,/ dz\       du/dv\^  ^ 

{^^\-s-)-v{-sr)i''->- 

Since  ^^  and  So*  are  here  independent,  we  have 
du  j/dz\       du    ,/da?\ 

du   ^/dz\       du   ,/dtj\ 

which  ar^  the  equations  of  the  curve  sought.  It  will  be 
Qecessary,  in  integrating  these,  to  eliminate  the  arbitrary 
constants  by  the  conditions  of  the  curve  passing  through 
the  ^ven  points.  % 

If,  for  example,  the  surface  be  a  sphere,  of  which  the 
origin  is  the  centre,  we  have 

•^-^'  "^-^y^  IT-^"^- 

H  H 
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If  di  be  considered  oonstanti  we  find  by  this 
xd^z  —  zd^x  =  0,    ^cP«  —  %d^  =  0, 
'.•  yd^x  —  xdh^  =  0. 

Integrating  these,  we  have 

xdz  —  zdx  =  adSy    ydz  —  zdy  =s  6dj, 

ydx  —  xdy  =  «&• 

Multiplying  by^,  x,  and  x,  respectivdy,  and  adding,  we 
find,  after  expunging  the  oonunon  factor  ds^ 

ay  +  bx  -{•  cz  =^  0, 

which  is  the  equation  of  a  plane  pasung  through  the  centre 
of  the  sphere.  In  this  plane,  therefore,  the  sought  cum 
must  be,  and  since  it  is  also  on  the  surface  of  the  sphere,  it 
is  evident  that  it  must  be  the  arc  of  a  great  orcle. 

PROP.  CXVIII. 

(484.)  Tojind  thai  curve  of  a  given  length  drawn  fe- 
tweefi  two  given  points  which  xviU  include  with  its  extreme 
ordinates  and  the  intercept  of  the  axis  ofyi  between  tJtem  the 
greatest  possible  area. 

In  this  case  u  ^Jydx  and  JUs  is  constant,  *.•  the  con- 
ditions of  the  question  are  expressed  by  the  equations 

a/u  =  ITydx  =  0, 

or  if  A  be  an  arbitrary  constant,  these  two  equations  are  in- 
cluded in  (474.), 

Sfydx  +  A$fds  =  0, 
0  Ifydx  :=:f{lydx  +  y^dx)^ 
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Hence  by  comparing  this  with  the  result  of  (464.),  we 
find 

x  =  0,    x'=j^  +  aJ, 

as 


Hence  the  equations  [2]  (465.)  become 

dx  —  Ad-^  =  0, 

08 


whidi  being  integrated,  give 

^  +  A 


dr  dy 

ssCf      a?  —  A-T^  =  c'. 


These  equations  being  integrated,  would  be  identical; 
they  will  not,  therefore,  serve  to  eliminate  a.  Substituting 
Vdtf^  +  da^  for  ds,  in  the  first  we  find 


dj/       VA^-Cj^— c;* 

dx  y—c         * 

•.'  (X  —  cO*  +  (y  -  c)»  =  A«. 
The  curve  is  therefore  a  drcle,  and  the  result  will  be  a 
maximum  or  minimum,  according  as  the  concavity  is  turned 
towards  or  from  the  axis  of  x.  The  co-ordinates  c,  d,  of 
the  centre,  and  the  arbitrary  A^,  must  be  determined  by  the 
two  points  .through  which  the  circle  is  required  to  pass,  and 
the  length  of  the  arc  between  them. 

From  this  it  is  obvious,  that  of  all  isoperimetrical  figures, 
the  circle  includes  the  greatest  area,  and  also,  that  of  all 
figures  including  a  given  area,  the  circle  has  the  least  pe^ 
rimeter,  * 


hhS 
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PROP.  CXIX. 

(485.)  (yf  all  solids  of  revolution  Tiavifig  equal  surfaces 
included  betjveen  given  Umits^  io  determine  thai  which  has 
the  greatest  volume. 

The  conditions  of  this  question  give 

Ttjy^dx  =  maaAmum^ 
9nejyds  =  constant* 

Hence^  by  the  same  principles  as  those  used  in  the  last 
proposition,  we  have 

S{^dxly  +yWa?  +  2aj^ f+J^  ^  9,hdshf)  =  0, 

which  gives 

doc 

Y  =  9ydx  +  ^Arfe,     y'  =  ^sy-—. 

Hence  the  equations  [2]  become 

dx 

ydx  +  kds  -  Kc(^  -£-J  =  0. 

The  former  gives 

dx 

which  gives 

The  integral  of  which,  assumed  within  any  proposed  limits, 
will  give  the  generatrix  of  the  solid  sought. 

If  c  =  0,  the  equation  to  be  integrated  becomes 
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dOQ  = 


_     -ydy 


v/4A*-y 


which  is  the  equation  of  a  drcle,  whoiste  centre  is  on  the  axis 
of  ^.  The  values  of  a  and  c'  are  to  be  determined  by  the 
limits  of  the  proposed  solid.  These  limits  may  be  sup- 
posed to  be  given  by  the  distances  of  the  planes  which 
bound  the  solid  perpencbcular  to  its  axis  from  the  origin  of 
co-ordinates. 

PROP.  cxx. 

(486.)  Ofallpla/ne  curves  of  a  given  length  drawn  join-- 
ing  two  given  points ,  to  determine  that  which  prodtAces  by 
its  revolution  the  solid  of  greatest  volume. 

In  this  case 

fu  =  ifffdxy 
%•  Sfv  =  rtfiy^idx  +  2ydwhf). 
But  since  the  curve  has  a  given  length, 

f{dy^  +  dx^Y  =»  constant, 

dyddy+dwSdx  __ 

•^  ds  "■ 

Multiplying  this  by  the  arbitrary  coefficient  a  and  adding  it 

to  the  former^  we  obtain 

dx  dy 

f[2TtydxSy  +  iiry-  +  A-j-)Sdx  +  a-^%]  =  0. 


Hence 

dx 
IT 


X  =  0,  x'  =  TTJ^  + 


By  integrating  the  first  of  [S],  after  these  substitutions^  we 
obtain 
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which  bong  equivalent  to  the  second,  a  cannot  be  eliminated. 
This  equation^  by  eliminating  ds^  becomes 

Tliis  is  the  equation  of  the  elastic  curve.  There  will  be 
three  arbitrary  constants  in  the  primitive  equation^  viz. 
A,  Cy  and  the  constant  introduced  in  the  final  integration. 
These  three  constants  will  be  determined  by  the  two  given 
points  and  the  given  length  of  the  curve. 

paop,  cxxi. 

(487*)  Of  aU  plane  curves  of  a  given  length  drawn  be- 
iween  txvo  given  points^  to  determine  that  which  by  its  revo- 
lution produces  the  solid  of  greatest  surface. 

In  tills  case  we  have 


fvdy'^  -f-  dx^  =  constant^ 
J^'Kyt/djf  +  dx'  =  max. 
Taking  the  variations  of  these,  we  have 

dyMy  -{^dx^dx 

Multiplying  the  former  by  the  indeterminate  constant  A, 
and  adding,  we  find 

A^ds^y  +  {2ify  +  a/^%+  ~W^)  J  =  0, 
:•  X  =  0,  x'  =  (Sary  +  a)-^, 

Y  =  2irds,    y'  =  (2m/  +  a)-£. 
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%ieydx-)rAdx  ^ 

*•'     z     -^  ^• 

This  is  the  difierential  equation  of  a  catenary,  which 
gives  the  maximum  or  miniinum,  according  as  its  omcavity 
is  turned  from  or  towards  the  axis. 


PBOP.  CXXII. 


(488.)  Two  points  are  given  at  different  perpendicular 
distances  from  the  horizon^  to  find  the  litie  of  swiftest 
descent  from  the  one  to  ike  other^  or  the  brachystochronotis 
curve  joining  them. 

The  origin  being  assumed  at  the  higher  point,  and  the 

axis  of  y  vertical,  the  velodty  of  the  body  may  be  repre- 

—  ,  ds 

sented'by  v'y,  and,  therefore,  the  time  will  bey— =:.  Hence 

we  must*  find,  when  this  integral  taken  between  the  proposed 
limits  is  a  minimum.     Since 

ds  =  Vdx*  +  dy^  +  dz*. 
In  this  case, 

ds  f  dxUx  -^-dyUy  -k-dz  dz      ds      1 

^"I^"^^  Vyds  9J^^' 


Hence 


r  . 


dx 


X  =  0,  X'  =  — ^, 


Z  =  0,  Z'  = =r. 

ds^y 


The  first  and  third  of  the  equations^p]  become 
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•/  <ir  =  o^/ydSf  dz  =  dt/ydi. 
Eliniiiiating  ds  by  these,  we  obtain  €fdx  =:  eefo,  ^l^di 
being  integrated  pves  c'x  =  cjsr,  no  constant  being  neoeasarf, 
since  the  curve  passes  through  the  origin  of  co-ordinates. 
This  bebg  the  equation  of  a  right  line,  shows  that  the  curve 
sought  is  a  curve  described  in  the  vertical  plane  through  the 
two  given  points.  If  this  plane  be  assumed  as  that  of  the 
axes  of  X  and  ^,  the  integral  of  the  equation 

dx  =  c^yds 
will  give  the  sought  curve.     Let  it  be  squared,  and  the 
value  oids^  =  c^^  +  daf^  substituted,  and  we  find 

,.  dx  =  .^^&.,        ' 

which  is  the  differential  equation  of  k  cycloid.  This  curve 
is  therefore  the  br achy stochr one. 

To  complete  the  solution,  it  is  only  necessary  to  restrict 
the  cycloid  to  pass  through  the  two  given  points. 

Let  a  be  the  axis  of  the  cycloid.  By  comparing  the 
differential  equation  just  found  with  that  of  the  cycloid,  we 
find 

1 

a  =  — r. 

By  which  substitution,  the  equation  becomes 

^/a-y 

It  is  evident  that  the  base  of  the  cycloid  is  horizontal, 
and  its  axis  vertical.  The  value  of  a  must  be  selected,  so 
that  it  shall  pass  through  the  two  points. 

(489*)  If  the  problem  be  to  find  the  line  of  swiftest  de- 
scent from  a  fixed  point  to  a  given  curve,  then  l"  =  0^  and 
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l'  =  —=77*^  +  — ^¥- 
s^jfdi  »yy'dJ 

Let  the  equatioii  of  the  limiting  curve  be'^'=/(a:),  and 
let  Ijt*  —  p^^  =s  0.  Multiplying  this  by  the  arbitrary  co- 
efficient A,  and  adding  it  to  the  former,  we  find 

da[f                  ^         di/ 
•/  — =—  +  A  =  0,    — ^ ^^  PA  =  0. 

Eliminating  a,  we  obtain 

dt/^      p: 

Hence  the  cycloid  must  be  drawn  so  as  to  be  perpendicular 
to  the  proposed  limiting  curve  at  the  point  where  they 
intersect,  or  the  normal  of  each  must  be  a  tangent  to  the 
other.      -^ 

In  the  same  manner,  if  the  problem  were  to  find  the  line 
of  swiftest  desc^it  from  one  curve  to  another,  it  would  be  a 
cycloid  intersecting  both  peqjendicularly. 


PttOP.  CXXIII. 

(490.)  A  solid  of  revolution  mooes  in  a  Jluid  in  the  di" 
rection  of  its  axis,  to  determine  its  Jigv/re  so  that,  caeteris 
paribus,  it  will  suffer  least  resistance  *. 

By  the  established  principles  of  Mechanics^  the  resistance 
which  the  solid  Bufiers  is  represented  by  the  integral 

^  yds/" 

^  di/^+da^' 
Hence 


*  Newton,  Princip.  prop.  34,  lib.  ii.  Scholium. 
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-J  \  5?  \ 1' 

Hence  we  find 

*  =  &»'   ^ S* 

The  first  two  equations  of  [2]  become 

&?-''\,- — &5 — ;=o. 

If  ~-  =  y,  it  is  evident  that 


But 


<^)-^^'^^iT$)^y^''y'' 


ya^       _  3+y^ 


Hence 

But  Y  =  Jy'.     Therefore,  by  integrating  we  obtain 

*"  +  i+y  -  ""-^ -    i+y«  ' 
.  vc(l+y•«)  =  %y^ 

The  same  result  exactly  would  be  obtjuned  by  inte- 
grating the  former  of  our  equations.  We  have  then  the 
equations 

c(i+y') 
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Substituting  for  jf  in  the  last  integral  its  value  derived 
from  the  first  equation,  and  integrating  the  result,  we  shall 
have  two  equations  free  from  integral  signs  involving  x^  y^ 
and  y\  By  these,  jf  being  elinunated,  we  shall  have  the 
equation  of  the  sought  curve. 


PROP,  cxxiv. 

(491.)  To  determine  the  curve  of  a  given  lengthjoining 
two  given  points j  of  which  the  centre  of  gravity  is  lowest. 

In  this  case, 

J3s  =  const.9      Jyds  :=  maw. 
dybdy+dxSdx  ^ 
•^  ds  ""    ' 

Muldplying  the  former  by  the  indeterminate  const,  a, 
and  adding,  we  find 

diC 
'.'  X  =  0,    x'  =  (y  +  A)-2j-, 

dx 


».•  dx  = 


ds 
cdy 


which  is  the  differential  equation  of  the  catenary  *• 

y.     ■■!    .     f.  ■  ■       ■  ■.  ■      I     ..I  .1  I      I       ■        I     ■        I         ■■      .  ■  I  II  ■ ■ 

*  Geometry,  note  on  Art.  652,  653. 
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THE  CALCULUS  OF  DIFFERENCES. 


SECTION  I. 

Definitions  and  Notation, 

(49S.)  If  the  numbers  of  the  arithmetical  series 

0,  1,  2,  3,  4,  6,  ...  . 
be  successively  substituted  for  the  variable  in  any  function, 
that  function  will  assume  a  series  of  corresponding  values, 
which  will,  in  general,  depend  on  the  form  of  the  function, 
the  values  of  its  constants,  and  the  particular  number  of 
the  series  which  is  substituted  for  the  variable. 

Although  the  differences  between  every  pair  of  successive 
values  of  the  variable  are  equal,  being  unity,  yet  it  is 
obvious  that  this  will  not,  in  general,  be  the  case  with 
the  differences  between  the  pairs  of  correspcmding  values 
of  the  function.  The  value  of  any  such  difference  will 
depend  on  the  vidues  which  have  been  assigned  to  the 
variable. 

If  u  be  taken  to  exfH*e86  tlie  form  of  a  function  of  x,  the 
value  which  u  assumes  when  0  is  substituted  (ot'W  is  ex- 
pressed thus,  UqI  and,  in  general,  the  several  values  of  the 
function  u  oorrespotiding  to  the  values 

0,  1,  2,  3,  4,  5,  .  .  .  •  a? 
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of  the  variable  are  expressed  thus, 

«o>  «iJ  «2#  «a>  W4,  W5,  •   •   •   •  w*. 

These  are  sometimes  also  expressed  thus, 

%  ^u,  •w,  %  %,  *W,   •    •    •    •  'tt. 

The  series  of  negative  integers 

-  1,  -  2,  -  3,  ...      -  ^, 
may  also  be  substituted  for  the  valriable,  and  the  results  ex- 
pressed thus, 

w«i,  w«2,  u^„  .  •  .  •  w«,. 


or  ""'w,  "^u,  -'w,  .  •  .  •  ""'«*. 


(4«930  Every  series,  the  terms  of  which  increase  or  de- 
crease by  any  fixed  law  or  condition,  may  be  conceived  to 
be  generated  by  this  successive  substitution  for  the  variable 
in  a  function,  which  function  is  called  the  general  tertn^ 
and  expresses  by  its  form  the  law  of  the  series^  The 
variable  a;  is  called  the  index  of  the  term  in  which  it 
occurs. 

Thus,  for  example,  let  the  series  be 

a,  a  -{-  by  a  -\-  2bj  a  +  3bf  '  •  '  -  a  -\  xb. 
In  this  case  the  general  term  is 

By  successively  substituting 

0,  1,  2,  ...  . 

for  a:  in  %,  the  successive  terms  may  be  found. 

If  the  series  do  not  commence  at  a,  the  preceding  terms 
may  be  found  by  substituting  successively 

^  1,  -  2,   -  3,  ...  . 
for  X, 

Thus  it  appears,  that  the  nature  or  law  of  an  arithmetic 
series  is  expressed  by  the  equation 

Ur  =  a  +  xb. 
Again,  if  the  series  be 

a,  ar,  ar\  ar\ 


■'^    -»•»    .   .   .   , 
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The  general  term  is 

in  which  the  successive  substitution  of 

0,  1,  2,  3,  ...  • 

for  X,  gives  a  and  the  terms  which  succeed  it ;  and  the  sub- 
stitution of 

-  1,  —  2,  —  3,  ...  . 

gives  the  terms  which  precede  it. 

As  in  geometry,  lines  are  always  supposed  to  be  extended 
indefinitely  in  both  directions^  unless  the  contrary  be  ex- 
pressed ;  so  in  the  calculus  of  differences,  series  are  sup- 
posed to  be  continued  through  an  infinite  number  of  terms, 
unless  the  question  imposes  express  limits  upon  them,  or 
they  assume  Hmits  from  the  nature  of  their  general  term  or 
generatrix. 

(4Q4i.)  The  difference  between  two  values  of  the  function 
which  correspond  to  two  successive  values  of  the  variable 
is  called  the  difference  of  the  function.  The  notation  ex- 
pressing this  difference  should  also  express  the  value  of  the 
variable  in  one  of  the  two  states  of  the  fimction.  If  then 
the  two  successive  values  of  the  variable  be  1  and  2,  the 
corresponding  values  of  the  function  are 

and  the  difference 

which  is  usually  expressed  thus,  Ai/^. 

In  general,  if  the  two  successive  values  of  the  variable  be 
T  and  J7  +  1,  those  of  the  function  are 

and  the  difference  is 

The  several  differences 

«^i  -  «^o>  ^2  —  «^,  t/a  -««•••  • 


are  therefore  expressed^ 

AUf0  i^9  Augf  •  •  •  • 
(405.)  It  is  obvioutf  tlmt  tib^  diffiareiioe  a%  of  a  fuMtioB 
is  itself  a  function  of  the  vanabley  and  receives  a  sucoesskm 
of  different ,  values .  by  the  substitution  of  the  suooesihre 
integers  for  the  variable.  It  therefore  has  a  diffkremce  in 
the  same  sense  as  the  function  itself.  The  diffierence  of  the 
difference  of  a  function  An^  would  be  therefore  exprenod 
thus, 

A(AtfJ»  ' 

.  or  more  simply^ 

li^his  bang  again  a  function  of  the  variable,  we  find  bj 
continuing^  the  same  reasomng,  a  series  of  suocesave  dif* 
.  ferences, 

Att„  A«ti„  AHf„  A*M^  .  .  .  • 
BxAy  in  general,  A"ii«,  which  are  called  the^^  dl^erence^ 
the  second  difference^  &c.  and^  in  general,  the  nik  d^ 
Jhrence. 

The  analogy  of  this  language  and  notation  to  those  of  the 
differential  calculus  is  suflBciently  obvious. 

(496.)  The  calculus  of  differences  may  be  divided  into 
two  parts  analogous  to  those  of  the  differential  and  integral 
calculus.  The  direct  caicutus  of  differences,  the  object  of 
which  is  the  determination  of  the  successive  differences  when 
the  function  is  given ;  and  the  inverse  calcuhis  of' differences, 
the  object  of  which  is  the  determination  of  the  function 
lehen  the  differeiyce  is  given. 
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SECTION  n- 

Of  the  direct  method  of  differences. 


PROP.  cxxv. 

(497.)  To  determine  the  difference  of  the  aigebrakal  mm 
of  several  functions  of  the  same  variable.  * 

Let 


•••  w,+,  =  tt',+,  +  ttf',+,  —  u! 


m 


*+v 


Subtracting,  we  find 

AW,  =  aw',  +  aw",  —  Af/V 
Andf  in  general,  if 

w,  =  2;(t*g, 

w,  =  2:(Ati^,). 

PEOP.  CXXVI.  \ 

(498.)  The  constant  quantities  connected  with  the  variable 
of  a  function  hy  addition  or  subtraction  disappear  in  its 
difference;  and  those  united  by  multiplication  or  division 
are  united  in  the  same  manner  with  its  difference. 

1^.  Let  the  function  be 

Hence  the  difference  is 

A(m,  +  a)  =  (m,+,  +  a)  -  (w,  +  a)  =  i/,+i  -  w,  =  Aw„ 

•/  A(w,  +  «)  =  AW,. 
9P.  Let  the  function  be 

aw„ 

1  I  2 


^      '  "t"/ 


vr. . 


i»    ■-.'rf' 


X, 


But 


jPKap.  cxxTii. 


Vt-^M 


(499.)  To  determine  the  values  qfxi^and  £ajt^i^4Wlk 
^u^,md  He  euccesme  d^mieei.      ■  >  ^  ^        '       '      / 

By  what  has  been  already  explained,  Ve  have 
*  V  «/+'A»,  ==  1^0  + SAii^-f  A%. 

Also,         ,  ._^  ^_  .,  _  .  .    ..  .^•^•;  •  <  m:[  • 

««  =  «*l  +^  Aw,  .-  .    r    r 

-.'  t<3  =  tto  +  2AUo  +  AX, 

•.•  Awa  =  Awq  +  gA'-^Wo  +  AX* 
which,  by  addition,  gives 

Wa  +  AM2  =  Wo  +   3Awo  +  SA^i/q  +  A^Mq. 
But,  also,  ' 

^3  =  ^2  +  AMjw 
\'  u^  z=  Uq  +  S^Uq  -f  3a*Mo  +  A^tfo* 
•.•  Am,  =  Awo  +  SAX  +  3AX  +  AX» 
which,  by  addition  and  a  similar  substitution,  gives 
u^  =  Uo  +  4Awo  +  6A«i/o  4-  4AX  +  A*Mo, 
'.•  Au^  =  Af^Q  4-  4AX  +  6aX  4-  4AX  +  AX» 
and^  in  general^ 

«x=Wo+yAw^+  __A«,/„  + :j-^ — AX  •  •  •  [a], 

A2^x=AWo+y^X+--i^^X+— YgJ— AX-  •  •  [b], 
and  in  like  manner  we  have,  in  general, 
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or. 

This  series  may  easily  be  retained  in  the  memory,  by 
observing  that  it  is  the  development  of 

and  the  former  shows  that  w^+n  ^^ay  be  expressed  thus, 

uriy  +  Ay. 

So  that  any  of  the  four  expressions  may  be  indiscriminately 
used  one  for  the  other. 


PROP.  CXXVIII. 

(500.)   To  determine  A^u^  in  a  series  of  Uj^+ny  w^+n-ii 
^*+n-2«    •    •    •    •  .... 

By  what  has  been  established,  we  have 

AUo  =  t^i  —  Wo, 
A*Mo  =  Aw,  —  AWo ; 
but,  also, 

Atti  =  Wa  -  ^19 

•••  A*t^o  =  «^  -  2wi  +  «^o- 
By  taking  the  diflference  of  this,  we  find 

A'Wq  =  Atta  —  2At^  +  AWp. 
Substituting  for  these  differences  their  values,  we  have 

A'tig  =  Wa  —  Swj  +  Swx  —  Mq. 
In  like  manner,  taking  the  differences  of  these, 

AX  =  AWj  —  3Aw2  +  SAUi  —  AWo* 
Substituting  as  before,  we  find 

A^Uq  =  W4  —  4^8  +  6m3  —  *ai  H-  «o, 
n  n,n — 1  n.w — 1.»— 2 


•      a     •      . 
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andy  in  gcncfaly 

n  fi.fl— 1  fi.fl— l.f»— * 

Thus  the  value  of  A'^u,  is  equivalent  to  the  develop, 
mentof 

The  expcments  of  u  in  the  sucoesave  terms  bemg  ireniofcd 
bebw  the  letter  thus,  u^+m* 

(501.)  When  the  function  is  giveuj  its  suoceanve  ifif* 
f erences  are  eamly  obtained. 

Let  11^  =  (y  +  it»r,  V 

II,  =  (y  +  A)~ 
II,  =  (y  +  »)«, 


Hence 

,  .  f7i.m— 1        ,,     f».m*-Lm— 2 
•••  Atto=»«3r-*A+-^-g-y«-*A*+ j-g^ 3r-»A»+- 

To  obtain  the  second^  third,  and  succeeding  differences, 

it  is  necessary  to  change^  into  y  +  A  in  Au,  A^u 

Hence  we  obtain 

AM,  =  m(y  +  A)— »A  +  ^7.^  il/  +  A)*^^*  +  •  •  • 

It  is  evident  that  by  devel<^ing  Au^y  and  arranging  the 
result  by  the  ascending  powers  of  h,  and  subtracting  Att 
from  the  result,  the  series  will  have  the  form 
A*w  =  m.m  —  1 .  y"*-*^"'  -f-  May^^^A*  -f  M4«**-*ik^+  •  •  •  • 
where  Mg,  M4  •  •  •  •  signify  the  functions  of  «,.  .which  fonn 
the  succesinve  coefficients. 

By  a  similar  substitution  in  tiiis  last  series,  and  observing 
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the  condition  a'//  -  A*w,  —  A*m,  we  shall  obtain 

A^u  =  m.m  -  1.171  --  9>jf^%^  +  m'4^»*~*A*+  •  •  •  • 

It  is  obvious  then  that  the  first  term  of  the  development 
of  A'*ii  must  be 

rri'm  —  l«m  —  2  •  •  •  •  (wi  —  n  4-  l)y"*^A*. 

.  It  follows,   tJierefore,  that  when  the  exponent  »i  is  a 

positive  integer,  the  number  of  terms  of  the  development 

of  A"a,  arranged  by  the  powers  of  ^,  diminishes  by  unity  as 

n  increases  by  unity,  and  that  when  n  =  w,  we  have 

ATn  =  m-m  —  l-m  —  2  •  •  •  •  S.SJ.A*". 
This  difference  being  constant,  all  the  succeeding  differences 
must  =  0. 

We  can  obtain  the  general  term  of  the  series  A!'u  by 
means  of  the  values  of  «,  w,,  Mj,  •  •  •  •  independently  of  A", 
A*tt,  A'w,  •  •  •  .  We  have 

«i  =  (y  +  *)"> 

%  =  (y  +  2A)", 


Hence  by  (500.) 

1:2:3 f^  "^  (w-.3)A]«»+  . . . . 

If  i  be  the  exponent  of  h  in  any  term  of  this,  when  each 
term  shall  have  been  separately  developed,  the  general  ex- 
pression for  this  term  will  be 

1.2.3 i        ^ 

Jn'  «  -(n  -  ly  +  -j^g-C^  -2y-  • ;  •   f 

Bu<t  the  development  of  A*u  cannot  involve  aoy  powers 
of  h.  of  which  the  exponents  are  les&.  than  %  ius  appean 
from  the  lowest  exponent  in  the  development  of  A*tt  being 
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fi.    Henoe  it  ibHow%  that  the  fimctioii 

oooiistiiig  of  (n  -I- 1)  tenns  must  s  0  whea*i''.<  m;  <  r^  • 
Alao  the  coefficient 

1«S«S •  •  i 

must  vanidi  when  «i  =  t  +  !•    It  Mowbi  tiienfen^'^it 
no  power  of  A  in  the  devekipmenlt  of  A"ii  can  httwe^mhi^ 

exponent  than  m.    • 

•  » 

PEOP.  CXZIX, 

(509.)  To  daermme  ^  sueceuive  d^ereneei  of  a  ra^ 
a^d  integral f unction  qf-x,. 

The  form  of  the  proposed  function  is 

u  =  Kof  +  Bar*  +  CF^'  +  Da?*  •  .  -  • 
Taking  the  nth  difference 

by  (498.). 

The  nth  differences  of  each  of  the  powers  of  x  must  then 
be  separately  found  by  the  methods  given  in  (501.)» 
If  a  be  the  highest  exponent  in  the  series^  we  have 

A«a:«  =  i.2.3  •  •  •  •  ahf", 
aV  *=  0,     A«a:*  =  0 
Hence 

A*tt  =  1.2.3  •  •  •  .  aa/^. 


*  By  A"««  I  denote  the  «th  difference  of  ««;  and  (A"df)*  ex- 
presses the  ath  power  of  the  nth  difference  of «.  Lacroix  ex- 
presses the  former  by  A*.  «*,  and  the  latter  A^j*.  I  do-  not  dunk 
these  sufficiently  distinct. 


•  •  •  • 
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(503.)  Hence  it  follows,  that  ^^  every  rational  and  integral 
function  of  x  has  a  constant  dilBTerence,  and  the  order  of  this 
difference  is  expressed  by  the  exponent  of  the  highest  power 
of  a  which  enters  the  function.'' 

(504.)  Hence  every  function  which  admits  of  being  ex- 
panded in  a  finite  series  of  ascending  integral  and  positive 
powers  of  x,  has  a  constant  difference  of  the  nth  order,  tp 
being  the  exponent  of  x  in  the  last  term. 

(505.)  No  function  of  x  whose  development  in  ascending 
positive  and  integral  powers  of  \r  is  not  finite,  can  have  a 
constant  difference  of  any  order. 

(506.)  The  following  example  will  illustrate  what  has  just 
been  established. 

Let 

Substituting  successively  0,  1,  2,  3,  •  •  •  •  for  x,  we  obtain 

the  values  of  u^  Ui,  Wj,  Ws,  •  •  •  •      By  subtraction,  we 

thence  obtain  the  values  of  Au^^  Au^,  AU29  Au^^  ....  and 

thence,  in  like  manner,  the  values  of  A^w^,  A^Wjj  A'wj,  •  •  • 

and  so  on.     Thus, 

1/^  =  3,    til  =  6,    tta  =  15,    «^  =  36,    W4  =  75  •  •  •  • 

Auo  =  3,     AM,  =  9,    Ae<2  =  21,  Alfa  =  39 

AV  =  6,     A«tt,  =  12,     A«M2  =  18 .  • . . 

A^Uq  =  6,    A^Uj  ='6 .... 

A*Uo  =  0  . . . . 


• » • . 


Here  we  perceive  that  the  differences  of  the  second  order  are 
in  arithmetical  progression,  those  of  the  third  order  equal, 
and  all  superior  orders  =  0. 

It  will  easily  appear  that  this  is  universally  the  case  with 
rational. and  integral  functions. 

.  (507.).  The  calculus  of  differences  is  of.consideiable  use 
in  approximating  to  the  values. of  transcendental  functionay 


1 

m 
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lu  in 

logarithmic,  and 

tolher  tables. 

Le 

»o  =  I'- 

Hence 

«,  =  ;(»  +  /,), 

B 

,.,  ^  /(»  +  24), 
a.  =  /(i  +  Si), 

m 

■.■  Aa 

=  /(a?  +  A)  -  ?j-, 

1 

,4      h'     ;.' 

-....}. 

■ 

A'Ho 

=  ((x+!i;.)-2!(j:  + 

4)+fc, 

P 

k 

=  <-?)-<>+^>                      1 

....}. 

A 

».  =  «.'- 

1-  34)  -  Sl{x  +  24)  +  3 

id  f  '.)  -  fa,       1 

^.^Hlfr-.,]... „„..., ^ 

Tliese  differences  must  be  contiDued  uirtil  one  is  fonac' 
BO  small,  thiu^  it  may  be  Delected  without  prodndng  «>^ 
error  of  aoy  pnoical  ioapoitance  id  tfae  ftropofletl  oaK-' 
cuktion. 

Suppose,  for  example,  that  «  =  10000  and  A  =  1,  w^ 
should  then  have 

u  =  noooo 

Av  =      0,00004    »4272    76863 
A>u  =  -  0,0000      00048     43076 

Ahi=     0,0000    00000  oosea  ■._ 

.t  If  in  the  final  result  it  ^ould  be  only  required  to  pnc^ 
ceed  as  far  as  ten  places,  the  differences  of  tht  fourth  «fd^s 
o^M  be  ne^eotad  for  the  severd  socoetsive  »iiinhei)Bt  fc^ 
they  shoiddi  be  repeated  very  often  befcare  th^  oould  pEC=: 
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duce  any  effect  upon  the  difference  of  the  third  order.  If 
the  differences  of  the  third,  second,  and  iirst  orders  be 
found,  the  logarithms  of  10001, 10002,  10003, ....  may  be 
computed  when  that  of  10000  is  known,  which  is 

4.00000    00000    00000. 

It  is  necessary  that  the  calculation  should  be  extended 
to  fifteen  decimal  places,  in  order  to  determine  when  the 
accumulation  of  error  arising  from  the  value  of  the  neg- 
lected places  will  begin  to  produce  an  effect  upon  the  last 
£gure,  to  which  it  is  proposed  to  extend  the  computed  re- 
sult. This  may  be  always  determined  by  the  logarithms  of 
numbers  rigorously  computed,  a  priori^  at  stated  intervals, 
saA  by  comparison  with  which  it  may  be  ascertained.  If 
the  first  ten  places  be  not  the  same,  the  diff(»*enoe  has  been 
taken  as  constant  through  too  great  a  number  of  terms. 

The  formula  [a]  determined  in  (499.)9 

n               n.w— 1               w.n— 1.»—^  . 
-««  =  «*.  +  Y^^°  +      1  g    A%o  +  Y^^ — AX+- 

furnishes  an  easy  method  of  determining  the  error  pro- 
duced by  the  suppression  of  the  differences  of  any  proposed 
order. 

In  the  example  already  given,  let  n  =  50,  and  let  the 
Gorresponding  value  of 

n.n— l.w— ^.«— 8    . 

TJlSA ^"« 

computed.     Since 

find  that  it  produces  no  influence  upon  the  tenth  decimal 
place  of  the  logarithm  of  10()50.  It  will  be  therefore  a 
Joriiori  the  same  for  differences  of  superior  ordenu 


I 


SECTION  III. 

OJ  interpolation. 


(SOS-)  In  calculating  the  various  tables  used  in  the  dif- 
fefent  departments  of  ph)'BicaI  science,  the  process  would  be 
elaborate  in  the  extreme,  if  each  particular  number  required 
a  separate,  a  priori,  computation.  To  remedy  this  iacun- 
venienc£,  mathematicians  propose  the  following  problem: 

*'  Given  several  terms  of  a  series  to  introduce  between 
them  other  terms  in  such  a  manner  that  the  law  of 
the  series  shall  not  l>e  changed." 

The  solution  of  this  problem  is  called  the  method  q/ 
interpolation. 

If  the  law  of  the  series  veri  expliddy  given,  the  solution 
would  be  obvious.  For,  by  this  law,  the  general  tern 
would  be  expressed,  and  the  successive  substitution  of  any 
series  of  proposed  values  for  the  variable  in  that  term  would 
introduce  the  required  terms  in  the  series.  This  must  be 
obvious  from  what  has  been  observed  in  Section  I. 

In  this  point  of  view  the  problem  is  equivalent  to  being 
^ven  any  number  of  ordinates  of  a  given  curve  to  draw  tbe 
intermediate  ordinates,  wHich  correspond  to  any  proposed 
intermediate  abscissee,  which  can  always  be  done  when  the 
equation  of  the  curve  is  ^ven.  The  value  of  the  ordinate 
derived  from  the'  equation  of  the  curve  is,  in  this  case,  the 
'  general  term  of  the  series. 

The  case  in  whidi  the  use  of  the  method  of  ioterpolatjon 
is  more  generally  required,  is  that  in  which  the  law  of  the 
series  is  not  g^ven ;  but  only  the  numerical  values  of  cer- 
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tain  terms>  of  the  series  at  stated  intervals.  The  law  in 
this  case  cannot  be  known,  but  may  in  a  manner  be  ap- 
proximated to. 

In  this  case  the  question  becomes  equivalent  to  drawing 
a  curve  through  a  number  of  given  points,  tJie  species  of  the 
curve  not  being  given,  which  is  a  question  evidently  inde- 
terminate. The  calculus  of  differences,  however,  presents 
a  method  of  solving  the  problem  approximately. 
.  (509.)  Let  u  be  the  general  term  of  the  series,  and  let 

Uof     *''1J     *^25     "'3>     •     •     •     . 

be  the  values  of  m,  which  correspond  to  the  particular  values, 

"^0>     ^1>     *^29     •^SJ     •     •     .     • 

of  the  variable.  We  shall  suppose  u  in  general  developed 
in  a  series  of  ascending  powers  of  jr, 

w  =  A  +  Bjr  +  cx^  +  Doa^  .... 
The  several  coeflSdents  a,  b,  c,  d,  .  .  .  .may  be  de- 
termined by  the  supposition  that  u  becomes 

Uq^    t^i,     t/^)     .     •     •     . 

when  X  becomes 

**fQm      X^f       ^29       •      •       .       . 

We  shall  first  suppose  that  this  series  of  values  of  x  are  in 
arithmetical  progression. 

If  ;r  be  assumed  very  small,  the  series 
^  t^  =  A  +  ar  +  cx^  +  D^'  .... 

may  be  supposed  to  end  at  such  a  term  mi*"  as  will  leave 
the  remainder  so  small  as  to  produce  an  inconsiderable  effect 
upon  the  value  of  u. 

The  mth  difierence  of  the  function  u  may,  under  these 
circumstances,  be  considered  constant  (503.),  and,  conse- 
quently, (499.)j  we  have 

n^         ».w— 1    ^          n.n— In— 2  . 
t*,.  =  «o  +  y^+     I  2   ^^0  +  i^Q ^^  •  •  •  • 

n.n — 1  • .  • .  (n — m-f-l) 

X.4V.tJ.    •    •    •    .   ^ 


r 

Bjr  thiB  seriMy  if  «o»  Ztffi»  AHi«»  •  •  •  •  be  known,  the  vilue 
of  tiw  wffl  lie  detenamed  for  any  Tilueof  !!• 


Let X  ss  So  +  nhf  V »  s=  — r — 9  and  if  jr  -^  x^^V^ 

•  •  ft    -s     -~- 

Hence  the  Miies  beoomet 
and  if  tfn  —  fo  =  ^'ui  '•' 


•   •  •  • 


Tbit  bang  a  rational  ftmctioa  of  V»  ait  (x ^  m^^otM^d    \ 
the  same  degree  as 

it  will  be  the  function  required>  and  may  be  tiierefiM  eoD- 
sidered  as  the  general  |erni  of  the  serieif. 

(610*)  As  an  example  of  the  application  of  this  prooeflB) 
let  the  terms  of  the  series  which  are  given  be 

Wo  =  ^,  "i  =  7,  «»  =  19,  tts  5=  39,  ^4  =  67 

Hence, 

Wo  =  3,  Am  =  4,  A«i^  =  8,  A^M  =  0,  A  =  1. 
The  series  A'w  is  in  this  case  reduced  to  its  first  two  tenns, 
and  becomes 

A'w  «  4ft'  +  W(h!  -  1)  =  4A'«. 
Hence  we  find 

wv  =  3  +  4A'«. 
Thus,  if  h!  =  I,  the  correspgnding  term  of  the  series 
would  be  28;  and,  in  Uke  manner,  the  term  of  the  series 
corresponding  to  any  other  exponent  might  be  determined. 
Again,  let  the  given  terms  of  the  series  be 

Mo  =  1,      Ml  =  4,     W2  =  %  ' 

u^  =  8,     2/4  =  9,     Ub  =  16. 


'j 
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Hence 

iio  —  1*    Aw©  c=.  8,     AX  =  ^  5,    A'Wo  ==  8, 
A*u  =  —  6,    A^M  =  0,    A  =  1. 
Hence 

^  =  l+3__6— j^  +8 j^3 ^ 

^7t'(//-1)(A'-2)(fe'-3) 
"  1.2.3.4 

which  being  developed  and  arranged  by  the  powers  of  A', 
becomes 

12  + 11 6A'  -1 1 1  A"+84A'»— 3A'* 
""  =  12- • 

In  these  cases  the  law  of  the  series  has  been  rigorously 
determined,  and  the  values  of  any  proposed  term  u^  can  be 
determined,  not  approximately^  but  exactly.  This  is  always 
the  case  when  we  obtain  a  constant  difference,  however  high 
its  order  may  be,  becausci  in  that  case,  the  successive  values 
can  only  result  from  an  algebraic  function.        ^ 

(511.)  The  series  expressing  A'm  is  generally  used  when 
the  differences  Amq,  A*«/oj  A*Wo>  •  •  •  •  continually  decrease, 
because,  in  that  case,  it  is  convergent.  In  case  the  general 
term  of  the  series  be  not  an  algebraic  function,  the  terms 
intermediate  between  any  two  may  be  determined  ap- 
proximately by  assuming  one  of  the  differences  A?/©?  A^Wq, 
&c.  of  a  sufficiently  high  order,  and  considering  it  as  con- 
stant for  all  the  intermediate  terms,  and  determining  the  in- 
termediate terms  and  their  differences  by  the  method  already 
given  for  the  case  of  algebraic  functions. 

As  an  example,  let  it  be  required  to  compute  the  common 
logarithm  of  the  number 

3,1416926606 
by  means  of  a  table  containing  the  logarithms  of  all  integers 
from  1  to  1000  to  ten  decimal  places.     We  shall  take  these 
io^arithms  as  particular  values  of  w,  and  the  numbers  them- 
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adves  as  the  indices  ttf  tb«  functions;  thus,  let 

t«,  =  /(8il4),    «,=  1(8,15),    Hi  =  f(8,16), 
u,  =  /(8»l7),    »«a^8,18). 

Hence  by  the  tables,  we  have 

ti,  =  0,4969286481 
»,  =  0,4988106538 
u,  s  0,4996870eS6 

II,  =  o,50i059a6!e!e 
«« =  o,502«maoo. 

Hence  we  find 

Am,  =  0,0018809067 
Ak.  =  0,0018766288 
Au,  =  0,0018721796 
Am,  =  0,0018678678. 

AX  B  ~  0,0000049769 
A<^,  =  -  0,0000048492 
A«tf,  =  -  0,000004«218. 

A'«,  =  0,0000000277 
A'm,  =  0,0000000274. 

A*Mo  =  -  0,0000000003. 

By  continuing  the  process,  and  taking  from  the  tables 
the  logarithms  of  3,19,  3,^0,  &c.  we  should  find  the  dif- 
ferences ^^Uq,  A^w-o,  &c.  still  decreasing,  and  for  several  suc- 
cessive numbers  we  should  find  the  fourth  differences  A% 
A*Wi,  A*W2>  ^*«^3  •  •  •  •  as  far  as  the  tenth  decimal  place,  the 
same  as  that  already  found,  we  assume  that  in  calculating 
Au  to  the  tenth  place,  the  series  expressing  it  should 
rig(»:ously  terminate  at  the  fourth  term. 

Since,  then, 

h  =  3,16 -8,14  =  0,01, 

A'  =  9,1415926586  -  3,14  =  0,0015926636. 
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-^  =  0,15926586 
h 

-gjp  =  -  0,42086732, 

A'— 2& 

^^g^  =- 0,61857821, 

*^^  =  -  0,71018366. 
titutiDg  these  in  the  formula 

■^  A.2A.3A.4*  ^*^' 

ecting  the  operations  indicated  by  the  signs,  the 

^u  =  0,0002202245, 
•••  log.  (3,1415926586)  =  0,4971498726. 
)  In  the  preceding  cases  we  have  supposed  that  the 
alues 

OTo,     ^1,     a?2,     ^a>  •  •  •  • 
arithmetical  progression.     When  this  is  not  the 
;  the  particular  values  be  successively  substituted  for 
!  series 

M  =  A  +  Ba?  -I-  CO?'  +  Da:'  + 
[ives 

Wo  =  A  4-  B^To  4-  cxl  +  DarJ 
tt,  =  A  -h  B^i  -f  cx\  +  DarJ 

fij,  =  A  +  Ba?,  +  CO?*  +  pa^ 
«8  =  A  +  Bfl7,  4-  Ca?J   +  DXj 


•        •        • 


•        •        • 


•        •       • 


imber  of  given  values  m©,  i^i,  t/j  •  •  •  •  ought  to  be 
i  least  to  the  number  of  coefficients  a,  B,  c,  •  •  •  • 
t  is  jequired  to  determine. 

K  K 
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By  subtnusting  suooesdvely  each  equation  fixmi  that  which 
follows  it,  and  dividing  the  successive  results  by  j?,  —  x^^ 
a?a  "-^  jTi,  •  •  •  •  the  results  will  be 

Ut  —  tip 

Z T  =  B  +  c(d?i  +  X^  +  D(j;*  +  X^o  +  jr*) 


^^^  =  B  +  c(ar,  +  w^)  +  d(j;»  +  4r^i  +  ^f) 

^3^  =  B  +  c(4?,  +  x^  +  D(;r;  +  a?.a?,  +  xj) 


Let 


Subtracting  Uo  from  u^,  u,  from  u.,  &c.  and  dividii^ 
the  successive  results  by  Xt  -—  x^^  x^  -^x^^  &&  and  cslling 
the  quantities 


X, 

-^.' 

^3- 

ki;. 

0*0,  u*,,  &c.  we 

obtain 

Vo 

=  c  +  J>(x^ 

+  Xi 

+ 

•^0/  •  •  •  • 

u'. 

=  c  + 

D(.rj 

+  d?a 

+ 

•«]  1  •  •  •  • 

from  whence  we  find 

' 

tj'.- 

u'o  = 

:  T>(Xs 

— 

^o). 

Substituting  u" 

for 

u'. 

-U'o 

•^3  J?„ 


we  have  u"o  =  d  -f »  &c.    If  we  suppose  that  the  first  tout 
terms  give  a  sufficient  approximation  to  u^  we  shall  have 


D  =  UV 


c  =  u'o  —  u"o(.r,  +  .r,  +  aro), 
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Substitutiiig  thefli^  values  in  die  general  esipreanon  for  Uj 
we  find 

By  this  reasonings  we  should  have  a  formula  similar  to 
this^  whatever  may  be  the  number  of  giv^i  values  of  or,  and 
it  may  in  general  be  expressed  thus : 

The  meaning  of  the  several  coefficients  being  determmed 
SB  ir<|,— ■ =^1^1, =  "»  &<5. 

a?, -or,         "'«4-Ar. 
=  Ijw    &c. 

(51S.)  The  series  already  found  for  the  case  in  which  the 
values 

'**o>      '**i>      '**«f      "^SJ   .    •   •   • 

Bf^  m  arithmetical  psrogrefluon,  may,  without  difficulty,  be 
deduced  fixmi  the  more  general  formula  which  we  have  just 
Mtftbliab^. 

In  iim  case  we  have 

.Ti  —  apo  =8  *»  —  Jf I  =*  '*'s  "■  ^«  =  •  •  •  • 
Hence 

■  '    t  a?!  SB  tP  +  &> 

a?,  =  «  +  SA, 
x^  =:  X  +  3A. 


Therefcnre 


xkS 


m 

^  •  •     ■  y 

fi#H-irak »,■•+<' it  '4*'  :  -•••  V-   -.;  Hi'W  .i^'*jk-.*^Tn*W 


nUdi  18  tbe  (mne  aa  Ae  i^esfdl  of {M9.)* 
(514)  The  genawl  formiik  {br  tf  m^ 
in  another  way.    Since  the  values  of 

^Of         ^l9        ^9)  •    •   •  • 

in  terms  of 

•*^o>       •^i>       •''«>  •  •  •  • 

are.  all  ample  equations  with  respect  to  the  several  oth 
effi<^ent8  a,  b^  c,  •  •  •> .  > 

It  follows  that  the  expression  for  u  should  be  sodb,  Aftt 
by  chan^ng  x  successively  into  Xq^  w^  x^y. .  ^ .  t«  Aoold 
become  u^  Ui»  tis, .  •  •    Hence  we  should  have 

provided  that  the  functions  Xo,  Xj,  x,, .  •  . .  be  sudi,  thfl^ 
the  suoc^ve  substitutions  of  .ro,  x^^  x^  ...  .for  x  give 

Xo  =  l,      XiS=0,      Xa=0,      X3  =  0» 

Xo  =  0,    X,  =  a?,,  Xj  =  0,    X,  =  0, 

Xo  =  0,      X,  =  0,      Xj  =  a?2,    Xg  ss  0, 


•  •  •  • 


•  •  •  • 


•  •  •  • 
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which  additions  are  satisfied  by 


Xo  = 


(Xo-^iX-^^o— a^a)(^o-^t)  •  •  •  •' 


(«r— d?o)(«g— jra)(^--"^»)  •  * ' 


•  ••• 


x,  — . 


(ar,— a?o)(^a— a^i)(a:2— ar,) 


The  numerator  and  denominator  of  these  several  ex- 
pressions each  contains  a  number  of  factors  one  less  than 
the  number  of  ^ven  values  of  x.  The  formula  for  inter^ 
polation  therefore  becomes 


(^0— d?l)(4?o"""«l?2)V^O"^»'^l)  •  •  • 
{X — Xo)(X'^X2){x — X^)  . .  . 


-h 


(«i  — a?o)(a?i  -  X2)(Xi''  Xii . . . 

IX^^ XQjyX^^XijyX^^X^j  •  •  • 


u 


o> 


Wi, 


u, 


+  " 

This  formula  is  particularly  adapted  for  computation, 
since  each  term  may  be  calculated  by  logarithms.  See 
Greometry  (61 7,). 

(515.)  The  method  of  quadratures,  or  of  appro:umating 
to  tlie  value  of  the  integral  yx(Zir,  is  focilitated  by  inter- 
pdadmi. 

Let  the  curve^  of  which  the  ordinate  is  u  =s  x,  and  of 
which  the  area  is  therefore  yki^r,  be  supposed  to  be  inter- 
sected in  a  certain  number  of  ^ven  points  by  a  parabolic 
curve  represented  by  the  equation 

t^  =  A  +  B J7  +  car*  +  Dd?* .  . .  • 
the  coefficients  bdng  indeterminate. 
The  area  of  this  curve  will  be 

Jiidx  =  A  Y  +  B-g-  +  c^  +  D-;|- +  const. 
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By  (499.)  we  have 

«*  =  ^»  +  Y^+     1  g  ^^+  — jg;^ — ^X  . . .  • 

eadi  of  these  series  hAvg  coil^ued  tfatough  as  many  tenns 
as  there  are  points  tommon  to  the  t^  cuirves. 

Let  the  number  of  conunoQ  pbints  be  three.     Taking  the 
first  three  terms  of  the  preced[ing  ^ormuW,  we  have 

These  quantities  depend  only  on  the  three  auocesaive  values 
ffi,  tfo  1^  which  correspond  to 

klssO^  li!:=zh^  h!=:fU,  orxsO,  astl,.x^2. 
If  the  integral  be  taken  between  the  limits  of  the  first  and 
last,  its  value  will  be 

2u.  +  2{AUo  —  iAhie)  +  $A«flo 
=  «(Wo  +At4^  +5A««J. 
The  value  of  the  integral  thus  found  is  the  area  of  the 
segment  of  a  parabola  meeting  the  proposed  curve  in  three 
points,  and  comprised  between  the  ordinates  through  the 
first  and  third  point. 

It  is  evident  that  this  parabolic  area  has  a  part  in  common 
with  the  area  of  the  proposed  curve ;  and  that  the  second 
ordinate  divides  both  areas  into  two  parts,  one  of  the  parts 
of  the  parabolic  area  exceeding  the  corresponding  part  of 
the  required  area,  and  the  other  falling  short  of  it,  the  dif- 
ference of  these  differences  being  the  error  in  liie  total 
result 


StCT.  lY.  THE  CALCULUS  OV  DIFFKKSNCXS.  500 


SECTION  IV, 

The  inverse  caJculue  qfd^erences. 

(516.)  The  object  of  the  inverse  method  of  differences  is 
to  determine  the  primitive  function  from  its  diiSerences. 
Thus,  as  has  been  ahready  observed,  this  part  has  the  same 
relatilon  to  the  direct  calculus  of  differences  as  the  integral 
has  to  the  differential  calculus. 

We  shall  here  confine  ourselves  to  the  int^ation  of  that 
class  of  differences  only  which  are  expressed  as  immediate 
functions  of  the  independent  variable.  All  such  come  under 
the  form 

A'-fi^  =  F(ar), 

the  increment  A  of  jt  we  shall  suppose  given  and  constant 
(517.)  There  are  three  theorems  which  are  obvious  from 

the  inversion  of  the  correspcmding  ones  in  the  direct  calculus 

of  difl&rences. 
l^  That  as  constants  united  to  any  function  by  addition 

or  subtraction  disappear  in  its  difference,  so  in  integrating 

the  difference  of  a  function,  an  arbitrary  constant  should  be 

bdded.    Thus, 

2(Att,)  =  K,  +  c. 

S^.  As  constants  connected  by  multiplication  or  division 
with  a  fimction  are  dmilarly  connected  with  its  difference, 
8O9  in  integrating,  the  constants  thus  connected  with  the  dif- 
ference should  be  preserved  in  its  integral.     Thus,  since 

A(Aar)  =  aAx, 
•••  5:(ax)  =  IlLx. 
Xt  should  be  observed,  that  the  sign  2  before  any  quan- 
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tity  implies  the  integral  of  which  that  quantity  is  the  dif- 
ference. Thus,  2x  is  the  integral  of  which  x  is  the  dif- 
ference.    So  that 

SiSjB  =  Xftx  Eiy  =  X ; 
the  operations  indicated  by  £  and  A  being  eubveraive  eiidi 
of  the  other. 

3".  Tliat  as  the  difference  of  several  quantities  united  by 
addition  or  subtraction  is  found  by  uniting  similarly  their 
several  differences,  so  also  the  int^ral  of  several  differeiiKS 
thus  united  is  found  by  uniting  similarly  their  several  in- 
tegrals.    Thus,  «nce 

•■•  ^{x  -\- y  —  i)  := 'S.x  -VS-if  ~  Dz. 
(618.)  When  the  proposed  difference  is  a  rational  and 
integral  function  of  the  independent  variablcj  its  exact  in- 
tegral may  always  be  determined.  It  appears  from  what 
has  been  alrcndy  established,  that  there  is  a  certain  order  of 
differences  of  such  a  function  which  are  constant.  Let  the 
exponent  of  this  order  he  m.     Since,  in  general, 

■.■  A'^-M,  =  4*f(t).  ' 

Since  this  latter  is  constant,  we  have 
n  «.«— 1 

^  1.3.3....  (r+m)         *    ^  . 

in  which  u,  Au,  A^u, ....  are  those  vidues  which  Gwrespona 
i^x  =a.     li  a  +  nk  =  X,  :•  Un  becomes  »,. 
If  we  suppose  Vj  =  v(x),  '.■ 

A'm  =  V,     A""*"'!*  =  All . . . .  A'+"w  =  A^n,     ;, 
u  and  its  differences,  as  far  as  the  (r  —  l)thord»  inclusive 
being  arlHtrary. 

As  an  example  of  this,  let 

Att,  =  ar"  -  5a:«  -f-  ftr  —  1, 
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tlie  increment  of  x  bdng  unity.     In  thb  case  r  =  1^  m  =x  8, 
&  ss  1.    If  we  sappoBe  a  ^  0,  we  have 

13  =  -  1,     Av  =  8,    AHi  ==  —  4, 
A«»  =  6,        A^  =  0. 

2(x'  -  5j:*  +  6i:  -  1)  =  w,  = 

*"       M     +  '^    1.8  *        1.8.3 

4-  6 ^^^ = j2 +oon«. 

(519.)  The  method  of  integrating  an  extensive  class  of 
differences  may  be  derived  from  the  form  of  the  difference 
of  the  formula 

u  =  x{x  +  K){x  +  8A) . . . .  [a?  +  (w  -  l)h\ 
The  difference  of  this  is 

Att  =  (ar  +  h){x  -f-  2A)(a:  +  3A) . . . .  (x  +  mh) 

—  x{x  +  h)(x  -h  2A) [j?  +  (w  -  1)A] 

=  (^  +  A)(^  +  8A)  . .  .  •  [x  +  (w>  —  l)A]mA. 
Hence  by  taking  the  integrals,  observing  that  mh  is  con- 
stant, we  obtain 

2:{j?  +  htx  +  9,h){x  +  3A) [a?  +  (m  -  1)A] 

_  x(x-\'h){x  +  ^A) [^-f-(m  —  1)A] 

By  changing  or  into  jr  —  A,  and  f»  into  m  +  1,   this 

becomes 

2^(;p  +  AX^  4-  8A) . . .  .  [a:  +  (w  —  1)A] 

_  {X'^h)x{x^h){X'{-9h) [a7  4-(wi-l)A]  '   -^ 

-  (m+l)A  '  •  •    l-^J- 

By  means  of  this  formula,  every  function  which  can 

\^^  reduced  to  a  product  of  equidifferent  factors  may  be 

Integrated.     The  analogy  which  the  formula  just  found. 

tiears  to 

fardx^  — — = 


» inewMeJ  bj  one  bj  tte  Jaif|giatiaii»«id4MAjMMri*4>l< 
k  iiitrodiimd  bti»  tbtLdaoaninitPB. ,        -    . 

(5iOl.)  Amstfaodof  iiitig|gmtiiig.aiiodiardbMofdifib(^ 
may  be  dedqced  finm  the  difiraioe  of 

.  1    

•    (    ■  ■■■■     1  ..:.; 

,l"«(*+AX«+«»)-.- •  •  [a5+(«-l)*3 

Talui^  tlieiategral%  and  substitutiiig  far  tr  iti  valiM^  we 
havto 

mhx(x+h)(x+2h) [fl?+(wi  -I)*]' 

In  order  that  m  may  express  the  number  of  factors  in  the 
proposed  difference,  let  it  be  changed  into  m  —  1,  and  the 
formula  becomes 

2 L____ 

x{x:{-h){x+Sh) [x+(m—l)h] 


•  •  (libl* 


•    •    •    • 


(5S1.)  Functions  of  the  form 

may  without  difficulty  be  integrated  by  the  formula  [l]» 
which  we  haye  just  obtsdned.    For  such  functions  mayy  ^^ 
general,  be  transformed  into  products  of  equidifferent  £^^ 
tors.    As  an  example,  let 

ar3  =  (r  +  A)(\r.  +  ^h)(x  +  Sh) 

+  A{x  +  A)(a?  4-  2A)  +  B(a?  +  A)  +  c:?  ^ 
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^esnng  the  incremettt  of  ^    This  beiibg  deTeloped  and 
;ed  by  the  powers  of  4V  ^^  ^i^d 

:r«  «  ^»  +  6**«  +  lWx  +  64* 
+  Aa?«   4-  SAhx   +  2aA«, 
+  Ba?  +  bA, 

+  c. 

this  equation    should  be  identical,  it  is  necessary 

6h  +  A  =^  0, 
11A«  +  SaA  +  B  =  0, 
6A»  +2aA«  +  bA  +  c  =  0, 
pve 

A  =r  —  6A,     B  =  7AS    c  =  —  A^ ; 

=  (^  +  A)(a?  +  2A)(a?  +  8A)  —  6A(jr  +  A)(^  +  8A) 

+  7A-(^  +  A)  -  A^ 

by  (619.)>  pves 

1 

Xar^  =  TTar(ar  +  h){x  -h  gA)(ar  +  8A) 

7 
(a?  +  A)(iF  +2A)  +  -Qhx(jv  +  A)  -  A«ar  +  const. 

2;(~  A')=  -  A'21  =  -/^«a?. 
S.)  Each  of  the  integrals 

Dot",  Dr,  2^,  2:r^ 2:.r*-%  Xa?', 

td  on  those  which  precede  it>  in  such  a  manner,  that  if 

91  -  l)th  be  known,  the  ?72th  DQay  immediately  be  de- 

ned. 

each  term  of  the  equation  (501.) 

+  (m4-lM>^-l)(m-2)^.,^,  _^  ^^^.^ 

itigrated,  we  obtain  . 
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il)., 


^m    .   +      i.«.3     ■•—  ~-    ( 

^^^^  a  we  find  4 

...._L«^|. 

By  the  application  of  this  formuU,  it  is  evident  that  i 
knowing  the  integral 


we  may  successively  obtain 

£JT,  S^s,  2a^,  ....  S.r™, 
by  substituting  succesavely  I,  2,  S,  •  ■  ■  ■  m  for  m. 

Hence  the  results  in  the  folluwiog  table  may  easil. 
obtained : 


J 


X«°=~, 


12        12' 
'  »  '*'  2       6  ■*"< 
■  «  +  12        84  " 
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^^~  9A~!8^8        16  ■•'9    ~80* 

^=  im-T+-4 ir+-2 — gcT'  ^'^^  **=• 

In  applying  these  formulae  to  particular  cases,  the  arbitrary 
constant  should  be  supplied. 
(5SS.)  In  general,  let 

By  talcing  the  differences,  we  obtain 
a:*"  =  A— = — af*h 


(m 

+  A— 


4-l)w        ,«      (f»+l)w(f»— 1) 


911  ,,  f».(w— 1)        •    _^ 


a      •     •     . 


.     a      •      • 


This  will  be  rendered  identical  by  the  conditions 

B  =   —  AA  —^  =  -  i, 

^^  -       *^       2.3  "*  2 ' 

D=  _  ^.(*»+lM«»-l)  »»(m-l)  m-1 

"  *"  2.8.4  "^      2.3  *"*     2 

JBence,  we  find  in  general 

^4.8    l"*^       6.6.4  1.2.3         ^    «, 

_2_  «(«-l)('»-8)(»'-3)(*»  -4)         , 
^  36.7  1.2.3.4.5  "^     '^ ' 


flH>  r—  iiiH  WW  m 

"  1555      1441 ^  7.  /"^ »  ■  5     • 

~  810.18.12       1.2A , .  U       •  • 


•Vj«i»' 


85 


JEliW      lA8..v...lft  ^  * 

8617     «(w-'l)>,..(«T'M)  -  .y>>. 
8ai7.16      1.2^......  15     ■'^*  » 

468gy     «(iit- 1) . . . .  (w-lg)^^^, 
42.19.17      UK&. .,«..»    •^^'^ 


•imfry'  «i(ii»wri)....(iii— lA)    ^w,^ 

'UOJQJK)      1A8...;..19"  *^^  •  : 

In  dm  leries,  after  the  first  two  tttBW 

,(m+l)A  ■"**"' 
the  succeeding  tehnfr  may  be  found  bjr  ninltipiying  the  Mi 
terms  (2nd,  4th,  6th . .  •  •  )  of  the  development  of  (a?  +  Af 
succesfflvely  by  the  numeral  factcnrs 

J-         -1^  -J- 

"^  4.8'    "  6.5.4'    ^  8.7.6' 

8  5 

10.9.8'    ■*"  60.11 '  *^' 

These  numeral  coefficients  are  called  the  numbers  ^ 

Bemauttiy  because  they  were  first  determined  by  Jamet^ 

BemovUi*.      They  frequently  occur  in  the  theory  o^ 

series. 


*  'Eqt  a  full  developmeut  of  the  properties  of  these  remarkable 
numbers^  see  Mr.  Herschel's  exceUei^t  Treatise  on  Difierences^ 
with  the  examples  on  it. 
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In  obtaining  the  above  development  in  this  way,  the  last 
term  A*  of  the  development  of  (w  +  A)**  should  be  (Hnitted, 
even  when  it  holda  an  even  place. 

(5S4.)  To  determine  the  method  of  integrating  expo- 
nential functions,  let  Ug  ss  a'.  Taking  the  difference,  we 
find 

Att,  =  o'Ca*  --  1), 
V  t*,  s=  'Sa'ia^  —  1)  =  a», 
of 
a* — 1 
Hence  the  method  of  integrating  an  exponential  function. 
(625.)  Let  w,  =  cos.dr,  •.• 

A  cos.^  =  cos.(ar  +  A)  —  cos.a7  =  —  2sin.(T  +  ih)sin^h. 
Int^rating  this,  we  find 

,    ,  ,v  cos.a? 

or, 

.  co8.(y— 4^) 

by  substituting^  for  or  +  jA. 
Bj  a  rimilar  process  we  obttun 

, 8ip(.y-T*) 

*««--5'  =     2sin.^A  • 
Powers  of  the  sine  and   cosine  are  integrated  by  de- 
veloping them  in  a  series  of  sines  or  cosines  of  the  multiples 
oFdie  arc  (Trigonometry),  and  then  integrating  the  several 
tevms  of  the  development. 

(SS6.)  If  the  integral  of  the  product  of  two  functions 
xfy  x'',  of  Xy  be  expressed  thus, 

Xx'x"  =  x'Sx"  +  X, 
^wbere  x  b  an  unknown  function  of  x,  let  x  be  changed  into 


*  It  may  in  general  be  observed  that  an  arbitrary  constant 
should  be  added  in  these  integrations. 
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;r  +  A  in  x'zx"  +  x,  and  let  zf,  x"  and  x  become  t^  +  Ax!, 

x"  +  AxF^  and  x  +  Ax  ••• 

o  =  Ax'.SCx'  +  Ax'O  +  Ax, 

•••  X  =  -  X[Ax'.X(x"  +  Ax^)], 

'/  rx'x"  =  xSx"  —  X[Ax'.X(x''  +  Ax")] 

This  formula  corresponds  to  that  found  in  the  int^l 

calculus  for  integration  by  parts. 

(5S7.}  The  int^ral  of  a  function  considered  as  a  difference 

can  seldom  be  found  in  finite  terms.     Its  value,  however, 

may  generally  be  expressed  by  a  series.     By  Taylor^s 

theorem, 

dz     h      #2     A«      dH      A3 

dx     1  ^<ir«    Lands'    1.2J 

Taking  the  integral  of  both  members,  we  have 

h     dz     ¥     d^z       k*      d*z 

"  -T^di'^U^d^-^iM^d^'^  "" 

dz 
If  tt  =  ^  •.•  z  =  /iidx  •/ 

wh«re  a,  ^,  y,  •  •  •  represent  the  successive  numerical  co- 
efficients.    Hence  we  infer, 

^          1   ^  ,           y    du       ^.     d^u 
^U=jfud.-cJ^^^-^h^X^^ 

Taking  the  differential  coefficients  of  each  member,  ob- 
serving that 

d^u  du 

dx  d-a: 

we  obtain 

^dti      1  ^^d^u       ^,„    d^u 

^_  1      du  d^u  d^u 

d«^"~  h      dx  dx^  da^ 

^dHi      1      J*?/         ,     d'^u      ^,„    dhi 

^d?==T-d?-''''^d^'~^^'^d?--- 
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EEmiiuitiiig  succeanvely  the  functions 

e  final  result  must  have  the  form 

In  a  similar  way  we  may  obtidn  the  values  of  the  integrals 
Zu  or  Z*t^  IX^u  or  l,^Ui  and  in  general  for  l,^u.  The  for- 
iila 

Let  -^  =  u  \-  jK  ^f^udaf^  •.• 

1a.,  .  ^«*  .,,«  ^W 

X'^u  =  -jzj^udar  ~ aA2~^-  /3A«2-  ^  '  '  '  • 

Assuming  the  differential  coefficients  of  each  member  of 
is  equation  we  find  succesdvely, 
du     1  dhi  d^u 


Eliminating  the  functions 

^  du        d^u 

e  final  result  will  have  the  form 

+  t;;^  S^'^^^dsi^^  ....  4.  -j-Judx 
-  du  dhi 

L  L 
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SECTION  V. 

Of  the  summation  of  series. 

(528.)  If  the  successive  tenns  of  a  series  be  expressed  by 
the  notation  explained  in  (492.)  the  sum  of  all  the  terms  from 
that  whose  indea  is  1  to  that  whose  index  is  x  isdusive  may 
be  expressed  by  s% ;  thus 

Stt,  =  W,  +  Wj +  »,. 

In  like  manner 

SW,+n  =  Wi  +  % +  W,  +*+l  + +  «*+n' 

Subtracting  the  former  from  this  we  have 

by  which  we  may  express  the  sum  of  any  number  of  terms 
of  a  series  commencing  and  terminating  at  any  proposed 
terms. 

(529.)  If  w  =  1  we  have 

SW^+,  -  SM,  =  W^+,. 

But  by  (4940 

A(smJ  =  sw^+i  —  s%, 
•••  Zisu^  =  e^^+i, 
-.*  su^  =  ^u^+i  4-  c, 
c  being  the  arbitrary  constant.     When  a:  =  0,  su^  =  0  .' 

0  =:  Xm^  H-  c. 
Subtracting  this  equation  from  the  last  we  find 

Hence  the  summation  of  the  series  depends  on  the  inte- 
gration of  2/^+1  and  Ui  considered  as  differences. 

(530.)  In  like  manner  if  the  sum  of  the  series  from  the 
nth  to  the  xth  term,  including  the  latter,  be  required,  we 
have 
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Stt,  —  SUn  =  !/*-!  +  M^2 +  W«. 

But  by  what  has  just  been  proved, 

(531.)  We  shall  now  give  some  eicamptes  of  the  af^Mea- 
tion  of  these  principles  to  the  summation  of  series. 

Ex.  1.  To  determine  the  stm  of  a  series  offigurde  f^im- 
bers  of  tike  firsts  second,  and  successive  orders^  beginning  with 
tmity  in  each  series. 

The  figurates  of  the  first  order  are  the  series  of  mt^rs 

I9  *i  3)  4,  •  •  •  • 
of  which  the  general  term  is  x. 
Those  of  the  second  order  are 
\^     ^     9A      ^ 
1.2'     1.2'     1.1?     1.2*     '  *      ' 

of  which  the  geneial  term  is    '   ^    . 

Those  of  the  third  order  are 

1.2.8      2.8.4     3.4.5 

1.2.3'     1.2.3'     1.2.3'      '      * 

of  which  the  general  terra  is TeTS —  • 

Those  of  the  fourth  order  are 

1.2.8.4     2.8.4.5     8.4.5.6 
1.2.8.4'     1.2.3.4'     1.2.8.4' 

M^Jhidi  the  general  terra  is i"q"5T" ' 

3Kd  in  general  the  figurates  oS  the  nth  order  are 
1.2.3  >  '  '  n     2.3.4  -  >     yt+1 
1.2.3  .  .  .  n'        1.2.3  •  .  •  « 
3.4.5  ♦  '  '  n+2      4.5.6  •_—  •  n+3 
1.2.3  .     •  rT"'        1.2.3  .  .  .  .  « 
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of  which  the  general  term  is 

j?.x+l.x^2 jr+(w— 1) 

1.8.8 n  • 

For  those  of  the  first  order  we  have 

Ug  =  X. 

Hence  by  {599.) 

sUj  =  2(a?+  1)  +  c. 
.  By  the  table  in  (522.)  we  have 

Changing  x  into  x  +  1  and  h  into  1,  we  have 

(x+iy  -  ar  . 
2u,+,  =  ^-^-^ +  c 

•/  2mi  =  4  +  c. 
Subtracting  this  from  the  former,  we  have 

x(x+l) 

For  the  figurates  of  the  second  order, 

1.2        •  "^+'-        1.2       • 
By  the  formula  established  in  (519.)> 

2«.^.  =  — ^-^— +  c. 

Hence 

_  a:  •  x-\- 1  •  .r4-2 

no  constant  being  added  because  when  a?  =  0,  sw,  =  0. 
In  general  for  the  sum  of  the  figurates  of  the  nth  order 

x^l  '  x+2'  x+S ^+w 

"1     "^~~T~3 n   ' 

iT  •  jr  +  1  •  07  +  2 jr+7A 


Wx+l    = 
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X  '  X  +  1  •  X+^ w+n 

'•*  ^^'  "    1  .  a    .     3  ..  .  .  .  n+l- 
Ex.  S.  To  determine  the  sum  qfa  series  of  the  reciprocals 
cfihejigurate  numbers  beginning Jrom  tmiiy. 

The  general  terms  of  the  several  series  are  in  this  case, 

10       1 

2°. 


Hence,  by  (520.)  the  sums  for  2^,  3^  &c. 

1  .2 2_ 

%(;r+l)""       ^  +  1  ^  ^' 

1  ■28 8 

^  4x+l)(a:+2)  ""       (^  +  l){^  +  2)  "*"  ^'  *^^' 

The  formula  (520.)  fails  for  s  f  —  \     The  constants  being 

supplied  by  the  condition 

2 
0  =  -  -J  +  c, 


give 


3 
0  =  -  p-^  +  c,  &c. 


1-2         2  2  2ar 

8 


a^jr+l)""  1       07+1  ""a?  +  J' 

1  >  2  »  3      _  ^3 3 

*ar(a:4-l){a:  +  2)""  1  .  2      {a:+l)(x-^2y  ^^' 

2       3 
When  X  is  infinite,  these  values  become  -r,  -i — ::;•  &c. 

1 '  1  •  2 

Ex*  8.  To  determine  the  sum  of 

1»  +  23  +  3'  • ;  •  •  •  a?^ 
By  the  table  in  (522.)  we  have 
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_/£(£  +  l)Y 


... ...  =  (ifctl))- 


•/  2tt,+i  =  4?a  +  — ^ — ^  a. 


Hence  it  follows  that 

1»  +  a*  +  3^ .  .  .  ar^  =  (1  H-"^  +  3  .  .  .  ;p)«. 
Ex.  4.  To  determine  the  sum  of  an  arithmetical  serie^^ 

a  +  (a  +  d)  +  (a  +  2d) +  [a  +  (x  —  1>^" 

In  this  case 

w,  =  a  +(a:  —  l)d, 
•••  Ug+i  =  a  +  ird, 
a7(ar— 1) 

Hence 

jr  •  a?— 1  , 

su^  =  jra  H = — ^  a. 

Ex.  5.  To  find  the  sum  of  a  geometrical  series 

r/,  avy  ar^y or*"*. 

In  this  case 

u^  =  ar^'~^y  '.'  Uj,^^  =.  ar'. 
Hence  (524.), 


.•  SM^  = z  +  c. 


When  j:  =  0,  s?^,  =  0,  *.• 


r —  1 

a 
•••  c  =  - 


.*    SUr   = 


a{r'-  1) 


r-1 
Ex.  G.  To  find  the  sum  of  the  series 

-  J_  L     •  _1.  1 
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In  this  case  (£20.), 

1  1_ 

Whence  c  =  1,  ••• 

8«,  = 


x+V 
JSx.  7.  To  determine  the  sum  of  the  series 

1«  +  2«  +  8* +x*. 

this  case, 

»,+!  =  («  +  1)S 

_(.r+l)'     <x+l)«     (ar+1) 
X«,+.  =  — 3 g—  +  -g—  +  c, 

1        1        1 

V2«.    =_--+-  +c, 

VStt,5=  _  +  —  +—. 

X.  8.  To  determine  the  sum  of  the  series 

(II,  =  COS.  f  +  COS.  S^  +  COS.  S(p +  COS.  x(p. 

(626.), 

U^i  =  COS.  («  +  l)p, 

»  sm.  4-^ 
sin.  ie 
2  sm.  4-^ 

^  ^         sin.(a?+i)(p— sin.  i.(p 

^  2sm.  4^(p 

E:x .  9*  To  find  the  sum  of 

SU;,  =  sin.  <p  +  sin.  2<p  -f-  sin.  3^  • .  .  .  sin.  «v^, 
M,+i  =  sin.  {x  +  1)^, 
cos.(j?+4)^ 

COS.  4-0    , 
2  sm.  4^9   '     ' 
_  COS.  49— cos.  {x+i)f> 
'  ~"  2  sin.  4^ 
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Ex.  10.  To  sum  the  series 

su^sal  .8«  +  3.6*  +  5.7»+ 

In  this  case 

ii,  =  (ar-l)(ar  +  l)S 
Vtt,+i  =  (ar  + 1)  (2a?  +  3)«  =  8^ +28a:«  +  S0j: +  9- 

By  (516.),  •.• 

2tt,+i  =  8Xti'  +  282a?«  +  302a?  +  9rj?^. 

By  substituting  the  values  in  (520.),  we  find 

46a?3+16^«+9p-4)  , 
2w,+i  = g h  c, 

•••  SWt  =  0  +  c, 

a<ftr»+16a?«+9a?  -  4) 
•••  su^  = g . 

Ex.  11.  To  sum  the  series 

SM,  =  1*  +  3«  +  5« 

In  this  case 

M,  =  (ar— ly, 

•••  w*+i  =  (2a?  +1)^  =4a?«  +  4a?  + 1, 

a;(4a?^  —  1^ 


2^1  =  0  +  c, 


X  3 


THK    END. 
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ERRATA. 

P.  40,  line  12  from  bottom,  for  df^,  read  i>¥ . 

P.  46,  line  21,  for  +,  read  — . 

■n  m^    y      ,  ^   i.     d^^        ,  du 
P.  79,  line  16,  for  — ,  read  — . 

P.  89,  line  12,  for  z,  read  ». 

line  17,  for  a  —  4f ,  read  x  ^  a, 
line  19>  for  n,  read  n  — >  I. 
P.  151,  line    4,  for  r,  read  r  —  1. 
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